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PREFACE TO THE FOURTH EDITION 
IN many Universities the final examinations for a degree in 
Engineering are taken in two or more parts and Part I is 
generally regarded as common to all students of engineering. 
After Part I they tend to spend more time in the specialised 
departments of the University in Aeronautical, Civil, Elec¬ 
trical or Mechanical Engineering. Some students thus cease 
to study a particular subject after Part I and it is contro¬ 
versial whether a single textbook on any special subject can 
cope adequately with the requirements of a student studying 
that subject for both or all parts of his final examination. 
After careful consideration of the desirability of enlarging 
the third edition to cover more advanced.work it has been 
decided to confine the contents of the fourth edition approxi¬ 
mately to Part I. The Appendix has been revised and en¬ 
larged and a system of notation adopted for the Coriolis 
component of acceleration which, it is hoped, will make the 
different components of acceleration easier of interpretation. 

F. DYSON 

SOUTH KENSINGTON 
September, 1950 

PREFACE TO THE THIRD EDITION 
THE general arrangement of the book remains unchanged, 
but new sections dealing with more advanced work have been 
added. These additions include: an analysis of the sun and 
planet epicyclic gear; pre-seloctive epicyclic gear box; exact 
expression for the acceleration of a piston; mathematical 
expressions for displacement, velocity, and acceleration of a 
follower in contact with a cam face of straight or circular out¬ 
line; acceleration diagram for a quick-return motion. 
Students reading the subject for tho first time may omit 
these sections as they are intended for more advanced 
students. 

The author wishes to express his thanks to correspondents 
for suggestions, many of which have been incorporated. 

F. DYSON 

SOUTH KENSINGTON 
July, 1939 



vi PREFACE TO THE SECOND EDITION 

BECAUSE of the gratifying reception, both in the press 
and correspondence, it has not been considered necessary to 
make any serious changes from the first edition. In addition 
to minor corrections and changes, it is hoped that the 
sections on viscous friction and controlling force diagrams 
for governors will enhance the value of the book to students 

F. DYSON 

SOUTH KENSIHUTON 

iSeptrrnbcr. 1935 


PREFACE TO THE FIRST EDITION 

THE object of the present volume is to present to the 
student in a comprehensive manner those fundamental 
principles which apply to the moving parts of machines. 
This part of engineering is usually dealt with under the 
heading Theory of Machines’, and the aulhor has attempted 
to deal with the subject-matter in a manner particularly 
adapted to the needs of students. It is hoped that the volume 
will be suitable for students studying for an engineering 
degree, for those who desire to sit for examinations con¬ 
ducted by the Engineering Institutions, and for those study¬ 
ing under the joint scheme for National Certificates and 
Diplomas. 

The author desires to thank the Senate of the University of 
London, the Council of the Institution of Civil Engineers, the 
Council of the Institution of Mechanical Engineers, and 
Messrs. Wm. Clowes & Sons Ltd., for permission to use 
questions from examination papers. 

Thanks are also due to Mr. W. Collins, A.C.G.I., B.Sc., 
A.M.I.Mech.E., for help in the preparation of drawings, and 
for checking numerous exercises. 

F. DYSON 

SOUTH KENSINGTON 

October , 1927 
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CHAPTER I 


PLANE MOTION 

§ 1. Introduction. A machine it. usually understood to 
consist of moving parts, that is, parts moving relatively to 
each other. The motion of a rigid part of a machine is per¬ 
fectly determinate when the motion of two points or particles 
of the particular part are known. Thus, in a connecting-rod of 
an ordinary steam engine, if the motion of the two extremities 
of the connecting-rod is known, the motion of any inter¬ 
mediate point on the connecting-rod is known. Tho deter¬ 
mination of the motion of the two extremities of a connecting- 
rod is best accomplished by studying each of them in turn, 
that is, by treating oach as a particle moving in a delinito 
manner. Generally speaking, before attempting to discuss 
the more complex motions of the moving parts of machines 
it is necessary to investigate the motion of a particle in one 
plane. 

A particle is usually understood to mean a very small body 
whose mass may be considered as concentrated at a point* 
The motion of a particle is always understood as being rela¬ 
tive to some other body—usually the earth. Again, when a 
body is said to be at rest or to have no motion, the state of 
rest is relative to some other body—usually the earth. The 
earth itself has motion relative to the sun, but in the study 
of the motions of parts of machines the motion is usually 
relative to the earth, and to keep the problem confined to 
small limits it is usual to regard the eurth as at rest. 

§ 2. Velocity. When a particle changes its position rela¬ 
tive to a fixed body, the displacement is independent of the 
time taken for the change to take place. The distance tra¬ 
versed while the change of position is taking place is known 
as displacement. The velocity of a particle is the rate of 
change of displacement with respect to time. If a particle 
moves through equal displacements in equal timc-intorvals, 
the velocity is said to be uniform. Thus, a train travelling 
between two stations 15 miles apart may accomplish the 
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journey in half an hour and the average velocity may be said 
to be 30 miles per hour. Since the train has no velocity when 
starting and when finishing, the velocity throughout the 
journey cannot be constant, and the statement that the aver¬ 
age velocity is 30 miles per hour gives no clear idea as to the 
velocity at intermediate points between the stations. It is 
thus clear that when a velocity of 30 miles per hom- is stated 
it is not necessary that the train or particle should travel for 
1 hour. Actually it is much more convenient to reduce the 
time-base to smaller dimensions to arrive at a truer estimate 
of velocity. A speed of 30 miles per hour is equivalent to 
■30 v 980 

1-= 44 ft. per sec. — 4-4 ft. per 0*1 sec. 0>44 ft. 

60x60 1 

per 0'01 sec. By reducing the time-interval to small dimen¬ 
sions, the true rate of change of displacement can be more 
readily visualized. 

As will be seen later, velocity implies direction in addition 
to magnitude, and the term speed is often applied to the 
magnitude of a velocity ■when the direction is relatively unim¬ 
portant. The speed of a train may be stated as 40 miles per 
hour, the direction in which the train is moving not being 
significant for the problem under consideration. 

§3. Acceleration. In practice, cases of constant velo¬ 
city are somewhat rare, and when not constant tho velocity 
is said to be variable. Variable velocity implies either an 
increasing or decreasing velocity. When the velocity of a 
particle is increasing, the particle is said to he accelerated; 
and when the velocity is decreasing, the particle is being de¬ 
celerated or retarded. When dealing with change of velocity 
the term ‘acceleration’ is frequently used in a general senso 
to imply either increase or decrease of velocity. 

Acceleration may be defined as the rate of change of 
velocity with respect to time. When the velocity of a train 
changes from, say, 30 to 35 miles per hour the time-interval 
during which the change of velocity takes place becomes 
important. Thus a change of velocity of 5 miles per hour in 
10 sec. involves a greater time-rate change of velocity than 
the same change in I min. The unit of acceleration is usually 
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1 ft. per sec. per sec. An acceleration of 5 miles per hour 

m 3 min. is equivalent to ——-— ft. per sec. in 3 min. or 

1 60 X 60 


5X5,280 c , 

-'-ft. per see. per mm. or 

60x60x3 1 1 


5 X 5,280 
60 X 60x3 X 60 


ft. per sec. 


per sec. or ft. per sec. per sec. 

When the velocity is increasing it is usual to regard the 
acceleration as positive, and when decreasing as negative. 
Negative acceleration is thus equivalent to deceleration or 
retardation. 


§ 4. Equations of Linear Motion. When a particle is 
moving in a straight path its motion is said to bo linear. The 
relations that exist between displacement, time, velocity, and 
acceleration may be expressed by formulae which can easily 
be proved. 

Let v 0 = initial velocity in feet per second, 
v = final velocity after t seconds, 
t — time-interval in seconds, 
a — acceleration in feet per second per second, 
s — displacement in feet. 

Then, v — v 0 ~\~at, (1) 

s — v 0 {-)- (2) 

v 2 — i! u 3 -|-2a,9. (3) 

The above equations may be used when the unit of dis¬ 
placement is the centimetre, metro, or other convenient unit. 


Example 1. At a certain instant a particle has a velocity of 
3 kilometres per hour; the deceleration is 5 in centimetre second 
units. .Find the time that elapses before tho velocity is 18 metres 
per minute. 

3 kilometres per hour = 3X 1,000 metres per hour 


3x1,000x100 

00x60 


centimetres per second 


18 metres per minute — |^ centimetres per second. 

Using equation (1) and remembering that the acceleration is 
negative, ] 8 X100 3 X1,000 X100 

GO 60 X 00 ' ’ 
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1,000 _ 640 

or «*-l2-“30- 12 - 

t = 10| B6C. 

Example 2. A body is projected vertically with a speed of 100 
ft. per sec. How long will it take to reach a point 80 ft. above 
the point of projection, and what time will elapse beforo it again 
passes that point ? What is the speed of the body when passing 
this point ? [Inut. C. E.] 

Using equation (2) and taking the acceleration due to gravity (g) 
as 32-2 ft. per sec. per sec., 

80 = 100j5—161/! 2 , 

100 80 A 
or 1 IH'+BT" 0 ' 

t = 0-94 sec. or 6-27 sec. 

The time to reach the highest point of its flight, is found by 
using equation (1): 0 = 100 _ 32 . 2<> 

.’. t — 3-105 sec. 


Time taken to travel from 80 ft. above the point of projection 
to highest point = 3-105—0-94 = 2-165 sec. 

Time that elapses before it passes the given point again 
= 2x2-165 = 4-33 sec.; or 5-27-0-94 « 4-33 hoc, 

The speed when passing the given point is found by using 
equation (1): 

v = 100-32-2x0-94 = 69-7 ft. per sec. 

This may be verified by using equation (3): 

v* = 100 2 -2x32-2x80 = 10,000-5,150 * 4,850. 

.'. v — 69-7 ft. per sec., which agrees with that found above. 

Example 3. A train running down a steady incline passes 
quarter-mile posts as follows: first post, 0 sec.; second post,, 40 

■~\ s f c ' > third P° st > 70 S0C - the speed of tho train when passing 
the third post. 

Using equation (2): 

1,320 = v g x 40-j-| X«X 40 s (i) 

2,640 = e 0 x70+|x ax 70 2 , 

9,240 = 280i> 0 +5,600a 
10,560 = 2809, 800a 
~ 1)320 ^200aT 
. a = 0-314 ft. per sec. per sec. 


whence 
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Substituting this value of a in (i): 

1.320 = 40?’ o +800 x 0-314. 

.'. v 0 — 26-7 ft. per see. 

The speed when passing the third post is found by using 
equation (1): 

v ~= 26-7-| 0-314 x 70 ■=- 48-7 ft. per see. 


or 


48-7x60x60 

5,280 


— 33-2 miles per hour. 


§ 5. Circular Motion, A particle moving in a circular 
path of radius r about a fixed centre moves through a distance 
equal to the circumference of the circle for each revolution. 
The length of a circular arc is the product of the radius of 
the circle and the angle, expressed in radians, subtended at 
the centre of the circle. Thus, in Fig. 1, lot A and B be points 
on a circular path of radius r; a particle moving from A to B 
has a displacement of r0, whence &- rO. 



In Fig. 1, lot a particle be moving in a circular path of radius 
r at N revolutions per minuto; then the number of radians 

'2-nN 

per minute = N x and the radians per second - 
* A tit) 

In scientific work it is usual to express angular velocities in 

radians per second. 

Let co = angular velocity in radians per second, 


then 


co == 


2 ttN 
~ 60 "’ 


The peripheral speed of a particle may be regarded as the 
distance moved through in unit time. 
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Let v = peripheral speed, 

then v — rto when the angular velocity is constant, since the 
distance moved through in unit time is toj. 

Angular acceleration is usually expressed in radians per 
second per second, and the relation between linear or peri¬ 
pheral acceleration and angular acceleration is expressed by 

a = ra., 

where a is the angular acceleration in radians per second per 
second. 

Corresponding to the formulae for variable linear motion 
there are three formulae for variable circular motion which 
are strictly analogous. 

For variable circular motion, 
let Wq = initial angular velocity in radians per second, 
to = final angular velocity after t seconds, 
t — time-interval in seconds, 

a — angular acceleration in radians per second per 
second, 

6 = angular displacement in radians, 
then to = co 0 -j-a(, (4) 

8 — w 0 f-)-la< 2 , (5) 

« 2 = w 0 z -\-2oi9. ( 0 ) 

Example 4. The wheels of a motor-oar are 30 in, in diameter. 
Find their angular velocity in radians per second when tho speed 
of the car is 25 miles per hour. 

, 25x5,280 IRK 

25 miles per hour = - ~ = ~ ft. per see., 


angular velocity of wheels = 


v 

r 


no 

3X11 


29-3 radians per sec. 


Example 5. A fly-wheel has its speed reduced from 240 to 180 
revs, per min. in \ min. Determine the angular retardation and the 
total angle turned through before coming to rest, assuming that 
the retardation is uniform. 


Retardation is 60 revs, per min, in \ min., this corresponds to 

00 X 2tt 

gQ x 3 Q or 0-209 radians per sec. per see. 
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This may be verified by using equation (4) : 


180x2*; 

“60 


240x2*7 


60 


- -f- ax 30, 


or 


= —0-209 radian per sec. per sec. 

60 X 30 


The negative sign indicates that the angular velocity is decreas¬ 
ing, i.e. the wheel is decelerating. 

Using equation (6), and remembering that the final angular 
velocity is zero, 

0== ( 24Q 6 ^ 27T ) 2 -2x 0-209X0, 


whence 0 = 1,508 radians. 

This may be verified as follows: the retardation is 60 revs, per 
min. per \ min., or 120 revs, per min. per min. The time takon 
to come to rest is 2 min. and the average speed is 120 rovs. per min. 
Hence angle turned through = 120x2x277 = 1,508 radians. 

§ 6. Relative Motion. Two parts of a machine, each of 
which has motion relative to a fixed part, say the frame of 
the machine or the earth, have, in general, motion relative 



to each other, or relative motion. As an example of relative 
motion consider a swinging link A, Fig. 2, which can rotate 
about the fixed centre G; a block B is capable of sliding along 
the link. If the link A is considered for the moment fixed, 
the block B simply slides along A. Let the direction of the 
sliding be indicated by the arrow B. Now consider the oaso 
when A is moving in the direction of the arrow J), while B 
is sliding along A. The actual motion of B relative to the 
fixed frame is intermediate between the arrows E and D, 
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but the motion of B relative to A ia still in the direction of 
the arrow E. Thus the motion of B relative to A is not affected 
by any motion of A. 

In general, the relative motion between two bodies is not 
affected by any motion they have in common. This may be 
exemplified by considering the motion of the crosshead of a 
locomotive relative to the frame. This relative motion is not 
altered by the motion of the locomotive along the rails or 
when rounding a curve. 

§7. Use of Vectors. As already explained, the com¬ 
plete specification of velocity includes the statement of the 
direction in which the motion is taking place. Quantities 
which are related to definite directions in space are termed 
Vector Quantities and may be represented by directed lines 
called Vectors. Force, acceleration, velocity, electric current 
are examples of vector quantities, and each of these may be 
represented by means of vectors. 

Problems involving relative motions may be conveniently 
solved by the use of vectors, and although other methods 
may be used, the student is advised to make himself familiar 
with the vector treatment of the solution of various kinds 
of problems. 

b 


Fig. 3. 

§ 8. Notation of Vectors. In Fig. 3, a line ab is shown. 
When referred to as a line, ab or ba may be used. As a vector, 
ab indicates that the motion of a body B relative to a body A 
is parallel to ab and that the direction of the motion is from 
a to b. The length of the vector ab may conveniently repre¬ 
sent the magnitude of the velocity of B relative to A. Refer¬ 
ring to Fig, 2, B is assumed to slide along A in the direction 
of the arrow E; then if ab, Fig. 3, is drawn parallel to the 
arrow E , Fig. 2, and is made of such a length as to represent 
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the magnitude of the velocity of B relative to A , the vector ab 
represents completely the motion or velocity of B relative to A. 

Conversely, the vector ba indicates that the velocity of A 
relative to B is parallel to ba and in a direction from b to a, 
It is thus seen that a vector may completely represent a 
velocity (or acceleration) in that it represents the magnitude, 
the path, and the direction. 

§ 9. Addition of Vectors. The_addition of vectors is 
easily accomplished by simple geometrical construction. In 
Fig. 4(a), let ab and cd represent two vectors whose sum is 



( a ) Fig. 4. ( b ) 


required. In Fig. 4(6), draw ef equal and parallel to ab and 
fg equal and parallel to cd; then the vector eg, found by 
joining e and g, is the vector sum of ef and fg and consequently 
represents the vector sum of ab and cd. The vectors may be 
added in any order, since eh could be drawn to represent cd 
and hg to represent ab; again the vector sum of eh and hg 
is eg. The triangle efg is known as a vector diagram which 
may be interpreted by a vector equation; thus eg — ef-ffg. 
Similarly, eg = ehf-hg. 

Any number of vectors may be added together by treating 
the vectors in pairs. The rule for adding vectors may be 
stated thus: draw the first vector; at the end of the first 
vector place the beginning of the second vector; at the end 
of the second vector place the beginning of the third vector; 
proceeding in this manner until the last vector is in position, 
the sum of the vectors is represented by the line joining the 
beginning of the first vector to the end of the last vector. 

§ 10. Subtraction of Vectors. Referring to Fig. 3, it 
has been seen that the vectors ab and ba have two things in 
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common, i.e. magnitude and path., and that the vector ah 
indicates that the motion is from a to 6, while the vector 
ba indicates that the motion is from b to a. The vector ab is 
thus equal to minus vector ba. The subtraction of two vectors 
ab and cd, Fig. 4(a), is accomplished by adding the vectors 
ab and —cd, or by adding ab and dc. In Fig. 5, ef is drawn 
equal and parallel to ab,fg equal and parallel to dc (i.e. — cd ); 



the difference of the vectors ab and cd. Fig. 4 (a), is found by 
joining e. to g as shown in Fig. 5. The triangle efg is known 
as a vector triangle in which 

eg = ef+fg 
= ab-\-dc 
= ab—cd. 

l 

§ 11. Interpretation of Vector Triangle. (Considering 
the vector triangle efg, Fig. 4(6), it has been seen that 

eg = ef+fg- 

This may be written eg = fg+ef. . 

Now eg may represent the velocity of a body G relative to 
another body E, fg the velocity of G relative to a third body 
E, and ef the velocity of F relative to E. The above equation 
may thus be expressed in words: 

Velocity of G relative to E — velocity of G relative to F 

+velocity of F relative to E. 

The method of notation is of fundamental importance in 
the use of vectors. Following the usual convention, capital 
letters E, F, and G refer to the actual parts of a machine or 
to different moving bodies having relative motion, small 
letters e, /, and g refer to the corresponding vectors. Other 
letters may be substituted for E, F, and G and the general 
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form of this important fundamental velocity equation may 
be written: 

Velocity of A relative to C = velocity of A relative to B 

-(-velocity of B relative to C. 

The interpretation of this general equation is 
ca — ba-\-cb, 

which can be written 

ca — cb-\-ba. 

This form of the equation will enable the student to con¬ 
struct the vector triangle more readily. On the loft side we 
have ca; on the right side c is the commencing letter and a 
the finishing letter.- 

Examplk (1. Two motor-cars A and B travelling along cross¬ 
roads pass each other at the junction. A is going at 15 miles per 
hour in a direction 120“ cast of north; B is going at 22-5 miles 
per hour in a direction 10° north of east. How far and in what 
direction arc they apart at tho end of one minute ? What is tho 
velocity of B relative to A ? 

Forming the fundamental vector equation and assuming the 
earth (E) stationary, we have: 

Velocity of B relative to A — velocity of B relative to E 

-(- velocity of E relative to A. 

Expressing this in vector quantities: 

ab = eb-j-ae — ae-f-eb. 



CL 


Fig. (5. 

In Fig. 6, ae is drawn parallel to the direction 12(3“ east of 
north and is made 15 units long to represent the velocity of tho 
earth (E) relative to A. The vector eb is drawn 10" north of east 
and is made 22 5 units long to represent tho velocity of B relative 
to the earth E. The vector ab represents the velocity of B relative 
to A and this scales 14-6 units, representing a volooity of I4-6 miles 
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per hour, The direction of ab is 51° north of east. The distance 

14-6 

apart at the end of one minute is or 0-243 mile. 

Example 7. A motorist is travelling due north at 30 miles per 
hour when the wind is blowing from the north-east at 15 miles 
per hour. What is the direction and speed of the wind as it 
appears to the motorist ? [Inst. O. E,\ 

Let A represent the motorist, E the earth, and W the wind. 
Velocity of W relative to A — velocity of W relative to E 

-(-velocity of IS relative to A, 
or aw = ew-j-ae = ae-f-ew. 



ur 


Fig. 7. 

In Fig. 7, ae is drawn due south and is made 30 units long to 
represent the velocity of the earth (E) relative to the motorist (A). 
The vector ew is drawn as coming from north-east and is made 
15 units long to represent the velocity of the wind (IF) relative to 
the earth (E). The vector aw represents the velocity of W relative 
to A ; this measures 42-2 units, representing 42-2 miles per hour, 
The angle eaw measures 14-5°, giving the apparent direction of 
the wind to the motorist as 14-5° east of north. 

Example 8. At midnight a vessel A was 40 miles duo north of 
a vessel B; the vessel A was steaming 20 miles per hour on a 
south-west course, and B 12 miles per hour duo west, They could 
exchange signals when 12 miles apart. When could they com¬ 
mence signalling, and how long could they continue ? 

Let G represent the sea. 

Velocity of B relative to A = velocity of B relative to G 

-(-velocity of G relative to A, 
ab ~ c6-f ac = ac-)-c6. 


or 
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In Fig. 8 (a), ac is drawn to represent the velocity of O relative 
to A and is made 20 units long; cb is drawn to represent tlie 
velocity of B relative to C and is drawn 12 units Jong; then ab 
represents the velocity of B relative to A ; this measures 14-3 
units, representing a velocity of 14-3 miles per hour. The magni¬ 
tude and direction of the velocity of B relative to A are now 
known and A can be regarded as stationary, B as steaming in 
a direction from a to b at 14-3 miles per hour. 



In Fig. 8 ( b ), A represents the position of the vossol A at mid¬ 
night and B the position of the vessel B 40 miles duo south. AB 
is made 40 units long, Note that the scale in ( b ) is different from 
that in (a), and that (6) is a displacement diagram whereas (a) is 
a velocity diagram. From B a line BB 2 is drawn to represent 
the path and direction in which B is steaming relative to A, 
Since they can signal when 12 miles apart, a circular arc B t B a is 
drawn with A as centre and radius equal to 12 units. B, repre¬ 
sents the position of B when they can commence signalling and 
B 2 the position when they coase signalling. BB 1 is the distance 
travelled since midnight until signalling commences; this distance 

29 

is 29 miles; thus tho time-interval is ^ or 2-03 hours. The dis¬ 
tance B l B 2 represents the distance travelled while the two vessels 
can continue to signal; this distance measures 21 miles and the 

21 

time-interval during which they can signal is or 147 hours. 
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§12. Centripetal or Radial Acceleration. When a par¬ 
ticle is moving in a circular path with constant angular velo city, 
the peripheral or linear’ speed is constant but the direction is 
continually changing as the particle moves round. In Fig. 9 (a), 
consider a particle moving round a circular path of radius r 
and whose fixed centre is 0. Let the constant angular velocity 
be a> radians per sec. At a particular instant let the particle 
be at A. After a small interval of time, St sec., the particle 
has moved to a position B and has moved through an angle SO. 


c 



At A the particle is moving instantaneously perpendicular to 
OA as shown by the arrow 0. At B the particle is similarly 
moving instantaneously perpendicular to OB as shown by the 
arrow D. The two velocities are equal in magnitude, each 
being equal to rw, but the direction of the velocity at B is 
different from that at A ; hence, some velocity has been added 
to the velocity at A to produce the changed (in direction only) 
velocity at B. To find this added velocity we can construct 
a vector diagram and find the velocity of B relative to A. 

Velocity of B relative to A — velocity of B relative to 0 

-)-velocity of 0 relative to A, 
or ab = o6+ao = ao-j-ob. 

In Fig. 9 ( b ), ao is drawn equal to rcu and parallel to CA 
to represent the velocity of 0 relative to A. The vector ob 
is drawn also equal to rto and parallel to the arrow D to repre¬ 
sent the velocity of B relative to 0\ then ab represents the 
velocity of B relative to A, i.e. the change of velocity or the 
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velocity that has been added to that at A to produce the velo¬ 
city rco perpendicular to OB at B. 

In the vector triangle ocib, Fig. 9 ( b ), the angle 8 8 may be 
made as small as desired, since the time-interval Si may 
be chosen very small; when the angle 88 is very small, then 
ab = oa.89 or ab = r.oj.89. 


The vector ab represents the change of velocity that has 
taken place in time Si, and hence the rate of change oi velocity 
88 

is r.w.—. Rate of change of velocity (with respect to time) 


is acceleration and 


S 6 
Si 


is the rate of change of angular dis¬ 


placement with respect to time; this latter quantity thus 
becomes equal to u>, the angular velocity, and the accelera¬ 
tion thus becomes rw.cu or r.a> 2 in a direction from a to b. 
When A and B, Fig. 9 (a), are chosen very close together, 
ab, Fig. 9 (b), becomes radial and the acceleration is known 
as radial or centripetal acceleration. 

Let a c — centripetal acceleration, 

a B = ra> 2 . (7) 


Example 9. A particle is moving in a circular path of 15-in. 
radius with an angular velocity of 20 radians per sec. Deter¬ 
mine the centripetal acceleration. 

Using equation (7) above and expressing r in feet: 

a 0 = X 20 2 = 500 ft. per sec, per sec. 


§ 13. Resultant Acceleration. When the angular velo¬ 
city of a particle moving in a circular path is not constant, but 
is subject to an angular acceleration (with consequent peri¬ 
pheral or linear acceleration), the resultant acceleration may 
be found by adding the vectors representing the centripetal 
and peripheral accelerations. Since the centripetal accelera¬ 
tion is always radial and perpendicular to the instantaneous 
direction of motion and the peripheral acceleration is perpen¬ 
dicular to the radius, these two accelerations are always 
mutually perpendicular, and the resultant acceleration is 
easily found by applying the well-known relationship which 
exists between the sides of a right-angled triangle, that is, by 
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extracting the square root of the sum of the squares of the 
respective accelerations. 

Example 10. A motor-car passes round a, curve of 100 ft. 
radius and at a given instant has a speed of 20 miles per hour. 
The car is accelerating at the rate of 10 miles per hour in 3 sec. 
Find the resultant acceleration. 


Centripetal acceleration = no 2 , ■which may be written 


v- 

—, since 
r 


v = rat. 


d c — 


20 x 6,280s 2 1 0 .... , 

Wer) x loo = 8-61 ft - per sec - per M0C - 


Peripheral acceleration a = = 4-89 ft. per sec. per sec. 

Resultant acceleration = ./(S'GP-l-f-SO 2 ) = 9-9 ft. por sec. por 
sec. 


§ 14. Simple Harmonic Motion. Consider a particle 
moving in a circular path of radius r and constant angular 



Fig. 10. 


velocity w radians per sec. In Pig. 10, at any particular in¬ 
stant suppose the particle is at A . If any diameter such as CD 
is chosen and a line AB is drawn perpendicular to CD, then 
the position of B on CD alters as A moves in its circular path. 
The motion of B is said to be periodic or simple harmonic. 

The radial acceleration of A is r<xA or — in a radial direction 

r 

from A to 0. The acceleration of B is the component of this 
radial acceleration projected on to CD and in magnitude is 
rui 2 cos 9, where 6 is the angular displacement of A from the 
diameter CD in the direction of rotation. The acceleration of 
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B varies as r cos 6 or OB , hence the acceleration varies directly 
as the distance from the centre position 0. 

While A makes one complete revolution, B moves through 
0 to G, thence to D, and finally to B\ this time is called the 
period of a complete vibration. The distance travelled by A 
in one complete revolution is 2nr, hence the time taken is 
the circumference divided by the velocity. 

Let t = periodic time, 


then 


277?' 2 7T 

rut cd 


In cases where t is very small, that is, the number of vibra¬ 
tions per second is large, it is usual to give the frequency 

%T 

instead of the periodic time. 

The amplitude is half the motion of B, i.e. the radius of 
the circular path, or half the maximum travel. 

It should be noted that as B passes through 0, the accelera¬ 
tion is zero and B has its maximum velocity; when B reaches 
G or D, the acceleration is a maximum of value no 2 and the 
velocity is zero. 

EXERCISES. I 

1. The speed of a train increases uniformly from 15 to 40 milos por 
hour in 75 sec. What is the acceleration ? 

2. A train reduces its speed at a constant rate from 50 to 20 miles 
por hour in 2 min. Determine the linear retardation of the train and 
the angular retardation of the driving-wheels of tlio locomotivo, 
which are 6J ft. in diameter. 

3. A centrifugal pump impeller is 2| ft. in diameter and hoe a 
speed of 300 revs, per min. The water leaves the impoller with an 
absolute velocity of 5 ft. per sec. radially. Find the volocity and 
direction of the wator relative to the impeller. 

4. A steamer, which can travel 15 miles per hour in still wator, 
has to go 30 miles in a direction 40° east of north, in a steady southerly 
current of 3 miles per hour. In what direction must the steamer bo 
steered, and how long will it take to complete the iournev f 

[I. Mech , E.] 

5. The tracks of two ships cross at a point A. One ship is 20 nauti¬ 

cal miles east of A, steaming west at 15 knots; the other ship is 10 
nautical milos south of A, steaming north at 12 knots. Find the 
velooity of the first relative to the second, and find how near they 
approach each other. [j, Mech. E.] 
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6. A body is observed to travel 10 ft. in 2 see, and 60 ft. in tlio uoxt 
6 sec., its motion being in a straight lino with uniform decoloration. 
Find that acceleration, and the initial velocity, and how far it travels 
in 30 sec. from the beginning of the abovo observations. 

[Z. Mech. 10.\ 

7. Calculate the uniform retardation of a train which is brought 
to rest from a speed of CO miles per hour in a mile and a half. 

[lust. C. I0.\ 

8. A body moving along a straight lino with uniform aoedoration 

passes three points A, B, C, and it is observed that the body passes 
B 3 sec. and C 0 sec. after it lias passed A. If tho distances Ali 
and EC are 15 and 22 ft. respectively, find tho acceleration of tho 
body and its speed when passing tho point A. [Inst. 0. 10.] 

9. An aeroplane in flight in a steady wind which blows at <10 miles 
per hour in a north-east direction is propollcd at n speed of 120 miles 
per hour relative to the wind. In what direction must tho pilot 
apparently steer to maintain a course duo west ? 

What is his speed in the direction duo west ? 

10. A train is going south at 20 milos per hour. Later its velocity 
is 37 miles per horn- in a direction 52° north of oast. What 1ms boon 
the change of velocity ? 

11. A vessel travelling duo east at ft speed of 10 lenois enters a 
current which is flowing duo north-oast. To maintain its eourso tho 
vessel is headed slightly south of oast and its speed is then found to 
he 11 knots. Find the speed of the current and tho angle eouth of 
east to which the vessel is directed. 1 knot =* 6,080 ft. per hour. 

12. A patrol boat which can make 30 knots sights a whip duo north 

travelling 10° north of west at 20 knots and wishes to intoroopt it. 
Find the direction in which it must go to reach it at. tho earliest 
possible moment. [/, Mcch. 10. | 

13. From a balloon ascending with a velocity of 32 ft. por sec. a 

stone is freed; it reaches the ground in 17 sec. How high was tho 
balloon when the stone was released ? [Znsi. O, 10 .J 

14. A cyclist ‘free wheels’ down a hill half a mile long having a 
slope of 1 in 25. At the top of tho hill his speed is 10 miles por hour, 
and he traverses the whole length of tho hill in 1J min. Calculato tho 
uniform acceleration. 

16. An airship at the moment it drops a bomb is travelling at 
48 ft. per see. along an upward path inclinod at 30° to tho horizontal; 
it is 200 ft. above the ground. Find how far the point ut which tho 
bomb reaches the ground will be from tho point perpendicularly 
below that at which the bomb was released. Nogloct air friction. 

[Inst, 0. 10.1 

16. A flagship is steaming south-east at 14 knots. A cruiser, spaed 
20 knots, is 10 sea-miles an the port bow (i.c. north-east from tho 
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flagship). The cruiser is ordered to take station 5 sea-miles ahead of 
the flagship. What course should she steer, what time will she take, 
and how many sea-miles will she steam ? [Inst. G. E.] 

17. A man who can row at 3 miles per hour in still wator rows 
across a stream running at 2 miles per hour with the nose of the boat 
pointing upstream at an angle of 45° with the bank. What is the 
true velocity of the boat, and how long will it take the man to cross 
the stream, which is 15 yds. wide ? 

18. A body projected vertically upwards attains a maximum height 
of 1,520 ft. Calculate the velocity of projection and tho complete 
time of flight in the air. At what altitude would this body moot a 
second body projected vertically 4 see. later with a speed of 400 ft. 
per sec. ? 

19. At noon A is 10 miles duo east of B, and is travelling at 14 
miles per hour in a direction 30° west of north. B is travelling north¬ 
east at 10 miles per hour. Find tho velocity of A rolativo to B, and 
And tho least distance apart and the timo at which this occurs. 

[I. Mcch. E.] 

20. A stono is dropped from the top of a cliff 400 ft. high, and 1 
sec. afterwards another stono is thrown down and strikes tho first 
stono when it lias just reached tho foot of tho cliff. Find tho speed 
with which tho second stone was thrown, neglecting air resistance. 

[I. Much, ft’.] 

21. A light rod, 4 ft. long, carrying equal manses at its ends, is lot 

fall with a rotary motion from a cliff 400 ft. high, tho volooity of each 
mass relative to the contre of the rod boing 22 ft. per seo. Find how 
many revolutions it will mako during tho fall. [7. Mcch, E.~\ 

22. A ship A steaming duo west at 9 knots sights another ship B 
due south and travelling at a speed of 10$ knots in a direction 30° 
north of west. After an interval of 30 min. B is duo south-wost of A. 
Find: (a) what further interval of time must elapse boforo B is duo 
west of A ; (6) what is then tho distance between the ships; (e) tho 
distance between the ships whon they are nearest together; (d) what 
timo elapses after first sighting boforo they are nearest together. 

23. Determine the magnitude of tho acceleration of a point on the 
circumference of a fly-wheel, 6 ft. 2 in. in diameter, whon making 
110 revs, per min. 

24. Determine the greatest and least magnitudes of tho speed and 
the acceleration of a point on tho rim of a 6 ft, 0 in.-diameter driving- 
wheel of a locomotive travelling at 55 miles por hour. 

25. A body moving horizontally with a velocity of 50 ft. per sec. 
has its velocity changed to tho vortical direction and to 100 ft. per 
see. in 4 sec. Find the moan acceleration. 



CHAPTER II 

FORCE, WORK, AND ENERGY 

§ 15. Force. Force is often defined as that which tends to 
produce, produces, or alters the motion of a body. Enlarging 
upon this definition, a small child pushing against a table 
probably fails to move the table, but is nevertheless exerting 
a force. An adult pushing against the table will probably 
cause the table to move and is thus exerting a force, A bats¬ 
man hitting a cricket-ball alters the motion of the hall by 
means of an impulsive force. 

To specify completely a force, its magnitude, direction, and 
a point of application must be known. A force, having direc¬ 
tion and magnitude, may be represented by a vector in the 
same way that velocity and acceleration may be represented. 

§ 16. Weight and Mass. The weight of a body may bo 
defined as the force with which the earth attracts a body, and 
since this force varies slightly over the surface of tho earth, 
the weight varies correspondingly. The mass of a body is 
constant at all points on the surface of tho earth and may bo 
defined as the amount of stuff or matter contained in tho body. 
The British standard of mass is a piece of platinum which is 
in the keeping of the Board of Trade, London. 

The force which the earth exerts on this standard mass is 
called the pound, and the weight of this mass is regarded as 
one pound in London. 

§ 17. Momentum. The momentum or quantity of 
motion a body possesses is measured by the product of tho 
mass and its velocity. If the velocity changes in magnitude 
or direction, then the momentum changes accordingly. 

§ 18. Newton’s Laws of Motion. These laws are of 
fundamental importance and may be stated thus: 

(i) Every body continues in a state of rest or of uniform 
motion in a straight line except in so far as it may bo com¬ 
pelled to change that state by means of a force. 

(ii) The rate of change of momentum is proportional to the 
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impressed force and takes place in the direction in which the 
force acts. 

(iii) To every action there is always an equal and opposito 
reaction. 

The second law of motion induces a most important dy¬ 
namical equation which may be deduced thus: 

Let P = force acting in pounds, 

W = weight of body in pounds, 
g = acceleration due to gravity, 

M — mass. 

According to Newton’s second law: 

P oc rate of change of momentum, i.e. P cc rate of change 
of M x v. 

Assuming the mass M to remain constant, the variable in 
_M X v is v\ hence 

P oc M X rate of change of v. 

But rate of change of v with respect to time is acceleration, 
^ ien P cc M x a, where a — acceleration. 

This may be written in the form of an equation: 
thus P = c.M.a, where c is a constant. 

The unit of mass has not yet been defined, and accordingly, 
if the unit of mass is chosen such that unit force acting on 
unit mass produces unit acceleration, the value of the con¬ 
stant c becomes unity and the above equation becomes 

P = M.a. 

When a body is allowed to fall freely the force acting on 
the body is its weight vertically downwards; this produces an 
acceleration of g ft. per sec. per sec. Substituting the value 
of W for P and g for a in the above equation, we get 


W =;M.g 



Thus in engineers ’ units the mass of a body may be regarded 


or 
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as its weight in pounds divided by g. The dynamical equa¬ 
tion now becomes w 

Example 1. A force of 50 lb. acts on a moving mass and 
changes its velocity from 30 to 15 mill's per hour in 10 min, 
Find the weight of the mass. 


Acceleration = 


15x5,280 
60 x 60x10 x 60 
W 


32-2 X 300' 


Using equation (1): 50 = 

50 X 32'2 X 800 
W =- 


_ii ft 
_ 300 1 

11 


per see, per sue. 


— 19'6 tons. 


.11x2,240 

§ 19, Impulse. A force may act upon a body steadily or 
it may act for a very short interval of time. When the time is 
exceedingly short the force is referred to as an impulsive force 
or blow. The magnitude of the blow is measured by the pro¬ 
duct of the mass and the acceleration or change of momentum 
divided by the time-interval. 

Example 2. A tup weighing 600 lb. is allowed to full freely 
through a distance of 3 ft. and is brought to rest, in 0-01 sec. 
Find the avorage force of the blow. 

Velocity of tup on striking = 2|?x3) -- 1,‘KI ft. per sou. 

500 ■' 1:H> 21,600 Hi. 


32-2 X b-Ol' 


Blow = — x t!lmng0 of v °loc ity 
g time 

— 9-64 tons. 

§ 20. Centrifugal Force. When a particle in moving in 
a circular path of radius r at a constant angular velocity of w 
radians per sec,, it has a radial or centripetal acceleration of 
magnitude no 1 . If the particle weighs W lb. the force required 

to cause this acceleration is — rw 1 or — --lb. This force is in 
1/ 9 r 

tons if W is in tons. Consider the case of a small stono at 
the end of a piece of string, moving in a circular path. Thu 
stone is constrained to move in its circular path by the tension 

in the string, this tension being equal to — noh This tension 

g 

or force is called centripetal force and acts radially inwards. 
When a body is being accelerated there is a reluctance or 
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resistance to acceleration exactly equal and opposite to the 
accelerating force. Consequently, in the case of a rotating 
mass there is a resistance to acceleration acting outwards 
exactly equal and opposite to the centripetal force. This out¬ 
ward resistance is termed centrifugal force, and this in turn 
is transmitted to the axis about which rotation is taking place. 


W 

Hence centrifugal force = — rto" 


This centrifugal force becomes very important when a 
number of masses are rotating about an axis at high speed. 
Each of the masses (assuming the centre of gravity of each 
mass does not coincide with the axis) will have a disturbing 
influence on the axis and in practice it is usual to attempt 
to balance these forces. 

§21. Torque. The effect of a force depends very much 
upon its point of application. Take the case of a lever capable 
of rotating round the axis of a spindle. If a force is applied 
to the lever such that the force passes through the axis of the 
spindle, no apparent effect is produced on tho lever; if, how¬ 
ever, the force is applied to the free end of the lover, a move¬ 
ment of the lever about the spindle may occur. Tho effect 
of the force is a turning effect and the product of the magni¬ 
tude of the force and the perpendicular distanco to the centre 
of the spindle is called the turning-moment or torque. If the 
force is in pounds and the distance in feet, the torque is in 
foot-pounds or pounds-feet. The latter term is more generally 
used to distinguish between the units of work and energy. 

§22. Moment of Inertia. A body, free to rotate about an 
axis, may be caused to rotate by the application of a torquo. 
Consider a small mass of weight W attached to a light rod tho 
mass of which may be neglected. In Fig. 11, let A represent 
the small mass, which can rotate in a circular path of radius 
r. Let P be the magnitude of the force which causes rotation. 

Let a — peripheral or linear acceleration, 
a ~ angular acceleration, 


W 


W 


-rex. 


then 
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W 


W 


and P, r — — . rot . r = ~ r 2 «. 

0 (7 

But P.r is the torque and may be designated by T: 


then 


T = 


W 


-r\a. 


W 


The term — r 2 is the second moment of the mass and occurs 
9 

so frequently in engineering problems that it is given a special 
W 

symbol 7, where 7 = —r 2 . 7 is often referred to as the 
9 

moment of inertia. 

Thus T=I.ol. (2) 



The effect of a torque is to produce or torn! to produeo an 
angular acceleration, analogous to the effect of a force, which 
tends to produce linear acceleration. 

In the case of a larger body rotating about an axis tho 
moment of inertia may be found by fairing a series of small 
masses w v w 2 , w> 3 , etc,, at radii r lt r 2 , r 3 , eto. Tho moment of 
inertia of the whole mass is found by adding up tho individual 
moments of inertia of the small masses. 


Thus 


/ -'^’+?V+?r,«+e tc 


9 


The summation of these quantities for regular shaped masses 
is conveniently accomplished by integration. 

In a general manner the moment of inertia of a body may bo 

written I = •_ k\ where k is known as the radius of gyration 
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and is that radius at which the mass may be considered as con¬ 
centrated for the purpose of calculating the moment of inertia. 

Values of the moment of inertia for various masses likely 
to be found in practice are given in the following table • 



§23. Effects of Force. Considering the effect of force 
on a movable body, it has been scon that a force may bo 
utilized to give the body acceleration; a second effect is that 
when motion takes place, some force must be utilized in 
overcoming frictional resistances; thirdly, if the body is 
moving up or down an incline, some force is required to lift 
or to support the body. Thus the total force acting on a body 
is, in general, the sum of the three forces required to 
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accelerate, to overcome frictional resistances, and to lift 

the body. 

The force required to accelerate a body is readily found from 

the dynamical equation P = —. a. In the ease of rolling 

bodies, the frictional resistance is usually expressed in pounds 
per ton. Thus a truck weighing 10 tons and having a fric¬ 
tional resistance of 15 lb. per ton requires a force of 10 x 15 
or 150 lb. to cause steady motion on the level. If tho truck is 
on an incline of, say, 1 in 20, the force parallel to tho piano 
to support the truck is equal in magnitude to tho component 
along the plane of the weight of the truck, i.o. 

2,240 _ 18fl . 7l , 

120 


The total force producing motion may bo stated, in tho 
form of an equation: 

Force producing motion = force to accelerate-j- force to over¬ 
come frictional resistances-j-forco to support the body. 
Of the forces to accelerate and to support tho body, cither or 
both of these may be zero. The force to accelerate is zero 
when the body has steady motion and tho force to support 
may be zero when the body is on tho level. 

Example 3. The draw-bar pull on a train weighing 300 tons is 
5 tons. Taking the frictional resistances to ho 15 lb. per ton, 
find the acceleration with which tho train will move up air incline 
of 1 in 200. 

Eorcc to support = x 2,240 ~ 3,360 lb. 

Eorce to overcome frictional resistances 300 x 15 4,500 lb. 

Applying the above equation of force, 

5x2,240 = force to accolerato L4,500-|-3,3(10, 
force to accelerate = 11,200-7,800 3,340 lb. 

The acceleration is found by using the dynamical equation 


P 


W 

— .a or 
9 


3,340x32-2 

300x2,240 


= O'16 ft. per sec. per sec. 

§ 24. Effects of Torque. Torque for circular motion is 
analogous to force for linear motion and the total torque 
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acting on a body capable of rotation about a fixed axis may 
be utilized in accelerating the -whole system, overcoming 
frictional resistances, and in supporting the mass. 

Example 4. A train of loaded trucks, weighing 20 tons, is 
drawn up an incline of 1 in 40 by means of a rope coiled round 
the drum of a winding engine at the top of the incline. The 
rope is parallel to the incline, the drum weighs 3 tons, its diameter 
is 7 ft., and its radius of gyration 3 ft. If a constant torque of 
7,000 lb.-ft. is applied to the shaft of the drum, find (a) the 
tension in the rope, (fi) the acceleration of the trucks, (c) the speed 
at which they are travelling at the end of 4 min. Assume tho 
resistance to motion of the trucks as 20 lb. per ton, and neglect 
the friction at the drum-shaft and the effect of the stiffness of 
the Tope. [Lond. B.Sc .] 

Torque to accelerate drum 

T W 3 X 2,240 r , 

= la — /c 2 .a — ujr-rr X 9. OL lb,-ft. 

g 32-2 

= 1,878a. 

Torque to accelerate trucks = force to accelerate X radius of 
drum 


20X 2,240 
32-2 


x«x3'5 = 4,870a lb.-ft, 


Torque to overcome frictional resistances 

= 20x20x3-6 - 1,400 lb.-ft. 
20 x 2,240 


Torque to support trucks 


40 


X 3-6 = 3,920 lb.-ft. 


Applying the equation of torque, 

7,000 = l,878a+4,870o+l,400+3,920. 

Substituting a = ra, 

7,000 = 1,878 . ~+ 4,870a+6,320, 

o‘t) 

.‘. a = 0-311 ft. per sec. per sec. 

The tension in the rope is found by using the equation of force 
P = forco to accelerate+force to overcome frictional resistances 
+force to support 

_20x2^40 x0 . 3n+20 x 20 + 2 0 x 2,240 


32-2 


1,953 lb. 


40 
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Speed at the end of 4 min., assuming they start from rest, is 
found by using one of the equations of motion : 

d = v 0 +at = 0+0-311x240 = 74-7 ft. per see. 

§ 25. Work. When a forco moves through a distance 
work is done. Since force is required to cause the motion of 
a body, the work done depends upon the magnitude of the 
force. The work done also depends upon the distance through 
which the force acts. If the force is nesting in the direction of 
motion the work done is the product of the force and the 
distance moved, assuming the forco to romaiu constant. 

Work can he represented graphically by plotting the force 
vertically and the distance moved horizontally. When the 
force is constant the diagram thus obtained is a. rectangle, 
the area of which represents the work done. In the case of 
a variable force, the force may bo regarded as sensibly con¬ 
stant for an exceedingly short distance, and the work done 
over this short distance is the product of the force and the 
short distance. Proceeding in this maimer, the whole of the 
work done can be found by adding up the work done for all 
the small distances. 

If represented graphically, the area under the curve ob¬ 
tained, when force is plotted against distance, represents the 
work done. 

§26. Work done by Torque. A force P, acting at a 
radius r from a fixed axis, moves through a distance 2ttJ' for 
one complete revolution. The work done per revolution is 
Px2-nr, which may be written J'x 2 tt, since P (torque)-~= Pxr. 
The angle turned through in one revolution is 2-7T radians, 
and hence the more general statement may ho made that 
work done by a torque is equal to the product of the torque 
and the angle turned through in radians. 

Let d — angle turned through in radians: 

then work done = Px 8. 

If P is acting on a small mass and the mass makes N revs, 
per minute, the work done per minute is P x 2rrN, more 
usually written 2 ttNT. 
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§27. "Horse-power. Power is the rate of doing work; 
the unit of power in Britain is the horse-power, which is 
defined as 550 ft.-lb. of work per second or 33,000 ft.-lb. per 
minute. The horse-power of a machine or any other agent 
is found by dividing the work done in ft.-lb. per minute by 
33,000. The horse-power developed by a torque T lb.-ft. 

making N revs, per mm. is 

The unit of horse-power used on the Continent is 4,500 
kilogram-metres per min., which corresponds to 32,500 ft.-lb. 
per min.; the Continental horse-power is thus 0-986 of the 
British horse-power. 

The electrical unit of power is the watt, which is a current 
of 1 ampere at a pressure of 1 volt. 

The relation between British horso-power and the watt is 
1 British horse-power = 746 watts. 

A unit of work frequently used by engineers is the horso- 
power-hour. This represents one horse-power over a period 
of 1 hour and is equivalent to 60x33,000 or 1,980,000 ft.-lb. 
The unit of work used in electrical power is the kilowatt-hour 
or Board of Trade unit. A kilowatt-hour is 1,000 watts for 
a period of 1 hour. One Board of Trade unit is thus equivalent 


to 


1000 

746 


or 1-34 horse-power-hours. 


§ 28. Simple Machines . Without the necessity of enter¬ 
ing into a detailed discussion of any particular machine, it is 
convenient, at this stage, to introduce the question of simple 
maohinea and to consider some of the terms employed when 
testing these machines. 

Regarding a machine as an agent for transmitting or modi¬ 
fying energy, the problem resolves itself into the question of 
the relation betweon energy supplied to and energy obtained 
from the machine. Considering, say, a simple lifting machine, 
the mechanism of which, for the moment, need not bo con¬ 
sidered, it consists of a load W to be lifted by means of an 
effort E, as in Fig. 12. In general, E may be smaller than W. 
By means of the effort E the load W may be lifted, and by 
supplying the effort E a definite amount of work is supplied 
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to the machine in a given time; by lifting the load W in the 
same time-interval a definite amount of work is obtained 
from the machine. 

§ 29. Velocity-Ratio and Efficiency. In the case of a 
machine in which the distance moved through by the effort 
bears a constant ratio to the distance moved through by the 
load, this ratio is known as the velocity-ratio. The term 
distance-ratio is perhaps a truer interpretation of this ratio, 
but the former term is inmore general use and will bo used hero. 
Let c = distance moved by effort E in a given time, 
d = distance moved by load W in tho samo time, 

V = velocity-ratio, 

then V = ~. 

a 

The efficiency of a machine is the ratio of the useful work 
done by it to the work supplied to it. On account of the 
internal friction of a machine the work done is always loss 
than that supplied. 



Fig. 12. 


Referring to Fig. 12, let the effort E move through a dis¬ 
tance c while the load W is lifted a distance d. 

Work done = W X d. 

Work supplied = Exc. 

.'. Efficiency rj = = . K. __ 

Exc Eyi ~ ExV ' 
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Expressed in words, the efficiency is the load divided by 
the product of the effort and the velocity-ratio. 

The ratio of the load W to the effort E is termed the 
mechanical advantage. 

Let M = mechanical advantage. 

„ W , , M 

then M — — and r t becomes -rt. 

E V 

§ 30. Ideal Machine. In a theoretically perfect machine, 
that is, one in which there is no internal friction, and the 
effect of all moving parts of the machino except the load 
lifted and the effort applied is negligible, the work done by 
the machine is equal to the work put into it and the efficiency 
becomes unity or 100 per cent. Such a machine is termed an 
ideal machine. 

In an ideal machino the effort required to lift a given load 
W is less than that in an actual machine. 

Let E l --- effort required in an ideal machine, whose 
velocity-ratio is V, to lift a load W. 

Then, since the efficiency is unity, 

W 

Ej — y; E x is known as the ideal effort. 

The actual effort E is greator than E l and the difference 
between these quantities is known as the wasted effort. 

W 

Thus, wasted effort -- E—E 1 ------ E — y. 

This wasted effort is simply the effort required to overcome 
the friction of the machine. 

Conversely, a given offort E will oporate a greater load on 
the ideal machine than on an actual rqachine. 

Let IT, load lifted on an ideal machine by an offort E, 
then W x -Ex V. 

If W is the load lifted on the actual machine, W x — W repre¬ 
sents the loss of load due to the fried ion of the machine. This 
loss of load is called friction load. 

Thus, friction load - W v -W - ExV-W. 

Care should be taken when stating the friction of a machine 
as to whether a wasted effort or friction load is implied. 

§ 31. Reversal of Machines. When the effort on a 
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machine is removed the load may run backwards or remain 
stationary. If the load remains stationary the machine is 
non-reversible or self-locking; if the load runs backwards the 
machine is said to be reversible. The cilicioncy of a self- 
locking machine is less than 50 per cent,. 

Consider a machine, Fig. 12, in which a load W is raised 
by an effort E. 

Energy supplied to the machine = E X c. 

Useful energy — W xd. 

Energy wasted = Exc—W xd. 

If the effort E is now removed, the machine will bo rever¬ 
sible if W just runs backwards. The energy wasted in this 
case in the same time is W X d, and assuming the energy lost 
in the two eases to be the same: 


or 


Exc 
E .c 


Wxd = W Xd 

2 .W.d. 


W.d 


But ---- is the efficiency of the machine when working 
E .c 

normally, hence efficiency — or 50 per cent. If the efficiency 
exceeds 50 per cent, the machine will reverse more readily. 

§ 32. Law of a Machine. In carrying out a tost, of a 
simple machine it is usual to observe simultaneous roadings 
between the effort and the load. When these results are 
plotted on squared paper it is found that the points thus 
obtained lie very nearly on a straight line. A linear relation 
between E and W thus exists, and this relation may be ex¬ 
pressed in the form of an equation. The equation takes tho 

fom E ~ ar+6, 


where a and b are constants depending upon tho particular 
machine. 

In Fig. 13, AO represents a line drawn through points 
obtained by plotting values of E vertically against values of 
W horizontally. 

At no load the effort is represented by 0A and this clearly 
represents the constant 6, since the effort is b when W is Kero, 
from the equation. E = aW+b. The constant a is found by 
calculating the slope of the line and in magnitude is equal to 
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CD 

BD’ 


B and C being any two points on the line chosen at 


random and D the intersection of BD and CD drawn hori¬ 
zontally and vertically respectively. The equation E — a W -\-b 
is known as the law of the machine, and by its use it is 
possible to estimate the effort required to raise a given load. 



Example 5. The friction of an unloaded pulley-block is 2-4 lb. 
The friction increases at the rate of H) lb. per 100 lb. of load 
lifted by the block. Velocity-ratio, 22. Find tho effort required 
to lift a load of 1,300 lb. and the moohanieal efficiency at this 
load. [Inst. C. E\] 

Effort required — no load effort-|-ideal effort-[-friction effort 


1,300 1-9x1,300 

22 ' + 100 


86-2 lb. 


Efficiency — ~ or 68 P er con< '- 

Example 6, In a differential pulley-block whose velocity-ratio 
is 50 it is found that an effort of 13 lb. will lift a load of 400 lb. 
and 103 lb. will lift 4,000 lb, Find the law of tho machine and 
the efficiency when lifting this latter load. 

Let the law be of the form E — aW-\-b. 

Substituting values 13 = 400a+6 
103 = 4,000a+b 
90 = 3,600a. 


a — whence b — 3. 
40 
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Law is E = Jq + 3. 

Efficiency = = 0-776 or 77-6 per cent. 

103 x 50 

§ 33. Energy. A body capable of doing work is said to 
possess energy. In mechanics the two important kinds of 
energy are potential and kinetic. 

A body may possess potential energy due to its position 
relative to some other body, say the earth or frame of a 
machine. A mass weighing IF lb. at a height H ft. above 
a given datum possesses IF .II ft.-lb. of energy, and by allow¬ 
ing the mass to fall this work can be utilized. 

Kinetic energy of a body is that due to its motion. A 
stationary body has no kinetic energy but may or may not 
possess potential energy; a moving body possesses kinetic 
energy but may or may not possess potential energy. When 
a moving body is brought to rest, its kinetic energy is destroyed 
and work is done in bringing the body to rest. 

Consider a mass of weight W lb. at a height of H ft. abovo 
a given datum. The potential energy possessed by the body 
is II H ft.-lb. If the body is allowed to fall freely it acquires 
a velocity of *j(2gH) when it reaches the datum level, or 

* = V( w. 

2 

Expressing H in terms of v, H = — and since there has 

2 g 

been no change of energy, the energy possessed by the mass 

when it reaches the datum is still WH or ~ - ft.-lb, The energy 

is thus expressed in terms of v and is therefore kinetic energy, 

A small mass of weight IF, rotating about an axis at con¬ 
stant angular speed w radians per sec. at a radius of r ft., 

possesses kinetic energy or ft.-lb. For larger masses 

the expression for kinetic energy is generally expressed as 
Wk 2 w 2 

2g , where * 1S the radius of gyration. Using the value 

w 

I ~ — I' 2 , the kinetic energy of a rotating body becomes Ua> 2 . 
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When a body in accelerated, in ire in required to produce 
tiie acceleration and hence work in done. The work done in 
this manner in equal to the change of kinetic energy in the 
body. Considering a force P acting on a mass of weight W 
and producing an acceleration a, the velocity acquired when 
a distance ,s- has been traversed is found from v 3 aj-| 2 m, v. 

] Y 

Multiplying throughout by - and transposing, 


lb , IF „ 
- v i ~~ ~v« 
2r/ ‘k! 


2f/ tip 

The left side of the equation represents the change of kinetic 
energy and the right side the work done. 

§ 34. Total Kinetic Energy. A body which has rotational 
motion in addition to linear motion, such as a rolling wheel, 
lias a total kinetic energy due to its linear motion and to its 

IF 

rotation. Total kinetic energy .1/hr I- , n a . 

.EXAMi’im 7. A railway truck it-t mmilitcd on two pairs of wheels 
of 21 in. radius, each pair weighing 10 cwt. and having a radius 
of gyration of lb in. The total weight of (lie truck iH 5 tons. Kind 
thokinotio energy at 20 miles per hour. 

Total kinetic energy kinetic energy of rotating wheels 
d kinetic energy of whole truck 


1. 1 

/20 •• 5,2801 a 
0 H ’W (10 X (it) / 


V 4 > 
w A w 


(MWOKk 


70-0 fl.-tons. 


Exami’IUC 8. A lly-wheel alters in speed from 1)1) to 101 revs, per 
min. and its kinetic energy alters by 500,000 ft.-lb. Calculate 
the moment of inertia of the fly-wheel and its kinetic energy at 
1 rev. per min. [ hist. O. 1C.] 

Lot tiq - initial angular speed, <o a final angular speed, 
Change of kinetic energy • {h»\. 

A |/(w* «■) 500,000. 

t 2X 500,000 


(~) a (101 | 00 )( 101 ~ UU ) 


t 228,000 in lb. and ft. units. 
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: X 228,000 X 


00/ 


Kinetic energy at 1 rev. per min. — ^ • 

= 1,250 ft.-lb. 

Example 9, A steam engine develops 80 horse-power at 100 
revs, per min. against a steady load. The fly-wheel weighs 3 tons 
and has a radius of gyration of 5 ft. If the load suddenly changes 
to one-eighth of the initial value, and there is no change in the 
steam supply for 2 revs, after the reduction of load, calculate 
the change of speed from beginning to end of this period. 

[Lond. B.Sr..] 

t, , - , . „ 80x33,000 7 „ 

Excess energy developed in 2 revs. = ———- X g X 2 

= 40,200 ft.-lb. 

This excess energy must be absorbed by the fly-wheel as kinetic 
energy, 

••• 

whence N = 107-8, 

change of speed — 7-8 revs, per min. 


EXERCISES. II 

1. A cage weighing 1,000 lb. is being lowered down a mine by a 

cable. Find the tension in the cable [a) when the speed is increasing 
at the rata of 6 ft. per see, per see., (b) when the speed is uniform, 
(c) when the speed is diminishing at tho rate of 6 ft. per sec. per sec. 
The weight of the cablo itself may bo neglected. [hint. O. fi. J 

2. The mass of a balloon and its car is 4,000 lb.; it displaces 4,50011). 

of air. Find the acceleration with which (he balloon will rise, and, 
assuming the mass of the car to be 1,000 lb., find the altered pull upon 
the suspending ropes. |-(p I 

3. A force of 15 lb. acts upon a mass weighing 260 lb. and increase’s 

its speed from 6 ft. per sec. to 40 ft. per see. Calculate tho time taken 
to effect this increase in speed and also tho distance moved through 
m this time. Find the kinetic energy of the mass at tho initial and 
final speeds, and show that the change in kinotic onorgy is equal to 
the work done by the accelerating forco. [Inst Q Ill ] 

m ~ s * r of an ouncc! 'eaves a gun with a velocity of 
1,200 ft. per sec. Find the average forco expelling tho bullet if tho 
barrel of the gun is 42 in. long. [Inn!.. 0. AY) 

6. A circular drum has a weight of 3 tons, an outside diameter of 
7 ft and a radius of gyration of 3 ft. A rope 1,000 ft. long, and 
weighing 2-6 lb. per ft hangs from the drum and carries a oago which 
weighs 2 tons at its full speed. 
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A constant torqun T is made to turn the drum, mid moves tho cage 
a distance of 100 ft. in 20 see. from rest. Find tho value of the 
torque. |/. Mi'ch. E. ] 

(j. A weight of 80011). falls from a height of (i ft. on to a pile whioh 
weighs (HIO lb, Assuming tho pile is inelastic, find tho velocity with 
which it begins to move, and also find the mean resistance of the 
earth to penetration if the pile is driven 0-8 in. into tho ground by the 
blow. | Inst. C, IS. 1 

7. A mass weighing 1 ton is pulled along a smoolh horizontal piano 
with a constant force of ()• I ton for a distance of mile, and then up 
an incline of 1 in <50 for another .1 mile. Assuming the friotional and 
air resistance to be constant and equal to 50 lb., ihul the time taken 
to roach the toji of the incline from tho starting-point. [/. Much. AY| 

8. A fly-wheel weighs 2 Ions and lias a radius of gyration of 4 ft. 
It is fixed to the crankshaft of an engine which at 150 revs, per min. 
generates 20 horse-power. Assuming tho mean torque on tho crank 
to remain constant at all speeds, find the time for the engine to get 
up full speed, neglecting all musses hut the fly-wheel, [I. Afrch, K,\ 

!). On a circular railway there are twenty stations, and a train 
weighing 150 tons completes the circuit, in fifty minutes. If the brakes 
are applied at each stat ion when I lie I rain is travelling at 25 miles per 
hour, find the cost of stopping the train per hour, assuming the value 
of one liorse-jiower-lmur is 3d. |/. Meek. IS. 1 

10. Calculate the kinetic energy stored in a lly-wheel which is 
making J80 revs, per min., if being assumed that the mass of the 
wheel, which is 2-(S lens, acts at a radius of 2 ft. 8 in. If the speed of 
the will'd falls to 15 revs, per min. in 55 see,, express in horse-power 
the mean rate at which the (ly-wheel gives out energy. 

11. A locomotive developing 1,000 homo-power pulls a train weigh¬ 
ing 300 tons along a level truck. Assuming that the frictional resis¬ 
tances for speeds above 30 miles per hour can he calculated from 
li 0-5(F -20), where R is the resistance in pounds per (on and I-’ 
is the speed in miles per hour, iiud (ho maximum speed of the train. 

12. A railway train weighing (iOO tons is pulled up an incline <li 
miles long having a slope of 1 in 120. The frictional resistances may 
be assumed eons! not at, 15 II i. per tori. If the engine exert h a constant 
pull and the .speeds at the beginning and end of the incline are 
respectively 55 and 32 miles per hour, find the magnitude of the pull 
in tons and the time taken to climb the incline. 

Express in horse-power hours the work done by the locomotive 
during the climb. 

13. A locomotive pulls at constant speed of 40 miles per hour a 
train of 11 coaches, ouch weighing 30 tons. Find tho pull of the loco¬ 
motive and also its effective horse-power when running along tho 
level against resistances of 13 lb, per ton. 

If the train iH relieved of the four hack couches by ‘slipping’ 
them, find: (a) the acceleration of tliemain part of (lie train; (b) the 
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retardation of the slipped ooachos; (c) the distance travelled by the 
slipped coaches before coming to rest- 

14. The shaft of a coal-mine is 800 ft. deep, and the cugo in which 
the coal is raised weighs 7 cwt. and hangs at tho end of a ropo which 
weighs 2| lb. per ft. A truck fillod with coal and thus weighing 1G cwt. 
is placed in the cage at the bottom of tho shaft and is raised to tho 
surface in 25 sec. Calculate tho mean effective horse-power of the 
engine which works the winding shaft. 

If the cage starts with an acceleration of 10 ft. por hoc. per see., 
what is the horsa-powor of the engine at the end of one second ! 

16. If, in Question 14, tho acceleration is constant at 10 ft. per see. 
per sec. during the period of acceleration, and tho retardation when 
arriving at the top is that duo to gravity, tho rest of tho mol ion being 
at uniform speed, find tbe times of acceleration, constant spend, and 
deceleration, and also tho magnitude of tbo constant velocity. 

Plot on a tiine-baso eurvos showing: (a) the height through which 
the cage is raised; (b) the horso-powor exerted by tho engine. 

10. Find the kinetic energy storod in tho fly-wheel ol' a rolling-mill 
engine if the speed of rotation of tho whool is 100 revs, per min. and 
the mass of the wheel is 25 tons, at a radius of gyration of il ft, 

If while a billot posses through tho rollers tho speed of (ho engine 
reduces from 100 to 85 revs, per min. in 5 see., calculate the rate at 
which energy is withdrawn from the (ly-wlieel. 

17. A fly-wheel having a radius of gyration of 10 in. is rotating a I 

852 revs, per min. A brake applied to (ho outside of tho rim reduces 
the speed to 300 revs, per min. at a constant rate in 2 min. Find l.ho 
brake resistance, if tho whoel weighs 140 lb. and the rim diameter is 
24it >’ ' [Unit H.Sc,.\ 

18. Prove that when a mass of W lb, moveB in a cirole of radius r ft., 
with a velocity of r miles per hour, tho fovco in lb. acting on this muss 
towards the centre of the circle is 


P=™lb. 

Or 

A turbine rotor 7 in. in diameter has fixed to its rim a small blade 
which weighs O'OG lb. The wheel makes 25,000 rova, per min. Find 
the force holding the blado to the rim. [I, ACirh, ft'.] 

19. A fly-wheel weighs 48 tons and has a radius of gyration of 0 ft. 

It runs at 420 revs, per min. Find: (a) tho stored energy of the (ly- 
wheel in howe-power-second units; ( b ) tho torque exerted'on the shaft 
to stop the fly--wheel in 12 min. [ 7 , fr/wh* 7tf.| 

20. A wagon of total weight 2,000 lb, has four wheels of 15 ft. radius 
each weighing 2001b., and each whcol has a radius of gyration of i '35 ft. 

Ihe wagon starts from rest at tho top of an incline having a slope 
. m ! 5 ' c rhere 13 a resistance to motion, which may ho assumed 
constant, of 11 lb. per ton. Determine tho velocity of tho wagon after 
it has moved a distance of 2,000 ft, [j, MitIi. li.] 
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21. A crane lifts 1 ton from the ground by a chain, 100 ft. long, 

weighing 1 lb. per ft. run, which in wound initially on a barrel of 
radius 9 in. to tho centre of the chain. Tho weight of tho barrel, otc., 
which revolve with tho axle, in 300 lb. and tho radius of gyration is 
15 in. Find tho torque in lb.-ft. necessary to givo a linear acceleration 
to the ton weight of 1 ft. per hoc. per see. Calculate tho nverago horse¬ 
power to drive the gear and lift the weight in the first 3 see. of tho 
lift. [Lnnd. B.Sc.j 

22. The radius of gyration of a fly-wheel weighing 10 tons is 0 ft. 

Calculate tho energy the fly-wheel stores at 300 revs, por min.; the 
uniform torque which must act on the shaft to produce tho speed of 
300 revs, per min. hy uniform angular acceleration in 1J min.; and 
tho brake tension which must hi' applied to two diametral rods con¬ 
necting two east iron brake blocks to stop it in 3 min., assuming that 
tho radius of the surface on which the blocks act is 0-0 ft. and that 
the coefficient of friction is 0'2. f Loncl . B.Sc. j 

23. (Show that when a body is moving about a fixed axis with an 

angular acceleration n under the influence of a turning-moment IT, 
then T Ik> 

whoro I is the moment of merlin of (he body with reference to tho 
axis of rotation. 

The rotor of a hydraulic turbine weighs 25 tons and has a radius of 
gyration of 5 ft. When running at 200 revs, per min. tho rotor is 
suddenly relieved of part of its load so that its speed rises to 205 r.p.m. 
in 1 see. Find tho unbalanced turning-moment exerted, assuming 
this uniform throughout tho cliungo of speed. [Load. II,Sc. ] 

24. A (ly-whool, the rim of which has a mean diameter of (I ft. and 
a weight of 1 £ tons, is connected to a shaft Of an engine which develops 
20 horse-power when running at 150 revs, per min. 

Assuming the work done per stroke of tho engine is constant and 
that there is no work done hy the crankshaft, or by friction, deter¬ 
mine tho time required for the ongino, starting from rest, to roach its 
speed of 150 revs, per min. 

If the frictional resistance of the engine remains constant and the 
mechanical efficiency at 20 horse-power is 80 per cent,, find the time 
taken to stop the engine after the steam is shut off. [Lond. B.So.] 

25. A cage, which weighs 2.V tons, is hung from a Htool rope, the 

upper end of which is wound upon a horizontal drum l>4 in. in dia¬ 
meter. Tho radius of gyration of the drum is 25 in. The drum is 
rotated by an elootric motor, which applies a steady torque of 
15,000 ft,-lb. to its shaft. Assuming that 5 por cent, of this torque is 
wasted in overcoming the friction of tho bearings, otc., and that tho 
cage is hanging free at the instant that tho drum begins to revolve, 
And: («) the acceleration of tho cage; (6) tho timo needed to raise the 
cage 120 ft.; (c) the tension in the ropo. Tho weight of tho drum 
may bo assumed to bo 1 ton. [Lond. B.Sc,.'] 
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26. A locomotive pulls a train weighing 450 tons up a gradient, of 
1 in 80 at 30 miles per hour. Frictional resistances above 20 miles 
per hour are 0-2v lb. per ton where v is the speed in feet, per second. 
When the train reaches tlio top of the gradient, find the time that 
elapses before tho speed roaches 00 miles per hour. 

27. A locomotive and train together weigh 350 Iorw ; find the horse- 
power of the locomotive when tho speed on the level is constant at 
60 m.p.h. and frictional resistances aro 20 lb. per ton. 

If the train comes to a bank 3 miles long rising 1 in 135, (ind the 
time taken to reach the top of tho bank and tho speed at tho lop_ 

(1) if the pull remains constant, 

(2) if the horse-power is constant. 
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MECHANISMS AND VELOCITY DIAGRAMS 

§ 35. Mechanisms. A machine, as already explained, 
may be regarded as an agent for transmitting or modifying 
energy. In order to design a machine it is necessary to con¬ 
sider the exact nature of the work the machine has to perform, 
and, assuming this function to be known, a skeleton or out¬ 
line of the machine may bo drafted from which the motions 
between the respective parts may be considered. When this 
scheme has been drafted, the parts require to be modified in 
shape and size so as to transmit the forces involved. This 
part of the subject is adequately dealt with in books on 
machine design. The object of the present volume is to study 
chiefly the motions that take place between the different parts 
of machines and where necessary to include the static and 
kinetic forces involved. 

A mechanism may be regarded as a skeleton machine 
which is not required to transmit energy, but merely to 
reproduce exactly the motions that take place in an actual 
machine. The various parts of a mechanism may be termed 
links or elements. The representation of a mechanism is con¬ 
veniently accomplished by moans of a skeleton or line dia¬ 
gram, this diagram being known as a configuration diagram. 
Eor convenience, configuration diagrams will be used to 
illustrate the mechanisms about to bo discussed. 

§ 36. Motion of a Link. Beforo describing the construc¬ 
tion of vector (in this case velocity) diagrams, the motion of 
a link about ono extremity shoidd bo lully understood. 

In Eig. 14, let AB represent a link capable of rotating 
about the end A. Let the direction of rotation bo clockwise, 
as shown by the arrow at B. Eor the configuration shown, 
B is moving instantaneously perpendicular to AB, and the 
motion of if relative to A may be represented by the vector 
ab . This is perhaps more easily visualized when it is re¬ 
membered that B cannot approach or recede from A, and 
consequently the only possible motion of B relative to A is 
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in a direction perpendicular to AB. The statement that B 
cannot approach nearer to A is made on the assumption that 
AB is rigid, i.e. rigid in the sense that the length of the link 
does not appreciably alter. 



Let co = angular velocity of the link A B about A. 

Then the velocity of B relative to A — co .AB. 

Similarly, the velocity of an intermediate point such as 
C — co. AC. The velocity of C relative to A. is represented by 

etc CJ 

the vector ac and it is easily seen that —p = ■. Thus the 

ab A B 

point c on the vector ab divides it in the same ratio that C 
divides the link AB. 

The velocity of A relative to B is represented by ha, 
although A may be a fixed point. The motion between A 
and B is only relative and it is immaterial whether the link 
moves about A in a clockwise direction or about B in a clock¬ 
wise direction. 

§37. Quadric Cycle Chain. Let Tig. 15 (a) represent 
a four-bar or quadric cycle chain. This mechanism consists 
of a fixed link A 1 A 2 , movable links A x B and A 2 O, and a 
coupler or connecting link BC. The base or fixed part of the 
mechanism may be represented by A, and particular points 
on the fixed link by subscripts to A, as A x and A z . 

In practice the mechanism does not usually take the form 
as shown in Fig. 15 (a), but this serves as a very convenient 
example to explain the construction of the velocity diagram; 
moreover, by modifying the lengths of the links, various 
mechanisms commonly met with in practice may be recog¬ 
nized. Thus, if A z B and A 2 C are made equal, and small in 
comparison to A l A z , and if BC is made equal to A X A V 
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the mechanism is that of the two coupled wheels of a loco¬ 
motive. 

AO 
i \ 




§ 38. Velocity Diagram for Quadric Cycle Chain. In 

Fig. 16 (a), lot A x B be the driving link rotating at an angular 
speed 10 radians per hoc. Then, to find the volooity of 0 
relative to A the fundamental velocity equation may be 
formed, thus: 

velocity of C relative to A volooity of C relative to B 

-j-volooity of B relative to A, 
or ac ~ bc-\-ab — ab+bc. 

The velocity of B relative to A t (or A) -- a>.A l B. 

In Fig. 16 (b), ab is drawn perpendicular to A t B and to 
represent a t,A x Ji to scale. The vector ab represents the 
velocity of B relativo to A ; to this must ho added a vector be 
to represent the velocity of 0 rolativo to B, The magnitude 
of this velocity is unknown, but the direction is known since 
C, relative to B, must movo perpendicular to BO; hence be' 
is drawn perpendicular to BG to represent the velocity of G 
relative to B\ the vector 6c is as yet undetermined, but the 
direction be' is known, that is, the point c on the voetor be 1 is 
not yet located, 
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The sum of the two vectors ab and be (when known) is ac, 
as is seen from the fundamental velocity equation. Hence 
from a a vector ac is drawn perpendicular to An G to represent 
the velocity of G relative to A 2 . The vector ac meets be' in c, 
thus locating the point c. The complete velocity diagram is 
the triangle abc. The velocity of intermediate points in the 
links such as D, E, and F is readily obtained by dividing the 
vectors in the same ratio as the points divide the links. Thus 

A 1 D _ ad m BE _ be_ A s F _ of 

A x B~ab’ BG be’ A.,G ac i 

§ 39. Angular Velocity of Links. When tlio velocity of 
one end of a link relative to the other end is known, the 
angular velocity of the link about either extremity is easily 
deduced. Thus the velocity of G relative to B is represented 
by be, hence C relative to B is moving in a direction from b 
to c, or about B, G is moving in countor-olookwise direction. 

Let ui j = angular velocity of link BG about B. 

Then ui l .BC = velocity of O relative to B - be. 

be 

0,1 ~ BG' 

The angular velocity of the link CB about G is in the 
direction from c to b, that is, in a counter-clockwise direction, 
cl) 

and is of magnitude ~ which is equal to w v Henoo the 
C IS 

angular velocity of a link about one extremity is the same in 
magnitude and direction as the angular velocity about the 
other extremity. Since be — —cb, the linear velocity of one 
extremity of a link about the other is equal in magnitude, 
but opposite in direction, to the linear velocity of the other 
extremity about the one. 

The vector ac represents the velocity of 0 relative to A, 
hence G is moving in a direction from a to c, that is, in a 
clockwise direction about A 2 . 

Let u >2 = angular velocity of link A„ 0 about A.,. 

Then a> 2 .A s C = velocity of C relative to A z — ac, 
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§ 40. Velocity of Rubbing at Pins. Tlio velocity of rub¬ 
bing at a pin connecting two links depends upon the relative 
angular velocity of the links. The pin at A v Fig, 15 (a), 
connects the links A X A 2 and A 1 JB, and since A 1 A, i is fixed, 
the velocity of rubbing is the radius of the pin multiplied by 
tho angular velocity of the link A x B. 

Let = radius of pin at A 1 . 

Velocity of rubbing 


r, .w. 


Similarly, the velocity of rubbing of the pin at A 2 is r. 


• CO o 


where r 2 is the radius of tho pin at A 2 and w 2 is the angular 


velocity of the link A a C = 


ac 

A 2 O' 


The velocity of rubbing at tho pin B depends upon the 
relative angular velocity between the links BA X and BO. The 
velocity of A x relative to B is represented by ba, hence A x , 
relative to B, may bo considered as moving in a direction from 
b to a, that is, A x is moving in a clockwise direction about B. 
Tho velocity of O relative to B is represented by be, lionco 
C, relative to B, is moving in a direction from b to c, or 0 is 
moving in a oountor-elookwiHo direction about B. (Since tho 
links BA X and BO are moving in opposite diroetions about B, 
the relative angular velocity between tho links is tho sum of 
the individual angular velocities. 

Let r,, ~ radius of pin at B\ 
bo 


OJ, -~ 


BO 


angular velocity of link BO about B. 


Then velocity of rubbing -- r 3 (ai-[-wj). 

■Similarly at O, tho link OB is rotating in a counter-clock¬ 
wise direction and tho link ('A 2 in a clockwise direction. (Since 
theso links are moving in opposite directions about O, the 
relative angular velocity is tho sum of tho individual angular 
velocities. 

Let r 4 = radius of pin at 0. 

Velocity of rubbing — r i (a> 1 -l-co, J ). 

In tho case of a pin joining two links moving in tho same 
direction with different angular velocities, tho velocity of 
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rubbing is the radius of the pin multiplied by the difference 
of the angular velocities. 

§41. Instantaneous Centre of Rotation. Referring to 
the quadric cycle chain, Fig. 16 (a), for the configuration shown, 
B is moving instantaneously perpendicular to A 1 B, and, for 
a very small movement of B, tho centre of rotation of B may 
be considered at any point in A x B or A x B produced. In a 
similar manner, 0 moving instantaneously perpendicular to 
A z C, may have its centre of rotation at any point in A s 0 or 
A 2 0 produced. Let A x B and A z C bo produced to meet at 0, 
then 0 is known as the instantaneous centre of rotation for 
the link BG, and for the instant the whole link BG may bo 
considered to be rotating about 0. 

Let co = angular velocity of A X B about A x , 
co 2 = angular velocity of A 2 G about A.,, 

Q = angular velocity of link BC about 0. 

Then velocity of B — w ,A X B — D . OB 


n A x B 

II — CO — 1 


Velocity of C = O..OC = w 


OB 

A X B oc 

OB 


■ A 2 G r 


. OG __ ui z .A z G __ ac 
OB a).A l B ab' 

The triangles OBG and a be are similar, ab boing perpen¬ 
dicular to OB (or A X B), be perpendicular to BG, and ac 
perpendicular to 0G\ hence from the geomotry of the two 

triangles ^ Thus, the velocity of G or the angular 

velocity of A 2 G may he found, either by constructing the 
velocity diagram or by the method of finding the instan¬ 
taneous centre of rotation. The triangle OBG is, indeed, 
a velocity diagram. 

The instantaneous centre method is perhaps easier to 
understand and to apply in certain cases, but apparently fails 
when A x B and A 2 C are parallel. Even when A x B and A z 0 
are not parallel, but nearly so, the point 0 is liable to be at 
an inconvenient distance from BG, The advantages accruing 
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from the use of the velocity diagram are that it may be used 
for any configuration and that similar methods apply to the 
construction of acceleration diagrams, as will be seen in 
Chapter IV. 

§ 42. Slider Crank Chain. The slider crank chain is a 
modification of the quadric cycle chain, by making one of the 
links of infinite length. 

Referring to Rig. 15 (a), C moves in a circular arc with A„ 
as centre; if the link A s G is made of infinite length, G will 
move in a straight path perpendicular to A 2 C. By reducing 
the length of the link A t B, so that it may make complete 
revolutions, thereby becoming a crank, and by increasing the 
length of the coupler BG, a mechanism is obtained which will be 
readily recognized as that of the direct acting steam engine. 




(b) 

In Rig. 10 (a), let A X B represent a crank rotating at con¬ 
stant angular speed in the direction of the arrow. Let G 
represent the orosshoad which is rigidly attached to the piston 
(not shown) by a piston rod (also not shown). The orosshoad, 
piston, and piston rod boing rigidly fixed together and moving 
as one part of the mechanism, it is only necessary to consider 
the motion of the orosshead. 

§ 43. Velocity of Crosshead. The velocity of the cross- 
head C, Fig, 10 (a), may he found by constructing the velocity 
diagram. 
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Velocity of C relative to A = velocity of G relative to B 

-(-velocity of B relative to A 


or 


ac == bc-\-ab = ab-\-bc. 


The vector ab is drawn perpendicular to A x B and of magni¬ 
tude proportional to oj.A t B, to represent the velocity of B 
relative to A, where w is the angular velocity of the crank 
A x B. The velocity of G relative to B is unknown in magni¬ 
tude, but in direction is perpendicular to BC\ hence be is 
drawn perpendicular to BO. The velocity of C relative to A 
is unknown in magnitude, but in direction O is constrained 
by the guides to move in a straight path, hence, drawing ac 
parallel to the direction of motion of C, ac meets the vector 
be at c. The velocity diagram is abc and the velocity of the 
cro3shead is represented by ac. 

Using the method of instantaneous centre of rotation, B 
can be considered as rotating about any point in A x B or A x B 
produced and 0 as rotating about a point on a line perpen¬ 
dicular to the guides and passing through (J. Lot A x B pro¬ 
duced and the perpendicular at C meet at O. The triangles 
OBC and abc are again similar and OBC is thus a velocity 
diagram. 

Let Q = velocity of link BC about O. 

Then velocity of B — Q..OB = io.A l B. 


Q 


to 


AjB 

"OB' 


Velocity of Q ~ Cl.00 = to ,A X B. 


00 

OB' 


The velocity of the crosshead may bo obtained in a very 
convenient manner by producing CB to moet a perpendicular 
through A x in D. The triangles OBC and A x BD are similar, 

h “ C0 00 _ A_.D 

OB A x B 

and the velocity of C may be written 


Velocity of crosshead = w.A 1 D. 
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A-y D is measured to the same scale as that in which A x B 
represents the crank radius. 

The angular velocity of the connecting-rod is readily ob- 

bo 

tained from the velocity diagram and in magnitude is . 

JjG 


Call this angular velocity ojj. 

Let r x ----- radius of crank-shaft at A v 
r., — radius of gudgeon pin at (!, 
r 3 - radius of crank jiin at B. 

Then velocity of rubbing at A x — wr v 
velocity of rubbing at 0 — oj x r.,, 
velocity of rubbing at B ■— (w-f-aij)? - ;,. 

The velocity of a point E on the connecting-rod is found 


Blil 


by dividing ho at a point e such that ^ The velocity 

of E, relative to A, in magnitude, is represented by ae, and 
in direction is from a to c. 


Exami’Lio 1. Find the velocity of the slider E in tho mechanism 
shown in Fig. 17 (a) when the crank 0 X A rotates at 1 rev. per sec. 

[Lone?. B.S c.] 

Let Fig, 17 (a) represent tho configuration diagram. Velocity 
of A relative to O - - 2n x 21 — 1C-7 in. per soc. The velocity of E 
cannot ho directly determined from that of A , but must bo found 
from tho velocity of J), which in turn is found from that of B. 

Velocity of B relative to 0 -■ volooity of B rolative to A 

-|- velocity of A rolative to 0; 
or oh ah-\-oa ~ oa~\~ab. 

In Fig. 17 (h),oa is drawn perpendicular to O x A and of length pro- 
portionalto tho velocity of A rolativo to O , i.o. 15-7 in. per boo, The 
velocity of B relative la A is perpendicular to A B ; hence ah is drawn 
perpendicular to A B. Tho velocity of B rolativo to 0 is perpen¬ 
dicular to () 2 B and oh is (Iran n perpendicular to () t B. Tho velocity 
of B relative to 0 is represented by ob, which scabs 13-1 in. per sec. 

Tho points B and 1) rotating about O t have velocities pro¬ 
portional to their distances from () 2 , and tho velocity of I) relative 

to 0 2 -■= -i x 13T -- 0-83 in. per see. 

Tho vector od is drawn perpendicular to 0 % D (or to ob), its 
length representing 0-83 in. per hoc. 



00 
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Velocity of E relative to 0 — velocity of E relative to D 

+■velocity of D relative to 0, 

or oa — derail = od-\-dc. 




(&) 

Fig. 17. 

The velocity of D relative to E is perpendicular to DE and de 
is drawn perpendicular to this link. The velocity of E relative 
to 0 is in the direction of the guides constraining the motion of E, 
hence oe is drawn in this direction. The vector oe represents the 
velocity of E relative to O and scales 9*6 in. per sec. 
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§ 44. Crank and Slotted Lever Mechanism. The 

mechanism shown in Fig. 18 (a) represents one form of quick 
return motion used for shaping, slotting machines, etc. It 
consists of a rotating crank A 1 B, rotating round a fixed 
centre A v an oscillating lever A 2 C, which is caused to 
oscillate about A 2 by the sliding of the block at B as A 1 B 
rotates; a link EC attached to C and to E, which corresponds 
to the ram of the machine, causes the ram to have a recipro¬ 
cating motion. The cutting tool, which is attached to the ram, 



will be at the ends of the stroke when the oscillating lever A,, 0 
occupies the extreme positions A 2 O x and A s 6' 2 . The corre¬ 
sponding positions of the crank are A L B 1 and A x B,,. As the 
crank moves from the position A x B t through B and F to 
Aj B z , the ram makes a complete stroke (cutting stroke), and 
the crank, continuing its motion from the position A x B„ 
through O to A 1 B v causes the ram to make a complete stroke 
in the opposite direction; this is the return stroke. The crank, 
rotating at constant speed, moves from the position A x B, t 
through G to A X B X in less time than it moves from A l B 1 
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through F to A x B 2 ) hence the return stroke is made in less 
tim e than the cutting stroke. 

time of cutting _ arc B X FB 2 
time of return arc I? 2 0B 1 ' 

§45. Velocity of Cutting. For the given configuration in 
Fig. 18 (a), the velocity of E is found by constructing the 
velocity diagram. Assuming the direction of rotation as 
shown by the arrow, the velocity of B relative to A can be 
represented by the vector ab, Fig. 18 (6). The velocity of B 
can be split up into two component velocities, one along A Z C 
and the other perpendicular to this link. Thoso components 
are shown as b'b and ab', which are mutually perpendicular, 
b'b being parallel to A 2 G and ab' perpendicular to A 2 G. Tho 
vector b'b represents the velocity of sliding of the block B 
along the oscillating lever A 2 G. 

The velocity of G is readily found when tho velooity of B 
perpendicular to A 2 C (represented by ab') is known, by 
making ^ = AJ? 

ac AC' 

Velocity of E relative to A — velooity of E relative to G 

-f- velooity of G relative to A , 
or ae = ce+oc —- ac-f-ce. 

The velocity of E relative to C is perpendicular to EG and 
this is represented by the vector ce drawn perpendicular to 
CE. The velocity of E relative to A is in the direction of tho 
guide for the ram (in this case horizontal) and is represented 
by ae drawn horizontal. The velocity of tho ram at E is thus 
proportional to the vector ae. 

Example 2. In the mechanism shown in Fig. 19 (a), and A 2 
are fixed centres. The crank A t C rotates at a uniform speed of 
12 radians per second, the end C being pivoted to a blook. which can 
slide along A t D. The block E is constrained to move along a path 
represented by EA 1 by means of the link DE ; A 1 D rotates about 
the fixed centre A v For the configuration shown, find the velocity 
ofE. A 1 J 2 = 2}, A 2 C — 3f, A^D = 8, and DE = 16 in. 

Velocity of 0 relative to A = 12 x 3| == 45 in. per see. 

In Fig. 19 (b)i ac is drawn to represent the velooity of C relative 
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to A and is proportional to 45 in. per sec. This velocity has two 
components, along and perpendicular to A x D. These components 
are found by drawing ac' and c'c mutually perpendicular, at 
right angles and parallel to A X D. The vector c'c is the velocity 
of sliding of the block C on A 1 D. 



(a) Fig 19. 

The velocity of D is found by making ~ ^ 

a ad A X D 

ac’ — 41-3 in. per sec,, and ^ ® ; 

g 

a d = X 41-3 = 60‘8 in, per see. 
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Velocity of E relative to A = velocity of E relative to D 

-[-velocity of D relative to A, 

or ae = de-\-ad — ad-\-de. 

The velocity of E relative to D is perpendicular to ED, hence 
de is drawn perpendicular to this link. E is constrained to move 
in a direction EA X and the velocity of E relative to A is repre¬ 
sented by a vector ae drawn parallel to EA : . The vector ae 
scales 33-5 in. per sec. or 2-79 ft. per sec. 

An alternative method of finding the point b' Fig. 18 (6) on 
the velocity diagram is to imagine a point B' on A 2 (J immedi¬ 
ately under B on the crank A 1 B. In Fig. 18 (a) the point B 
can represent two points: 

(1) a point B at the end of the crank A X B\ 

(2) a point B' on the swinging link d, C but immediately 

beneath B. 

To find the velocity of B' the velocity equation can be 
formed thus: 

Velocity of B' relative to A — velocity of B' relative to B 

-|-velocity of B relative to A. 

The velocity of B relative to A is represented by ab per¬ 
pendicular to A X B and in magnitude is proportional to 
a >. A x B, where w is the angular velocity of A t B. The velocity 
of B' relative to B is along A 2 C and hence bb' is drawn 
through b and parallel to A 2 C. The point 6'is not yet located, 
The velocity of B' relative to A is perpendicular to A 2 0, 
since B' is a point on A t G. Hence ab' is drawn perpendicular 
to A 2 C through a and the intersection of ab' and bb' locates 
the point 6'. The remainder of the velocity diagram is drawn 
in the manner already described. 

§ 46. Whitworth Quick-Return Motion. In the 

mechanism of the Whitworth quick-return motion shown in 
Fig. 20, a rotating link A 2 B rotates at constant speed about 
the fixed centre A s , The free end of the link is attached to 
a block at B, which can slide in a slot in the rotating link 
BA X C] this link rotates about the fixed centre A x , Attached to 
C is a link CD (shown incomplete) which is attached to the ram 
of the machine. The cutting tool is rigidly fixed to the ram, 
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The construction of the velocity diagram for the Whitworth 
quick-return motion does not present any unusual difficulty 
and the student should have no difficulty in constructing one. 

§47. Ratio of Speeds of Quick-Return Motions. Re¬ 
ferring to the crank and slotted lever quick-roturn motion, 
Fig. 18 (a), the length of tho stroke of tho cutting tool at E 
can be varied by altering the effective length of tho crank 
A 1 R. This crank frequently consists of a radial slot in a 
wheel, and the position of tho point B can be varied, thus 
altering tho length of the crank. When tho stroke is small, 
the crank A l B is small and the arcB B x F and B,, QB X 
become more nearly equal. Consequently the ratio of time 
of cutting to time of xeturn varies with tho stroke and is a 
maximum when the stroke is a maximum and a minimum 
when the stroke is a minimum. 

In the case of the Whitworth quick-return, Fig. ‘20, the 
length of the stroke is varied by altering tho point of attach¬ 
ment of the coupler CD; thus the distanco A x 0 is variable 
depending upon the stroke. Tho ratio of the time of cutting 
to time of return remains constant for all strokes since tho 
arcs JS 2 FB x and B, EB 2 remain unaltered duo to alteration 
of stroke. This enables the Whitworth machine to bo run at 
a higher speed than the crank and slotted lever, in general, 
for the same speed of cutting. To compare the speeds of the 
two machines: 

Let 2\ — time of cutting in seconds, 

= time of return in seconds, 

= speed in revolutions per second 
for the Whitworth machine. 

Let T 2 = time of cutting in seconds, 
t 2 = time of return in seconds, 

N 2 — speed in revolutions per second 
for the crank and slotted lever machine. 

Let s = stroke for both machines. 

Average cutting speed = -—. . — and this is tho 
tune of cutting 


same for both machines. 
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Hence ~ — — or A = T a . 

Now T x +t i is the lime for cutting and return strokes in the 
Whitworth machine and is equal to the time for one revolu¬ 
tion of the crank. 


Hence — A+ f i and similarly, — T z +t z 

iVo 


Ml 



Hi), 

„ A 

N a ~ 

A -Hi 

H;| 

Hi) 

14.i1 

A 


T ‘ 

Assuming the ratio of — 1 is constant and equal to 2 for the 

h 

T 

Whitworth machine and (.hat the ratio -- for the crank and 

h 

N 

slottod lovor can bo varied between 1 and 2, values of ~ can 

JSIq 

r V. 

be calculated for different values of as in the following table: 


T 

‘ a 

TV, 11 

V 

11 

2-0 

1-0 

1-N 

1038 

1-0 

1-083 

1-4 

1-142 

1-2 

1-222 

1-0 

1-333 


From the above table it wilt bo soon that the Whitworth 
machine can, in general, be run at a higher speed than the 
crank and slotted lover machine for the same stroke and 
average cutting speed. 

§48. Rotary Aero-Engine. This moohanism is derived 
from tho slider crank chain and is (.ormed an invorsion of the 
slider crank. Tho rotary engine usually consists of seven or 
nine cylinders all revolving in tho same plane or in parallel 
planes. Those revolving cylinders form a balanced system. 
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In Pig. 21 (a) three cylindors E, E v and E t are shown which 
rotate about the fixed centre A z . The crank of the engine 
is common to all cylinders and is fixed; it is represented by 
A 1 A Z . The pistons B, B v and have a reciprocating motion 
relative to their respective cylinders E, E v and 7ib, since each 
piston is attached, by its connecting-rod, to the crank at A l . 

The velocity diagram shown in Pig. 21 ( b ) is constructed 
for cylinder E 2 . Let o> = angular velocity of engine. Then 
velocity of B 2 relative to is perpendicular to A 1 B, i . Let 


a b 


b 


(«) Pig. 21. (6) 

this be represented by the vector ab , drawn perpendicular to 
A^B Z . But the piston at B z has two component velocities, one 
in a direction from B z to A 2 and the other perpendicular 
to this direction; this latter component is due to tho piston 
rotating with the cylinder E 2 which in turn rotates about A e , 
The vectors b b and ab' drawn mutually perpendicular 
represent these component velocities. The velocity of B % in 
a direction perpendicular to A z J3 S is a>. A z B z , hence ab' repre¬ 
sents to scale u>.A 2 B z \ the absolute velocity of the piston is 
represented by ab, and the velocity of sliding of the piston in 
the cylinder by b'b. 

§ 49. Inversions of Mechanism. The slider crank chain 
shown in Pig. 16 (a) can be converted into two-other mechan- 
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isms by fixing in turn the crank A x B and the connecting-rod 
BC. Mechanisms obtained in this way are termed inversions 
of the slider crank. 

It will be noticed that sliding occurs between the block at 
G, on the end of the connecting-rod remote from the crank, 
and the frame. An example of an inversion in which the 
crank is fixed has just been explained in § 48, i.e. the rotary 
aero-engine. Further examples of inversions in which the 
crank is fixed are the crank and slotted lever mechanism and 
the Whitworth quick-return motion. Referring to the crank 
and slotted lever mechanism in Fig. 18 (a), it is seen that slid¬ 
ing occurs between the block B at the end of the link A 1 B, 
which corresponds to the connecting-rod of the slider crank 
chain modified in length, and the oscillating link A 2 G which 
may be regarded as corresponding to the frame of the slider 
crank chain. In the Whitworth quick-return motion, Fig. 20, 
it is readily seen that A x A 2 , A 2 B, and BA X C correspond to 
the crank, connecting-rod, and framo respectively of the slider 
crank chain. 

An example of an inversion in which the connecting-rod is 
fixed is that of the oscillating or trunnion engine, shown in 



a 


Fig. 22 (a). The comparison between this and the slider crank 
chain is fairly obvious. The cylinder of the trunnion engine 
oscillates about the trunnion axis A 2 - The piston C recipro¬ 
cates in the cylinder and is attached to the crank A X B by the 
piston rod BD. 

The velocity of sliding of the piston in the cylinder and the 
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angular velocity of the cylinder about the trunnion axis is 
readily found from the velocity diagram. 

Let o) — constant angular velocity of crank. 

Velocity of B relative to = ui. A x B. 

This is represented by the vector ab. The crank pin B has 
two component velocities, one in the direction A s B and the 
other perpendicular to this direction. These components are 
represented by b'b and ab' respectively, which are mutually 
perpendicular. 

The velocity of sliding of the piston is represented by b'b, 


and the angular velocity of the cylinder is 


ab' 

A.B' 


§ 50. Principle of Work. Neglecting friction, the •work 
done by an effort applied to a machine is equal to the work 
done by the machine; the work done by the machine may be 
regarded as the work done in overcoming a resistance. 
Consider Fig. 15 (a), and imagino a force P applied at B 
perpendicular to A 1 B\ the work done by P = Px distance 
moved by B. Hence, the work done per second = Px velocity 
of B in inches or feet per second. 

The force P at B is capable of overcoming a resistance 
B at G, applied perpendicular to A a G. The work done by 
the machine per second = Px velocity of G. Assuming no 
loss due to friction and that the inertia forces may bo 
neglected, 

Px velocity of 3 — Px velocity of G. 

These velocities are readily obtained from the velocity 
diagram. 

The forces P and P have been assumed perpendicular to 
their respective links; if, however, these forces are not per¬ 
pendicular to their respective links, the components of the 
forces perpendicular to the links are only effective, and these 
components must only be used. 

As a further example, let P be the effective force at the 
crosshead of tile engine mechanism in Fig. 16 (a), Let 
P '= resistance at P, perpendicular to A } B, 

Then P x velocity of C = It x velooity of B. 


it 
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Example 3. In Fig. 17 (a) a torque of 2,000 Ib.-in. is driving 
the shaft at 0 1 . Find the resistance overcomo at E. 

Effective force at A = = 800 lb. 

Let R = resistance at E in lb. 

Then 800 x velooity of A = R x velocity of E, 

800x15-7 = iJxO-6, 

R = 1,310 lb. 


EXERCISES. ITT 

1. A reciprocating engine has a crank AU, If ft. long, and a con¬ 
necting-rod BO, 5 ft. long. The crank revolves at 200 revs, pm- min. 
Find the volocity of the piston when tho crank lias turned through 
an anglo of 00° from tho innor dead contro. 

Find also tho volocity of a point D on tho connecting-rod whon CD 
is 1 ft. 

2. Tho diarnetors of tho crank-shaft, crank pin, and crosshoad pin 
of the engine in Question 1 aro 6, and 3j in. respectively. Find 
the velocities of rubbing at each of these pins in ft. per min. 

3. In an ordinary steam-engine rnoohanism tho stroke of the piston 

is one-half the length of the connecting-rod. Assuming tho crank¬ 
shaft to turn uniformly, draw a diagram to give tho volocity of tho 
piston at any instant. |7. Me.nh. E.] 

4. In a four-bar mechanism tho lengths of tho links are as follows : 
a, 2 in.; b, 4 in.; c, 4-5 in.; d, 0 in,, tho latter being fixed. Find tho 
velocity of a point on c at one inch from the pin connecting the links c 
and d, when tho pin connecting tho links a and b is moving at 0 it. per 
see. and tho link a is at right angles to d. 

5. A mechanism consists of four bars connected by pin joints. Tho 
lengths of tho bars are: AB, 1 ft.; BO, 6 ft.; CD, 3 ft. j DA, 7 ft. AB 
and CD are botli on the same side of DA, which is fixed, and AB lias 
a speed of 20 revs, per min. 

For the configuration in which tho angle BAD is 90°, find tho 
angular velooity of CD. 

Find also the position and linear velocity of a point E on BC which 
has least velooity relative to DA. 

6. A crank OP revolves with uniform speed of 120 revs, per min. 
about the fixed point 0 and drives, by moans of the pin P, a slotted 
crank APB, which revolves about tho fixed point A. OP is 12 in,, 
AB is 18 in., and the distance OA is such that tho minimum speed of 
B is half the maximum speed. Find the distance OA, and dotormino 
the velocity of the point B when the crank is at right angles to OA. 

[I. Mcch. E.] 
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7. In the mechanism shown in Fig. 23, the link AB can s\\ mg 
about the fixed point A. The point 0 can travel along tho axis CE 
and the point D along the axis AD, which is at right angles to GE. 
AB:BD:OB:AE as l:2:l-6:0-7B. 


.A 



Fig. 24. 


Determine the velocity-ratio of D to O when the angle DAB is 20°. 
Also find the position of the link AB for which the velocity-ratio of 
D to C is unity. [/. Mech. E.} 

8. The crank OP, Fig. 24, revolves about 0, and by means of tho 
slider at P causes the arm AB to rotate about A. The link BC drives 
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the alidor C, which movos along an. axis perpondicsular to AO and 
distant 4 in. from 0. OA is 10; OP, 3; AB, 16; and BC, 11 in. 
respectively. 

If tlio crank OP makes 80 revs. per min., find the maximum velocity 
of tho alidor C and also its velocity when the angle AOP iB 135°. 

[I. Much. E.'\ 

9. The centre lino SXS 1 for a fixed straight slotted bar is inclined to 
an axis OX at an angle of 30° and the distanco OX is 18 in. A crank 
00 rotates about the fixed point 0, and by means of a link OP drives 
the pin P which slides in the slotted bar SXS 1 . Tho crank 00 is 6 in. 
long, and when 00 is at right angles to tho axis OX the pin P is at tho 
point X. Find the length of travel of tho pin P and the maximum 
velocity of P, if tho crank 00 makes 120 revs, per min. [7. Mech. E.] 

10. A quadrilateral ABOD represents the centre lino diagram of a 
four-bar kinematic chain in which AD ia fixed and is 8 ft. long. The 
link AB rotates about A with uniform speed of 100 rovs. per min., 
and by means of tho link BO drives tho link CD, which rotates about 
I). AB is 2 ft., BC 9 ft., and OD 4 ft. long respectively. 

Determine tho magnitude of tho angle through whioh the link CD 
moves, and also find tho angulur speed of tho links CD and BC in one 
of tlie positions in which the link BC is perpendicular to the link AB. 

[I. Mcch. E.] 

11. In a four-bar link motion the linlts AB, BC, CD, and DA are 

16, 12, 28, and 24 in. long respectively. The diameter of eaoh pin is 
2 in. Assuming that AB is fixed and that BC rotates at a spood of 
80 rovs. per min., determine the speed of rubbing at each pin when 
BC is perpendicular to BA. [Inst. C. E.] 


B C 



r 


Fig. 25. 

12. Tho link work FBCD, Fig. 26, has pin joints at A, B, C, and D, 
the pointB A and D being fixed in position. The connecting link BO 
carries a triangular frame BCE. The bars BC, CD, BE, and CE are 
each 8 in. in length; the length of FB is 11 in. and of AB 8 in.; the 
distance AD is 16 in, A horizontal force of 10 lb. acts at E as shown. 
Neglecting the effects of friction, determine the magnitude of the 
vertioal force at F to maintain equilibrium. [Inst. C. E.'\ 
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13. The crank radius of an oscillating engine is 1 ft. long, and the 
shaft rotates at 90 revs, per min. Tlio piston rod is 4 ft. long, and the 
distance between the centres of the crank-shaft and trunnions is 4 ft. 
Find the absolute velocity of tho piston in magnitude and direction 
when the crank is at an angle of 60 a from tho outer dead centre. 

{Lund. li.Sc. 1 

14. A riveter, Fig. 26, is operated by a piston F acting through the 
links MB, AB, BO; D is tho ram carrying the tool. Tho piston moves 
in a line perpendicular to tho lino of motion of I). BO ~= 2 A^B. 

In the position shown, AB makes 12° with AO, and BIO is at 90° to 
AC. Find the velocity-ratio of E to D. In tho same position, tho total 
load on tho piston is 600 lb.; find tho thrust exerted by D if the 
efficiency is 72 per cent. {Land. B.Sc.] 



15. The crank of a reciprocating engine lias a radius of 1 ft. and 
makes 100 revs, per min.; the connecting-rod is 4 ft. long; the crank 
pin is 3 in. diameter. 

Determine, when tho crank makes 45° from-the inner doad centre: 
(a) the velocity of the piston; (b) the angular velocity of the connect¬ 
ing-rod ; (c) the velocity of rubbing on the crank pin. 

16. A rotary cylinder engine has a stroke of 4J in. and connecting- 
rods 9 in. long. Determine the instantaneous speeds of rubbing at 
the crank and gudgeon pine of the master connecting-rod when the 
latter is inclined at 45° to the crank and the cylinders are rotating at 
a constant speed of 1,200 reva, per min. The diameters of the crank 
pin and gudgeon are 1J in. and 1 in. respectively. [Lond . B.Sc.'] 

17. The outline of a portion of the mechanism of a Joy’s valve gear 
is shown in. Fig. 27. 
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The crank OR is 1 ft. and tiie.Qomiocting-rod OR 6 ft, 3 in. Tim 
length RD is 4 ft. AB ia a. swing link 3 ft. 8 in. long pivoting at the 
ffxed'point'A. BD is 1 ft. 7$ in. in length. The crank rovdlvos at 
210 revs, por min. 



Find the angular velooity of the link BD at the instant when the 
crank angle ROO is 160°. [Land. B.iSc.] 

18. In the mechanism of the valve gear shown in Fig. 28, AB is 
4 in.; BD, 10 in.; DO, 8 in.; and GE, 20 in. long. AB rotates at 
160 revs, per min., and the point D is guided to move in the straight 
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line OH. E moves in the straight lino EK. Find the velocity of E for 
the configuration shown. 

19. The driving mechanism in a planing machine is as foIlowB: A 
crank OP revolves in a vertical plane about the fixed point 0, and the 
pin P slides in the slotted lever PQT, which turns about the fixed 
point Q, which is 8 in. vertically above the point O. The other end 
of the lever is slotted to take a pin T on the tool carrier, which moves 
in a horizontal plane. The horizontal plane of motion of the pin T 
is 9 in. above the point Q. The crank OP revolves 20 times per min. 
and can be adjusted to any length up to 5 in. Determine— 

(а) The minimum length of slot in which the pin T slides. 

(б) The radius of OP in order to give a tool travel of 6 in. 

(c) The mean and maximum velocity of the tool during the 6-in. 

cutting-stroke. 

(d) The actual velocity of the tool at one-quarter of the 6-in. cut¬ 

ting stroke. [T. Mcoh. E.\ 

20. A single cylinder petrol-engine has a stroke of 3 in. and length 
of connecting-rod 6} in.; the speed of the engine is 1,600 revs, per min. 
Find the angular velocity of the connecting-rod when the crank has 
turned through an angle of 46° from the inner dead centre. 

What is the velooity of a point on the connecting-rod 2 in. from the 
crank pin when the orank is in the above position ? 

21. What do you understand by the term ‘instantaneous centre’ ? 

Find the instantaneous centre for the motion of a connecting-rod 
whioh is four times as long as the crank when the crank is at an angle 
of 30° from the inner dead centre. If the crank is 4 ft. long, find the 
instantaneous velooity of the crosshead when the crank is turning at 
the uniform rate of 300 revs, per min. [Land. B.Sc.] 

22. In the mechanism shown in Fig. 29 the arms AB and GD are 
equal and when in its mid position (as shown) these arms are equally 
inclined to the horizontal. The coupler BG carries fpn arm EF at right 
angles BO and the length of EF is 3 inches. 

When AB has moved 10 degrees to the left of its mid position its 
angular velocity is 10 radians per sec. Find the angular velocity of 
CD and the velooity of the point F. [Land. B.Sc.] 

23. Fig. 30 shows the arrangement of the crank and conneoting-rods 
of each pair of cylinders in a multi-cylinder 60° Vee engine. Pistons 
are attaohed to the connecting-rods at G and E and the lines of stroke 
are along CA and EA. The crank is shown symmetrically between the 
lines of stroke. Find the velocities of the pistons at C and E for the 
given configuration for an engine speed of 2,000 revs, per min. 

[Bond. B.Sc.] 

24. Fig. 31 shows a mechanism for obtaining a plunger travel of 
approximately four times the crank radius. The crank AB rotates 
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at a constant speed of 120 revs, per min. On the crank pin at B is 
a yoke or coupler CD. The end O is pin-jointed to a swinging link 
CF which can swing about the fixed centre F; the other end D of 
the coupler CD is pin-jointed to the conneoting-rod DE. Tho end 
E drives the plunger whose motion is in a vertical path through E, 
For the given configuration find the velocity of E and tho angular 
velocity of the coupler CD. [Bond. B.Sc .J 



2 IMS 

3 - 
3 ■■ 
7 " 

10 •< 


Fig, 31. 



CHAPTER IV 

ACCELERATION DIAGRAMS 


§51. Total Acceleration. A particle moving in a circular 
path of radius r ft., at an angular velocity of o» radians per 
sec., has, as already explained, a centripetal acceleration of 
oi 2 r ft. per seo. per sec. This acceleration may be expressed 

as —, since v = ro>, where v is the tangential or peripheral 




(a) 


Pig. 32. 



speed. In Fig. 32 (a), let AB represent a link capable of 
rotating about A . Let v — velocity of B relative to A , then 
the centripetal acceleration of B relative to A is in a direction 


from B to A and is of magnitude 


v 2 

AB' 


This acceleration, 


having direction and magnitude, may be represented by a 
vector a x b ai Fig. 32 (6). 

If the link AB does not rotate at uniform angular speed, it 
has an acceleration either positive or negative. If positive the 
speed is increasing, and if negative it is decreasing. Assume 
the direction of rotation clockwise as shown by the arrow, and 
the acceleration to be positive, i.e. the speed is increasing 
in the direction of the arrow. 

Let a — angular acceleration in radians per seo. per sec. 
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Then tangential acceleration of B -- ol.AB, since a = ta. 
This acceleration may he represented by the vector 6„ b v The 
point B has two accelerations, viz. centripetal and tangential, 
and the total or resultant acceleration of B relative to A is 
the vector sum of these accelerations and is represented by 
the vector a 1 b v 

§52. Notation for Acceleration Diagrams. The nota¬ 
tion used for acceleration diagrams is analogous to that used 
for velocity diagrams. Capital letters A, B, etc;., will bo used 
to denote points on the configuration diagram; small letters 
a, b, etc., will be used for tbo velocity diagram, as already 
explained, and small lottors witli a subscript for the accelera¬ 
tion diagram, such as a v b lt a h , b a , etc. In contradistinction 
to the velocity diagram, in which a single vector completely 
represents the velociLy of one point relative to another, the 
complete or total acceleration of one point relative to another 
requires two vectors, one to represent the centripetal accelera¬ 
tion and the other the tangential acceleration. Tho sum of 
these two vectors is tho total acceleration and is represented 
by a x b v etc. The junction point of tho two component vectors 
is represented by two lottors--ono a subscript to tho other. 

In Tig. 32 (ft), a 1 b l is tho total decoloration of B relative to 
A. The vector a t b a is tho centripetal acceleration of B relative 
to A , and b a b L is tho tangential acceleration of B relative 
to A. Either b a or a b may bo used to represent this junction 
point, tho combination of the lottors a and b merely indicating 
that relative acceleration botwoon A and li is implied. 

§ 53. Method of Procedure. The method to bo adoptod 
in the construction of acceleration diagrams is an extension 
of that already used for tho construction of velocity diagrams. 
Assuming tho configuration and velocity diagrams to bo 
drawn, the first stop is to calculate tho centripetal accelera¬ 
tions; these are readily calculated by tho aid of tho velocity 
diagram. For a link rotating about ono extremity tho contri- 
petal acceleration of the other extremity is tho square of its 
relative velocity dividod by tho length of tho link. 

The construction of the acceleration diagram is greatly 
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facilitated by the use of the fundamental acceleration equa¬ 
tion, similar in form to that usod for velocity diagrams. 
Abbreviating centripetal to cent., tangential to tang., and 
acceleration to ncc., we have— 

acc. of G relative to A — acc. of C relativo to B 

'1-aoc. of B relative to A, 
or U'j Oj ■ - bj cj —|— (i^ l )j ----- cq bj— \~b^ q. 

The total acceleration, however, is composed of two com¬ 
ponent accelerations—centripetal and tangential. The above 
form of acceleration equation must therefore bo modified to 
include those components. In its modified form the complete 
equation is 

(cent.-|-tang.) ace. of C relative to A 

--- (cent.-|-tang.) acc. of 0 relative to B 
-| -(cent.-(-tang.) ace. of £ relative to A, 

or «i vK.'h ■ -- (V,rK<h)TKM-Mh) 

- («A IAAH-(V,rKc^- 

it is now possible to proceed with the construction of the 
acceleration diagram. 

Before applying the foregoing method, there are two points 
which are of importance; 

(1) A point moving in a straight path has no centripetal 

acceleration, since the point is virtually moving in 
the arc of a circle of infinite radius. 

(2) A point at the end of a link which movos with constant 

angular velocity has no tangential acceleration. 

§ 54. Angular Acceleration of a Link. Whon the tan¬ 
gential acceleration of one extremity of a link, relativo to the 
other, is known the angular aeeelerotion of the link is readily 
found by dividing the tangential acceleration by the length 
of tho link, since a r.tx, 

§ 55. Acceleration Diagram for Quadric Cycle Chain. 
Lot A 1 BGA 2 , Fig. 15 («), represent a quadric cycle chain and 
Pig. 15 (b) (ho velocity diagram for tho given configuration 
at tho instant B is rotating clockwise at a given speed. 

Let k ■ angular acceleration of A l B, assumed positive, i.e. 
speed increasing. 
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Calculating the centripetal accelerations, 

(acf 


cent. acc. of C relativo to A. -■ 


tang. 


G 


B 

B 


„ B r. 

ii A ~- 
„ A - 


A. O’ 
(6c) a 

BO ’ 
(<x6)» 

A, B 


The acceleration equation stated in § 53 is applicable to 
this problem and the acceleration diagram may now be drawn. 



In Fig. 33, a t b a is drawn in a direotion from B to A x and 
of magnitude proportional to ' The vector b a b x is drawn 

-dj jO 

perpendicular to this and of magnitude proportional to A x B. 
Joining a x and 6 1 , a x b x represents the total acceleration of 
relative to A. 

The vector b x c b is drawn to represont the centripetal 
acceleration of C relative to B, in a direction from C to B and 


ta ? 
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(bc-) z 

of magnitude proportional to i—-. Tho vector c. b c x is drawn 

perpendicular to this, but its magnitude is unknown and c x 
is not yet located. 

The vector a x c u is drawn to represent the centripetal 
acceleration of C relative to /l, in a direction from G to A 2 

(ug)^ 

and of magnitude proportional to ' ' The vector c a c x is 

drawn perpendicular to this to represent the tangential ac¬ 
celeration of G relative to A. The intersection of c b c x and 
c a c 1 at locates c v 

Joining b x c x and a x c 1( a x c x represents the total acceleration 
of 0 relative to A and b x c x tho total acceleration of C relative 


to B. Tho angular acceleration of hire link A„ 0 is c . a °}„ and 

A 2 G 

of the link BO (about B), C,,G ]. 

S)\j 

In accordance with tho scheme of notation, a 0 could be 
used in place of c ( „ and b„ for c b . 

The acceleration of points 1), 17, and F on the links A X B, 
BC, and A a G respectively is obtained by dividing the vectors 
a x b x , b x c x , and <q a x in points d x ,e v and f x respectively such that 

a x d x _A x D' b x e x _ BE cj x _ CF 

a x b x A X B' b x c x BC' c x a x CA]‘ 


§ 56. Acceleration Diagram for Slider Crank Chain. 

Let A X BG, Fig. 1(5 (a), represent a slider crank chain, and 
abc, Fig. 16 (b), tho velocity diagram for the given configura¬ 
tion, Let the crank A x B rotate at constant angular speed. 
Calculating tho centripetal accelerations, 


cent. aoc. of G relative to A =a 0, 


C 


B 


(be? 

BO' 


B 


[ab) % 

A X B' 


tang, B 0. 

The acceleration equation stated in § 63 is applicable and 
the acceleration diagram may now be drawn, 
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In Fig. 34, a x b 1 is drawn in a direction from B to A 1 and 
of magnitude proportional to to represent the centripetal 

^ xl j -O 


acceleration of B relative to A. This vector represents also 
the total acceleration, since the tangential acceleration is 
zero. 



The vector b 1 c b is drawn to represent the centripetal 
acceleration of C relative to B, in a direction from G to B and 

(be) 2 

of magnitude proportional to -. The vector c b c x is drawn 


perpendicular to this, its magnitude is unknown and c x is 
not yet located. 

The vector 0 .-^ is drawn parallel to the lino of stroke to 
represent the tangential acceleration of C relative to A and 
represents the total acceleration, since the centripetal accelera¬ 
tion of C relative to A is zero, The intersection oi c b c 1 and 
a x c x at c x locates c 1 . 

Joining 6 1 c 1 , the triangle a 1 b 1 c 1 is the total acceleration 
diagram and the tangential acceleration of 0 relative to A is 
represented by a x c v The angular acceleration oi the oon- 


necting-rod BC is 


£&°i 

BC' 
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The acceleration of E on BC is found by dividing b l c 1 at 
b x c x ~~ BC 


e 1 such that 


Joining a x 


represents the total acceleration of E 


relative to A . The component accelerations of E are obtained 
by chawing e x c,, parallel to b x c b . The veotor e 5 c c represents 
the centripetal acceleration of E and c e c x the tangential 
acceleration. 

§57. Offset Point on a Link. Tt frequently happens that 
a link has an offset point. In Fig. 36 (a), let AB represent a 


B 




link and CD an offset arm. Then the acceleration of the 
point .D oan easily bo found if the relative accolorations of A 
and B aro known. In Fig, 36 (b) let a 1 b a represent the cen¬ 
tripetal acceleration of B relative to A, b a b l the tangential 
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acceleration of B relative to A, then a y b 1 is the complete 
acceleration. Since the tangential acceleration ia roc and the 

centripetal acceleration ia rat 2 or —, the acceleration of any 

point on a link depends npon the radius from the point of 
rotation. Hence the acceleration of the offset point jD depends 
upon its distance from A. The centripetal acceleration of D 
is <jo 2 .AD and the tangential acceleration ia AD.a.. These 
accelerations are represented by a x d a and d a respectively 
drawn parallel to and perpendicular to AD. It is thus seen 
that the triangle a x b x d 1 is similar to the triangle ABD. Con¬ 
sequently if the relative accelerations of A and B are known, 
the acceleration of any offset point such as D is found by con¬ 
structing the triangle a x b 1 d x similar to the triangle ABD. 

Example 1. In the mechanism shown in Fig. 36 (a) the con¬ 
necting link CA 2 is perpendicular to A X E when the point C falls 
on E. A X B = 9 in.; A X E = 3 ft.; BC = 3 ft.; A z O — A ft.; and 
A 3 D = 1 ft. 

The crank A X B has a speed of 80 revs, per min. Determine the 
velocity and acceleration of the point D when the crank angle 
BA X E is 30°. [Inst. O. E.] 

The velocity of D ia known when the velocity of O is found. 

Velocity of C relative to A = velocity of C relative to B 

-(-velocity of B relative to A ; 
or ac = bc-j-ab = ab-j-bc. 


Velocity of B relative to A 


80 X 277 X = 6-28 ft. per sec. 


60 


In Fig. 36 (6), ab i3 drawn perpendicular to A x B and proportional 
to 6-28. The vector be is drawn perpendicular to BC and ac 
perpendicular to A 2 C. The vector ac represents the velocity of 
C and this scales 3-9 ft. per sec. 

3’9 

velocity of D = — = 0-976 ft. per sec. The vector be scales 
6-1 ft. per sec. 

Using the acceleration equation given in § 63 and calculating 
the centripetal accelerations : 

(Q.Q\2 

cent. acc. of C relative to A = - L —-— = 3-8 ft. per sec, per seo. 


C 


B = 


= 124 
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(G' 28 } a 

cent. aco. of B relative to A — ' • — 52-0 ft. per sec. per boo. 

tang. „ B „ „ A = 0. 



Fig. 30. 


In Fig. 36 (c), a x b l is drawn in a direction from B to A v and 
of magnitude proportional to S2-6. This is the total acceleration 
of B relative to A, since A t B rotates at constant speed. 

The vector b t c b is drawn in a direction from G to B and of 
magnitude proportional to 124; this represents the centripetal 
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acceleration of G relative to B. Perpendicular to h x c b , the vector 
c b c x is drawn to represent the tangential acceleration of C relative 
to B, but this magnitude being unknown, the point c x is not yet 
located. 

The vector a x c a is drawn proportional to 3-8 and in a direction 
from C to A 2 ; c a c x is drawn perpendicular to this, to represent 
the tangential acceleration of C relative to A, intersecting c b c x in 
c v thus locating the point c v The total acceleration of G relative 
to A is a. x c x and this scales 56 ft. per sec. per seo. The accelera¬ 
tion of D is therefore ■£- or 14 ft. per sec. per sec. The point d x is 


shown on a, c, and is obtained by making ^-~ L - = 

11 ° a 1 c 1 A Z G 

Example 2. The mechanism shown in Eig. 37 (a) is that for 
a valve gear. The crank A X P rotates at constant speed of 12 
radians per sec., and is pinned at P to the rod PR, the point Q 
in this rod being guided in a circular path by the oscillating link 
A 2 Q, the centre of oscillation being at A 2 . The valve rod is con¬ 
nected at V to R by the coupler VR. 

Eor the given configuration find the velocity and acceleration 
of the valve rod V. 


A X P — 5; PQ = 14; PR — 16-5; RV = 12; and QA 2 = 17 in. 

Velocity of P relative to A x — 12 xfy = 5 ft. per sec. 

Velocity of Q relative to A — velocity of Q relative to P 

-fvelocity of P relative to A ; 
or aq = pq-\-ap = ap-\-pq. 

In Eig. 37(6) ap is drawn perpendicular to A X P and pro¬ 
portional to 5 ft. per sec. The vectors aq and pq are drawn per¬ 
pendicular to A 2 Q and PQ respectively. The point r is found by 
making pr _ PR 

2 >q~ PQ' 

Velocity of V relative to A = velocity of V relative to R 

-fvelocity of R relative to A ; 
or av = rv+ar = ar-\-rv. 

The vectors rv and av are drawn perpendicular to RV and 
parallel to the line of motion of V respectively. The vector av 
represents the velocity of V and this scales 0-75 ft. per sec. 

Measuring the relative velocities and calculating the centripetal 
accelerations, 

aq represents 3-7 ft. per sec. cent, acc. of Q relative to A 
(3-7) a „ _ „ 





80 


PRINCIPLES OF MECHANISM 

or a x q a +q a q x = (Pi q„ +«„ <h) + (<*-iPa+PuPi) 

~ {aiP a +PaPl)+(Pl<Ip+<lpVt)- 

In Fig. 37 (c), a x p x is drawn in a direction from P to A 1 and of 
magnitude proportional to 60; this veotor is equal to aiP„+p a p x 
and since p a p x — 0, p x coincides with p a . Tlie vector p x q p is 
drawn in a direction from Q to P and of magnitude proportional 
to 3-6; q v q x is drawn perpendicular to this vector, but the magni¬ 
tude is unknown and q x is not yet located. 

The vector a x q a is drawn in a direction from Q to and of 
magnitude proportional to 9-67; q a q x is drawn perpendicular to 
A 2 Q, meeting q p q x in q x . 

Joiningandgq, p x q x represents the total acceleration of Q rela- 

fQ If 4 

tive to P. The point r x is found by making ~ — _ . 

Pi ( lx •* V 

The acceleration of V is obtained by forming a further accelera¬ 
tion equation between V, R, and A. 

(Cent. + tang.) acc. of V relative to A — (cent.-ftang.) ace. of V 
relative to U+(cent,-(-tang.) aco. of li relative to A. 

The total acceleration of R relative to A is already found by 
joining a x r v hence it is only necessary to calculate the centripetal 
accelerations of V relative to A and of V relative to R. 

Cent. acc. of V relative to A = 0. 

rv represents 3-6 ft. per sec. cent. aco. of V relative to R 
(3'6) 2 

= —y - = 13 ft. per sec. per sec. 

The veotor r x v r is drawn in a direction from V to R and of 
magnitude proportional to 13; v r v x is drawn perpendicular to this 
vector. The vector % v x is drawn parallel to the lino of motion 
of V, meeting v r v x in v x . The vector a x v x represents the accelera¬ 
tion of V relative to A and scales 26’4 ft. per sec. per sec. 

§58. Accelerations in Quick-Return Motions. The 

problem of drawing acceleration diagrams for meohanisms 
where sliding at the end of the crank is accompanied by 
rotation of the slotted lever becomes more difficult than for 
simple link mechanisms because of the complex nature of 
the acceleration at the junction of the crank and slotted 
lever. The velocity diagrams for such mechanisms can 
readily be drawn by considering a point on the slotted 
lever immediately underneath the crank pin for the given 
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configuration. In Fig. 18 (a), the point £ can be interpreted 
as representing two points, a point £ at the end of the crank 
A x £ and a point £' immediately underneath £ but actually 
on A z C. Thus B will refer to the end of the crank A 1 B and 
B' to a point on A 2 0 which for the given configuration is 
coincident with B. The vector ab’ in Fig. 18 (b) represents the 
velocity of £' relative to A 2 and the angular velocity of A 2 B’ 

or A z G is -T—fy, • The vector b’b represents the velocity of 
A z £ 

sliding of £ relative to £'. 

When considering the acceleration of £' in Fig. 18 (a), the 
centripetal accelerations of B and £' relative to A x and A z 
can readily bo calculated. The tangential acceleration of B 
relative to A x is zero if A x B is rotating at constant speed and 
the centripetal acceleration of £' relative to £ is zero. The 
tangential acceleration of B' relative to £ is along A 2 B but 
its magnitude is unknown. The tangential acceleration of £' 
relative to A 2 is due to two component variable velocities: 

(1) tangential acceleration due to angular acceleration of 
A 2 B, 

(2) tangential acceleration due to angular velocity of A 2 B 
combined with velocity of B' along A 2 B and of magnitude 

The acceleration due to (1) is known in direction but un¬ 
known in magnitude; the acceleration due to (2) is known 
in direction and magnitude. 

The acceleration of the cutting tool E can be found if the 
angular velocity and angular acceleration of A 2 G are known, 
since an acceleration diagram for the links EC and GA 2 can 
be drawn by the method already outlined. 

To find the angular velocity and acceleration of the link 
A 2 G the following method of mathematical analysis can be 
used. In Fig. 18(a) let 6 = angle A 2 A 1 B, 

<f> — angle A 1 A 2 B, 
r ~ A l B ) 
l = Ai A%. 

f For explanation of this term and graphical solution see Appendix. 
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From the triangle A X A 2 B 

A 1 B _ A ^ A 2 

sinA 1 A 2 B ~ sin^! BA 2 

i.e. r sin{-n— = le,in<j>, 

or rsin(0-|-</>) = £sin <^. 

Differentiating each side with respect to time and using the 

abbreviated notation of 6 = ~ and <j> = , 

dt at 


r cos(9-\-<f>)(8-{-(j>) — Ze os </>.<£. 


( 1 ) 


Evaluating for < 56 , 


<t> 


6r coa{6-\-<f>) 


e 


de 

dt 


l cos <f>~r cos(#-|-<^)' 
rate of change of 6 with respect to time and is thus 


equal to cu, the angular speed of A x B. 


<P 


d<f>. 


dt 


is the angular velocity of A 2 B' or A 2 C. 


Hence the angular velocity of A 2 C is 

■ __ cDrcos(d+<j>) 

1 cos cf>—r cos( 0 -j-$) ’ 

Differentiating equation ( 1 ) with respect to time 
—r(S+<£) 2 sin(0+$)+r(#-f $)cos(0+g$) = -~Z^ 2 sin^+Z^cos^. 

( 2 ) 

dd 

9— -gj is the angular acceleration of the crank A x B and 

if this is rotating at constant speed then 9 = 0 . 

<$ = ~ = angular acceleration of A 2 B' or A s C. 

Hence if 9 ~ 0 equation ( 2 ) becomes 

—r(0-f ^) 2 sin(9+^)+r^cos(^-(-^) = — 1$*sin cob <j> 

and l = Z^ a sin^-r(fl+ft) a sin(fl-^) 

Zeos<£—r cos( 0 -j-<£) 
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or writing o> for 9 

r __ l<j> z &in<f> —r(aj-f^) 2 sin( 6 '-)-f/.) 

™ lcos<j>~ r coa(6-{-<f>) 

Values of <j> and <f> can thus be calculated for any given con¬ 
figuration and from these values the acceleration diagram for 
A 2 Q and OE can be drawn. 

Care must be exercised in the interpretation of signB when 
using <p and The angle 6 is measured from A X A Z in a 
counter-clockwise direction, and <f> is measured from A X A Z 
in a clockwise direction. Hence a positive value for (j> in¬ 
dicates that A Z C is rotating in a clockwise direction and a 
negative value for <j> that A s G is rotating counter-clockwise. 
Similarly, a positive value for $ means an increasing angular 
velocity in a clockwise direction. 

The acceleration of sliding of the point B relative to B' can 
be found by obtaining an expression for the displacement of B 
from its top position F, and differentiating twice with respect 
to time. By drawing a perpendicular from A x on to A Z B, 
the length A Z B = l cos^-f-r cos{tt— (0-j-^)} 

= lcoS(f>—r coa(6-j-<f>). 

Also A z F — Z-j-r, 

and the displacement of B along the lever is A 2 F—A t B\ call 
this displacement x. Then 

x — A z F — A z B 

— l-\-r—{l coa tf>— rcos( 0 -(- 95 )}. 

Differentiating with respect to time 

/7-v • * . 

v = — = —r( 0 -j-$)sin( 0 ~)-<£). 

Differentiating again with respect to time 

a — ^ = If 2 cos sirup —r(0-(-<£) 2 cos((?-(-<j6) 

dt 

~r(8-\-<p)am(0-\-<p). 

Substituting values of co for 6, 0=0 for constant angular 
velocity of A X B, and for values of <j> and the acceleration 
of sliding can be found. 
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PRINCIPLES OF MECHANISM 
EXERCISES. IV 

1. A locomotive having driving-wheels 6 ft. 6 in. in diameter has a 
linear acceleration of 0-8 ft. per sec. per sec. and an instantaneous 
velocity of 15 miles per hour. Assuming no slip of the driving-wheels, 
find the instantaneous velocity and acceleration of a point on the rim 
of the driving-wheel level with and in front of the wheel axis. 

[I. Mech. E.] 

2. The stroke of a steam engine is 27 in., and the connecting-rod is 

6 ft. long. Determine the velocity and acceleration of a point on the 
connecting-rod 2 ft. from the crank pin centre when the speed of 
the engine is 180 revs, per min. and the piston is moving towards the 
crank and is at quarter stroke. [I. Mech. E.] 

3. In a quadric cycle chain ABCD, AD is the fixed link and AB 
rotates uniformly at 10 revs, per min. For the configuration in which 
AB is inclined at 60° to AD, determine: (a) the angular velocity of 
CD; and (5) the angular acceleration of CD. 

AD = 6; AB = 2£; BC = 3; and CD = 3 in. 

4. For a particular configuration, a link AB, 3 ft. long, is in a 
horizontal position. The point A is moving in a direction AD, 60° to 
AB with a velocity of 12 ft. per sec. and an acceleration of 50 ft. 
per see. per sec. in the same direction. The end B of the link is con¬ 
strained to move in a line BD, 45° to AB. The points ABD form a 
triangle, the base angles at A and B being 60° and 46° respectively. 

Find the acceleration of B and of a point C in AB 1 ft. from B. 

5. Show how to find the angular acceleration of the connecting-rod 
of a direct-acting engine for any particular configuration of the 
mechanism. 

6. A trunnion engine has a crank radius of 18 in. The distance 

between the centres of the trunnion axis and the crank-shaft is 4 ft. 
If the crank rotates at 90 revs, per min., find the acceleration of the 
piston relative to the cylinder when the crank has turned through 
an angle of 135° from the inner dead centre. [Lond. B.Sc.] 

7. A crank OC of 9 in. radius rotates about the fixed centre O with 
a uniform speed of 150 revs, per min. A connecting-rod CE, 35 in. 
long, drives a crosshead E, and the latter moves in a horizontal path 
which is 4^ in. vertically above 0. When the crank has turned 
through an angle of 60° from its inner horizontal position and taking 
the case when E is on the left side of O, find: (a) the length of the 
path traversed by E; (6) the velocity of E; (c) the acceleration of E. 

8. The link AB of a mechanism shown in Fig, 38 rotates uniformly 
at 150 revs, per min. Find the velocity and acceleration of the slider 
E when AB is in the position shown, The rod CE is pivoted at D. 

EF = 5; AB = 2; BC = 4; CD — 2 J; DE = 1; and AD = 4 ft. 

[Lond. B.Sc.] 
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9. Draw Che velooity and acceleration diagrams for a steam-engine 
mechanism when, the crank has turned 30° from the inner dead centre. 
Length of crank, 1 ft.; connecting-rod, 3 ft,; speed of crank pin, 
10 ft. per sec. State the velocity and acceleration of the piston. 

[. Lond. B.S c-3 



c 


Pig. 38. 

10. In the mechanism Shown in outline in Fig. 39 the crank pin A 
moves uniformly in a circle with a velocity of 16 ft. per sec, Deter¬ 
mine the acceleration of the slide block B for the position of the gear 
shown. [Lond. B.Sc .] 



Fig. 39. 
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II. In a four-bar chain motion, Fig. 40, the lengths of the links 
a, b, c, and d are 4, 3, 7, and 6 in. respectively. Assuming that a is 
fixed and b is rotating at a speed of 2 revs, per sec., determine the 
instantaneous angular accelerations of c and of d for the given position 
of the chain. [Land. B.Sc.] 



12. In the mechanism shown in Fig. 41, A and G are fixed centres, 
and AB moves with an angular speed of 12 radians per see. For the 
given configuration, find: (a) the velocity of E ; (6) the velocity of 
sliding in the block D ; (c) the acceleration of sliding in the block D. 

AB = 2; AC — 3; and BE — 7 in. 



Fig. 41. 


13. In the Whitworth quick-return motion shown in Fig. 42 the 
link AO rotates at a constant speed of SO revs, per min. For the given 
configuration, find: (a) the ratio of the time of cutting to the time of 
return; (6) velocity of E; (c) acceleration of E. 

AC = 3; AB — 1 BD = 3; and DE — 18 in. 

14. The diagram of a quick-return motion is shown in Fig. 43. The 
line of stroke of the pin H is along BH, which is perpendicular to AB. 
Find the length of the stroke and the time occupied by the cutting 
and return strokes respectively. The crank BC rotates uniformly at 
60 revs, per min. 
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Find the velocity and acceleration of H when the angle HBO is 30°, 
AB= 12 j 5(7= 6;AH= 19 = 16 = 4£;and EH = 

18 in. 

15. The crank radius of an oscillating engine is 12 in. The trunnion 
axis of the cylinder is 36 in. from the centre of the crank. The piston 
is 64 in. from the crank pin. When the crank makes an angle of 46° 
with the line joining the centre of the crank with the centre of the 
trunnion axis, and the crank pin is moving with a uniform velocity of 
4 ft. per sec., find the velocity of the piston and angular acceleration 
of the cylinder. [Bond. B.Sc.] 



CHAPTER V - 
SLIDER CRANK CHAIN 

Diagrams of Displacement, Velocity , and Acceleration', 
Geometrical and Analytical Methods. 

§ 59. Piston Displacement. The slider crank chain ie of 
basic importance and as such requires rather more detailed 
attention than has been given in previous chapters, in which 
the general problems of motion have been dealt with. The 
necessity for finding the acceleration of moving parts arises 
because of the dynamical forces involved causing these 
accelerations. At high speeds these dynamical forces are of 
great importance. 



Referring to Fig. 44, let ABC represent a slider crank chain, 
in which AB represents the crank, BO the connecting-rod. 
The motion of 0 is that of the crosshead, to which is rigidly 
attached the piston. Let G and H represent the inner and 
outer dead centres respectively. The extreme positions of 
the crosshead are readily obtained by striking radii GM and 
HF, equal to the length of the connecting-rod, on the line of 
stroke. The points E and F represent the ends of the stroko. 
The displacement of the piston or crosshead for any crank 
position AB is obviously EO, The displacement of the piston 
for any other crank position, such as ^4t7, is obtained by 
striking off a circular arc from J, cutting EF in P, 
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§ 60. Rectangular Diagram of Piston Displacement. 

The relation which exists between the crank angle turned 
through from the inner dead centre and the piston displace¬ 
ment may be shown graphically by plotting values of the 
piston displacement against corresponding crank angles. In 
Fig. 44, let B, J, K, L, M, etc., be crank angles at 30° intervals : 
then the corresponding positions of the crosshead are 0, P, Q t 
B, S, etc., obtained in the manner just described. The piston 
displacements corresponding to 30° crank intervals are EG, 
EP, EQ , EB, ES, etc. 



PI5T0N DISPLACEMENT 
Pig. 45. 

In Fig. 45, let EE represent the stroke, EG, EP, EQ, etc., 
piston displacements for 30° crank angle intervals. Taking 
vertical ordinates to represent crank angles, equal intervals 
(to any convenient scale) Ea, ad, etc., can each represent 30°. 
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Projecting up from C to meet the horizontal through a, the 
point b is obtained; in a similar manner, projecting up from 
P to meet the horizontal through d, the point e is obtained. 
Proceeding in this manner points g, h, etc., are obtained, and 
a smooth curve drfiwn through' b, e, g, h , etc., represents 
graphically the piston displacement for any given crank angle. 

The effect of the connecting-rod can be seen by comparing 
the diagram thus obtained with that for simple harmonic 
motion. The diagram of piston displacement for simple 
harmonic motion can be drawn by constructing a semicircle 
on the piston displacement. For convenience this is shown 
at the top of the diagram Fig. 45. Let B, J , K, etc., represent 
30° crank intervals. Projecting down from B, to meet the 
horizontal through a , the point c is obtained. The point / is 
similarly found by projecting down from J to meet the hori¬ 
zontal through d. Proceeding in this manner and drawing 
a smooth curve through the points thus obtained, the curve 
for simple harmonic motion is obtained. This is shown dotted 
in Fig. 45. Diagrams plotted in the manner just described 
are called rectangular diagrams. Polar diagrams may be 
plotted by plotting the piston displacement along the corre¬ 
sponding crank position, but as these have no particular 
advantage over rectangular diagrams they need not be dis¬ 
cussed further. 

§ 61. Diagrams of Velocity of Piston. The velocity of 
the piston or crosshead may be readily obtained by the 
method already described in § 43. In Fig. 44, for any crank 
position AB produce the connecting-rod to meet the vertical 
through A in D. Then, providing the angular velocity of the 
crank is uniform, the velocity of the piston is w . AD, where w 
is the constant angular velocity of the crank. In the case 
where the connecting-rod cuts the vertical through A , as for 
the crank position AM, the intercept AD 1 is a measure of the 
piston velocity. The actual velocity is w.AD y The lengths 
AD and AD X are measured to the same scale that AB repre¬ 
sents the length of the crank. 

The values of the velocity of the piston plotted against 
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corresponding piston displacements give a continuous curve 
showing how the velocity of the piston varies throughout the 
stroke. In Fig. 46, let EF represent the stroke and EG, EP, 



Fig. 46. 


EQ, etc., piston displacements for 30° intervals of the crank. 
At C, the ordinate CB is made proportional to a. AD (Fig. 44) 
or more simply, equal to AD, since cu is constant. Similarly 
SM is made equal to AD V Proceeding in this manner, points 
are obtained through which a smooth curve can be drawn. 
In Fig. 46 the variation of velocity is shown for one stroke 
only, as the crosshead moves from E to F ; for the other stroke 
a diagram similar to that shown, but on the other side of EF, 
would be obtained. 

The curve of velocity for simple harmonic motion is a semi¬ 
circle (for one stroke), shown dotted. The difference between 
the two curves shows clearly the effect of the connecting-rod. 
The greater the length of the connecting-rod in comparison 
with the crank, the more nearly will the actual curve approxi¬ 
mate to that of simple harmonic motion. The difference 
between the two curves is due to the obliquity of the connect¬ 
ing-rod, and this difference becomes more marked for short 
connecting-rods than for long ones for a given length of crank. 

A polar diagram may be drawn by setting off radially 
along the crank the corresponding velocity of the piston. 
The velocities may be either set off from the crank-shaft or 
the crank pin. 


§ 62. Acceleration of Piston. The pro blem of finding^the 
acc eleration of the -piston of the slide r cran lTcHainJa' of great 
importance on account of the dynamic al forces involved, 
partiSu Iaflv In~high^peed'^engu'ins T The method already 
describedj-ohfinding.the acceleration of th e pi st on b y drawing 
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thevelocity and acceleration diagrams, becomes very labori¬ 
ous when the acceleration is required for several crank 
positions. | In consequence, several ingenious geometrical con¬ 
structions have been devised for rapidly determining the 
acceleration of the piston for any required crank angle. In 
each case of a geometrical construction, an acceleration 
diagram, similar to a 1 b 1 c 6 c 1 , Fig. 34, is obtained, without 
the troublesome necessity of calculating centripetal accelera¬ 
tions and of forming acceleration equations. 

The better known constructions are those of Klein, Rltter- 
haus, and Bennett, and these will be described in the above 
order. These constructions only apply when the angular 
velocity of the crank is uniform. 



§ 63. Klein’s Construction. In Fig. 47, let ABC repre¬ 
sent a slider crank chain for a given crank position AB. The 
connecting-rod OB is produced to meet the vertical through A 
at D. With centre B and radius BD a circle DEF is described. 
A larger circle EBF is drawn on BC as diameter cutting the 
smaller circle in E and F. The points E and F are joined and 
produced if necessary to cut AO in H. Then the acceleration 
of the piston for the given configuration is uF .AH, where a> 
is the constant angular velocity of the crank and AH is 
measured to the same scale that AB represents the crank 
radius. 

The figure AHGB should be carefully compared with the 
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acceleration diagram of Fig. 34, in which a x c x is parallel to 
AH, a 1 b l is parallel to AB , b x c b is parallel to BO, and c b c x 
parallel to GH. 

The truth of Klein’s construction is proved as follows: 
comparing the triangles DBA and abc of Fig. 16 (6), for equal 
crank angles, these triangles are similar; and since a>. AD = ac, 
cj.AB = ab and ai.BD = be. 

In Fig. 47, if CD and EB be drawn, the triangles CEB and 
EGB are similar, 


BO 

BE 


Hence BG = 


BE 2 

BC 


BD 2 
BC 


{be) 2 

w 2 .BC' 


BG.co 2 — , which is the centripetal acceleration of 


BE 
BC ' 

_ (6c) 2 

BC 

C relative to B. 

Thus BG represents to scale the centripetal acceleration of 
C relative to B. 

Again AB.w = ab or AB 2 .u> 2 = (ab) 2 , 

AB.aA — , which is the centripetal acceleration of 

B relative to A. The figure ABGH is thus a reproduction of 
the acceleration diagram of Fig. 34. 



Fig. 48. 

§ 64. Ritterhaus’s Construction. In Fig. 48, CB is pro¬ 
duced to meet the vertical through A in D. Through D, DE 
is drawn parallel to AC to meet AB produced in E, From E, 
EG is drawn parallel to AD to meet BC in G, and from G, 
GH is drawn perpendicular to BC, cutting AC in H. The 
acceleration of the,piston is again w 2 .AH. 
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Ritterhaus’s construction may be proved in the following 
manner. The triangles ABD , Fig. 48, and abc, Fig. 16 (6), are 
similar for equal crank angles; hence 

* co.AD ~ ac\ to.AB = ab\ and uo.BD = be. 

In Fig. 48, the triangles BEG and ADB are similar, 


and 


BD 

AD 


BG 

EG' 


BG = BD. 


EG 

AD' 


EG EE 

Now — == — since the triangles DEG and ADC are 

JxU jfl G 

EE EE 

similar, and — = - , since the triangles DEB and ABC 

are similar. 


Hence 


EG __ DE _ BD 
AD~~ AC ~ BG’ 


BG = BD. 


BD BD* 
BG ~ ~BG 


Jbeil 

to 2 .BG’ 


(be) 2 

whence w 2 .BG = = centripetal acceleration of C rela¬ 

tive to B. 

In a similar manner AB.oA may be shown equal to 
(ab) z 

jqj , which is the centripetal acceleration of B relative to A. 



§ 65. Bennett’s Construction. A preliminary con¬ 
struction is required to find a point F on the connecting-rod. 
In Fig. 49, the crank AB l is drawn in a position perpendicular 
to the line of stroke; the .corresponding crosshead position 
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is C v A perpendicular drawn from A on to B 1 C\ locates the 

point F v 

For any crank position AB, let F be the point correspond¬ 
ing to on B t C v From F, FE is drawn perpendicular to 
the connecting-rod BC to meet the line of stroke at E. From 
E, EG is drawn perpendicular to AG to meet BG in G, and 
from G, GH is drawn parallel to FE. The acceleration of the 
piston is cu 2 ,AH. 



§66. Approximate Analytical Method. In Fig. 50, let 
ABC represent a slider crank chain, in which AB is the 
crank. Assuming the direction of rotation as shown by 
the arrow, let 6 — angle turned through by the crank from 
the inner dead centre position AE. The corresponding cross¬ 
head positions are C and F, hence the displacement of the 
piston from the end position is FC\ call this distance x. 
From B a circular arc BG is drawn, whose radius is equal to 
the length of the connecting-rod (i.e. with the centre C), to 
cut the line of stroke in G. From B a line BE, perpendicular 
to the line of stroke, is drawn, cutting AC in D. 

Let r = radius of crank AB, 

l — length of connecting-rod BC. 

GB — FE — CG. 

Then x = FC = FG-GC = FE+EG-GC = EG, 

= ED+DG, 

= AE-AD+DG, 

— r—r cos 6+D0. 
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Now DG is part of the diameter of the circle of which BG 
is part, and BD is a chord perpendicular to this diameter. 
The diameter of the circle is 21 and the two parts of the 
diameter are GD and (21—GD). It is a well-known property 
of the circle that the square on half the chord, bisected by 
a diameter, is equal to the product of the two parts of the 
diameter. 

In this case, BD 2 = GD(2l—GD), 
or BD 2 = GD.21—GD 2 . 

The square of GD is small in comparison with GD. 21, and 
if GD 2 is neglected a compact expression for velocity and 
acceleration of the piston is obtained. 

Negleoting the square of GD, 

BD 2 = GDx2l, 

BD 2 (rsin 6) 2 

or D0 = VT ”= Si 1 


. n . r 2 sin 2 # ... 

. . x = r— rcos0-)- -—(1) 

xjv 

Since rate of change of displacement is velocity, this ex¬ 
pression may be differentiated with respect to t, to give the 
velocity of the piston: 

dx . . Q .d9 r 2 0 „ a dd 

__ = 0—r(—sm0) — 4- — 2sin0 costf^- 
dt v ' dt^ 21 dt 


= rsm0~-+-sm2ff T . t 
dt^2l dt 

C ^~ is rate of change of angular position, which is angular 
at 

d0 dx 

velocity w. Writing w for — and v for —, 

dt dt 


wrl sin 6-\- 


2”" 29 )- 


The rate of change of velocity is acceleration, and hence the 
differentiation of this expression with respect to t gives the 
acceleration of the piston: 

dv j 0 dd r „ n ndd\ 

H ~ “T 08# * + 2i 2 ““ 29 s)' 
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, dv , r dd 
Writing a for and ai for , 

a = aj 2 r|cos 0-|-^cos 2$j. (3) 

The above equations (1), (2), and (3) for the displacement, 
velocity, and acceleration of the piston are only approximate, 
but sufficiently near the true values as to be very widely 
used, and, indeed, preferably used to the more cumbersome 
exact expressions. The exact expressions for velocity and 
acceleration are rarely used and differ so little from the 
approximate expressions that no serious error is introduced 
by the use of these approximate expressions. It should be 
remembered that although the acceleration diagrams and 
geometrical constructions already explained are correct in 
principle, they are only accurate as far as the accuracy of 
drawing will permit. 


§ 67. Exact Expression for Piston Acceleration. The 
expression for piston acceleration given by equation (3), Art. 
66 is only approximate. An exact expression can be derived 
as follows. Referring to Fig. 50 and using the same notation 
as in Art. 66, 

displacement of piston — x — EG 

== r—r cos 0+DGh 

Now DG — CG—CD 


— l-^-r 2 sin 2 (9), 

hence x = r— r cos 0 -H—r 2 sin 2 0). 

Differentiating this expression with respect to t. 


dx 


u-.t- n , . n U’W l / 

v = — = 0-f r sin 0 — 4- - — 
dt ' n ' 9 n ' 


dd , 1 r 2 2sin0cos0 dd 


dt~2 (i 2 —r 2 sin 2 0)* dt’ 


Writing oj for 


dd 
dt ’ 


r sin 2 9 

2 (2 2 —?- 2 sin 2 0)^ - 


v = a>r(sin0-f 
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Differentiating this expression with respect to t, 


dv I D aa 
a = — — tori cos v — 


dd 


dt 

+; 


V 


dt 


n na,v> 2 • in ■ c,n 1 — r 2 2sin0cosfi 
2 eos 29. j 


de\ 

dt 


— cu 2 ri 


COS I 


(Z 2 — r 2 sin 2 #) 

. rZ 2 cos2#-}-r s sin 4 #\ 
l + (Z 2 —r 2 sin 2 #)* j - 

This correct expression for piston acceleration differs only 
slightly from the approximate expression given in Art. 66. 


If _ = u, the exact expression becomes 


cos 26 sin 4 #\ 


a ~ to 2 r| cosfl- 


n 




sin 2 #\$ 


n‘ 


Taking a value of n — 4, values of the acceleration of the 
piston are shown in the following table both for the approxi¬ 
mate and correct values. 


6 deg. 

Approx, acc. x ai 2 r 

Correct acc. X aiV 

0 

1-250 

1-250 

20 

1131 

1-134 

40 

0-809 

0-814 

60 

0-375 

0-375 

80 

-0-061 

-0-068 

100 

-0-408 

-0-415 

120 

-0-625 

-0-626 

140 

-0-723 

-0-718 

160 

-0-748 

-0-746 

180 

— 076 

-0-75 


Comparing the second and third columns in the above 
table it will be seen that they agree very closely and that the 
greatest difference occurs at comparatively small values of 
the acceleration, i.e. when 9 is between 80° and 100°. The 
greatest values, when 6 ~ 0° and 180°, agree exactly. 

§ 68. Diagram of Piston Acceleration. The approxi¬ 
mate expression given in § 66 for the acceleration of the 
piston may be conveniently used for finding the values of 
the acceleration for different values of the crank angle. 
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When 


9 — 0°, cos0=1, cos20 = l, and a = w 2 r 

9 — 90°, cos<? = 0, cos2 9 = —1, and a = 

6 = 180°, cos 6 = — 1, cos 29 = +1, and a — tuV 



Since values of 


r 

l 


are less than unity, the accelei'ation 


changes from positive to negative as 9 varies from 0° to 180°. 
Plotting values of the acceleration obtained in this manner 
against corresponding piston displacements, a curve of piston 
acceleration is obtained as shown in Fig. 51. 



In Fig. 51, let EF represent the stroke or total piston dis¬ 
placement for the slider crank chain shown in Fig, 50. EA 
is plotted vertically upwards of magnitude proportional to 

wv/l + ^j and FB is plotted vertically downwards of 


magnitude proportional to coV 



Calculating intermediate values and plotting these, the 
curve A GB is obtained. The point of zero acceleration, which 
corresponds to maximum velocity of the piston, is at C. It 
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will be noticed that the acceleration is greater in magnitude 
at E , corresponding to the inner dead centre position of the 
crank, than at F , which corresponds to the outer dead centre 
position. This difference is due to the obliquity of the con¬ 
necting-rod. 

When the ratio of - is infinite the piston has simple 
r 

harmonic motion, and the acceleration at the two ends of the 
stroke is the same in each case and of magnitude wV, but 
of opposite sign. This is shown in Fig. 51 by the dotted 
line OH. 

§ 69. Crank Angle for Zero Acceleration of Piston. 

According to the method given in § 43 for finding the velocity 
of the piston, the velocity is a maximum when A X D, Fig. 
16 (a), reaches its maximum value. This occurs when the 
crank and connecting-rod are approximately at right angles 
to each other. The difference between the crank angle when 
the crank and connecting-rod are at right angles to each 
other and the crank angle for zero acceleration is very small, 
and for a ratio of connecting-rod to crank of 4, this difference 
is about f°. For larger ratios the difference becomes less. 

EXERCISES. V 

1. The ratio of connecting-rod to crank in an ordinary stoam engine 

having a stroke of 36 in. is 4<5 to 1. Determine the maximum accelera¬ 
tion to which the piston is subjected when the crank speed is uniform 
at 80 revs, per mm. Also find the velocity and acceleration of the 
piston when the engine is running at this speed, tho crank is inclined 
30° to the axis of the cylinder, and the angle between the connecting- 
rod and crank is obtuse. [7, Mech. E.] 

2. In an ordinary steam-engine mechanism the stroke of the piston 

is one-half the length of the conneoting-rod. Assuming tho crank-shaft 
to turn uniformly, draw a diagram to give the velocity of tho piston 
at any instant. [7. Mech. 73.J 

3. Obtain an approximate expression for the acceleration of the 
piston of an ordinary steam engine having crank radius r and con¬ 
neoting-rod of length l. 

The stroke of a steam engine is 28 in. and the connecting-rod is 4 ft, 
long. Plot the values of piston acceleration on a stroke-base when the 
speed of the engine is 180 revs, per min, [7. Mech. E,] 
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4. The stroke of a steam engine is 28 in. and the connecting-rod is 
66 in. long. Plot a curve showing the velocity of the piston as a 
function of piston displacement when running at a speed of 180 revs, 
per min. Determine the maximum acceleration of the piston, and 
find the point in the stroke at which there is no acceleration of the 
piston, [I- Mach. E.] 

6. Show how the configuration of a steam-engine mechanism may 
be determined in which the acceleration of the reciprocating parts 
is zero. 

6. Give a geometrical construction for the determination of the ac¬ 
celeration of the reciprocating parts of a Bteam-engino mechanism for 
any position of the crank, and prove that your construction is correct. 

7. Obtain approximate expressions for the displacement, velocity, 
and acceleration of the reciprocating parts of an engine in terms of 0, 
the crank angle displacement; l, the length of the connecting-rod; r, 
the radius of the crank; and oj, the number of radians per sec. 

8. Show that when plotted on a piston displacement base the 
diagram of piston velocity for a reciprocating engine is a semicircle 
when the connecting-rod is infinitely long. 

Show how this diagram is modified for an engine with a connecting- 
rod of finite length. 

9. Find by graphical construction the acceleration of the piston 
for an engine where the crank radius is 1 ft., the connecting-rod 
3 ft. 6 in. long, and the crank is at 45° from the inner dead centre. 
Speed—300 revs, per min. 

10. A gas engine, running at 200 revs, per min., has a stroke of 
12 in. and a connecting-rod 3 ft. long. Find the acceleration of the 
piston when the crank angle, measured from the innor dead contre, 
is 46°: (a) by Klein’s construction; (6) by Ritterhaus’s construction; 
(c) by Bennett’s construction; { d) by calculation. 

11. Repeat Question 10 for the position when the crank angle, 
measured from the inner dead centre, is 120°. 

12. The crank of a steam-engine mechanism rotatos at 120 revs, 
per min. The crank is 18 in. long and the connecting-rod 4 ft. 

Find the acceleration of the piston for crank angles of 0, 10, 45, 90, 
135, 170, and 180 degrees measured from the inner dead centre. 

Plot the acceleration to a base of corresponding piston displace¬ 
ment, and hence find the point in the stroke at which the piston 
acceleration is zero and the corresponding value of the crank angle. 

13. Describe, without proof, a construction for determining the 

acceleration of the slider in the slider crank mechanism. Apply the 
construction to find the acceleration of the piston of an ordinary 
direct acting engine when the crank is 30° from the inner dead centre. 
Length of crank, 8 in. Length of connecting-rod, 36 in. Speed of 
orank-shaft, 200 revs, per min. [Land. B.Sc.] 
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14. Prove Klein’s construction, for the determination of the ac¬ 

celeration of any point on the connecting-rod of a steam engine. 
Apply it to find the acceleration of the piston of an engine—length of 
stroke, 21 in,; length of connecting-rod, 70 in.; revs, per min., 320, 
when the crank is at 30° from the ‘in’ dead centre. Compare your 
result with that obtained by treating the motion of the piston as 
simple harmonic. [Lond. B.Sc .] 

15. A single-cylinder engine, running at 120 revs, per min., has a 

stroke of 16 in. and a connecting-rod 3 ft. long. The eccentric leads 
the crank by an angle of 120° and the slide valve travel is 5 in. The 
reciprocating parts connected to the piston rod and valve rod weigh 
800 and 250 lb. respectively. Calculate the energy in these reciprocat¬ 
ing parts when the crank displacement from the inner dead centre is 
30°. Assume the valve has harmonic motion. [Lond. B.Sc.] 



CHAPTER VI 

TOOTHED GEAR WHEELS AND GEARING 

§ 70. Classification of Gears. Rotary motion between 
two shafts may be accomplished by means of toothed wheels 
or gears. Other methods of transferring motion from one 
shaft to another are by means of belt, rope, and chain drives. 
These latter methods are generally used when the distance 
between the centres of the shafts is large compared with the 
distance between two shafts connected by gearing. In piany 
cases, where belt or rope drives are used, gear wheels can 
be used, but in other cases the use of gear wheels is not a 
practical proposition on account of the size and cost of the 
wheels. 

Two shafts, in which motion is transmitted from one to the 
other, have their axes either in one plane or in different 
planes. The type of gearing to be used for connecting two 
shafts depends upon the inclination of the shafts and whether 
they are in one plane or in different planes. There are three 
cases to be considered: 

(1) shafts whose axes are parallel to each other; 

(2) shafts whose axes are inclined and are co-planar; 

(3) shafts whose axes are inclined and which are not co- 

planar. 

The class of gear used in each of the three cases may be 
roughly summarized as (1) Spur Gears, (2) Bevel Gears, 
(3) Spiral Gears. Worm Gears may be included in spiral 
gears as they are special forms of spiral gears. 

§71. Spur Gears . Ordinary spur gears have teeth parallel 
to the axis of the gear wheel. Helical gear wheels are spur 
wheels in which the teeth are inclined to the axis; the in¬ 
clination may be either right- or left-hand. Double helioal 
wheels may be regarded as two helical wheels back to back 
with right- and left-hand teeth respectively. The two inclina¬ 
tions very often meet at a common apex, but not necessarily 
so, as in the case when the teeth are stepped. 
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§72. Bevel Gears. Bevel gears are portions of cones 
fitted with teeth and recesses, and ordinary bevel gears have 
straight teeth which vary in cross-section throughout their 
length. Bevel gears may have their teeth inclined at an 
angle to the face of the bevel, in which case they become 
helical bevel gears or spiral bevels. The teeth on bevel 
wheels may be double helical, as in the case of spur gearing. 

§73. Spiral Gears. The teeth of spiral gears are of 
necessity cut at an angle to the axis of the gear. Spiral gears, 
as already explained, are used to connect two shafts whose 
axes are inclined and which do not meet, and since the teeth 
of both spiral and helical gears are inclined to the axis of 
the gear, a helical gear may be regarded as a special case 
of a spiral gear. The two gears have many characteristics in 
common and as will be seen later the calculations are the 
same in both cases. 


b 



§ 74. Rolling Motion. To keep the problem in its simplest 
form, the motion between two shafts whose axes are parallel 
will now be considered. In Mg. 52, let A and B represent 
two shafts whose axes are parallel. If the power to be trans¬ 
mitted between the shafts is small, motion may be transferred 
from A to B and vice versa by plain disks represented in 
elevation by a and b\ Assuming the disks to press against 
each other at the line of contact, represented by c, and that 
there is no slip of one periphery over the other, a motion of 
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one disk a, say, -will result in a definite motion of the disk b. 
The two disks are said to rofi over each other and may be 
termed friction wheels, since the motion between the two is 
due entirely to the friction between the two wheels. As the 
power to be transmitted increases, slip is likely to occur, 
and the motion between the two wheels is no longer definite. 
Slip may be prevented by the formation of projections and 
recesses on the two wheels, the projections of one wheel 
meshing or gearing with the recesses of the other wheel. The 
combination of projections and recesses results in the forma¬ 
tion of teeth, a few of which are shown on a and b. 

The motion transmitted between two toothed wheels must, 
for accurate work, be identical with that transmitted by two 
corresponding friction wheels when no slip occurs. The 
representation of two wheels in gear may be accomplished 
by means of two circles representing corresponding friction 
wheels, the formation of the teeth being understood. Two 
gear wheels connecting the shafts A and B can therefore be 
conveniently represented by two circles such as a and b. 



ADDENDUM CIRCLE 
PITCH CIRCLE 
ROOT CIRCLE 


§ 75. Definitions. Considering a section of a spur wheel 
with straight teeth, Tig. 53, the addendum circle is the circle 
touching the extreme tips of the teeth and is the largest 
possible circle on the wheel. The root circle is that which 
passes through the base of the teeth. The intermediate circle, 
which corresponds to the analogous friction wheel, is the 
pitch circle. In Tig. 62 the circles a and b may be regarded 



TOOTHED GEAR WHEELS AND GEARING 


107 


as pitch circles. In actual wheels the pitch circles are not 
readily visible, but are imaginary in the sense that there are 
no definite circles imprinted on the wheels, although the pitch 
circles exist in reality. A pitch circle may be defined as 
an imaginary circle representing a friction wheel which will 
transmit the same motion as the gear wheel. 

That part of the tooth above the pitch circle is called the 
point, and that below the pitch circle, the root. 

The surface of a tooth above the pitch circle is called the 
face, and that below the pitch circle, the flank. The face and 
flank possess depth perpendicular to the paper and each 
represents an area of surface. 


§76. Pitch. Two gear wheels, gearing together, must 
have the same pitch. Unfortunately there are three different 
methods of measuring pitch, and these will be discussed in 
detail. The three types of pitch referred to are (1) circular, 
(2) diametral, and (3) module. 

The circular pitch is the distance, measured along the pitch 
circle, between corresponding points on adjacent teeth. This 
definition, while easy to visualize, is inconvenient to apply 
in practice. The circular pitch is the original method of 
measuring pitch, and as such a large number of tools, cutters, 
etc., are in existence, it is impossible, on account of the 
cost involved, to scrap all these in favour of a more convenient 
system, although the more favourable systems are gradually 
coming into more general use. 

Let p — circular pitch, 

T = number of teeth on a gear wheel, 
d — diameter of pitch circle. 

Then, circumference of pitch circle = n.d = T .p. 


ird 



( 1 ) 


It is seen that the expression for p involves the use of n, 
which is an indeterminate number, and this renders calcula¬ 
tion somewhat laborious. 

The diametral pitch is the number of teeth per inch of 
pitch circle diameter. 
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Let s = diametral pitch; 

T 

then s = -y. (2) 

The value of s involves only the number of teeth and the 

pitch circle diameter, and in calculations the use of n is 

avoided. It must not be supposed that the use of rr is entirely 

dispensed with, but, as will be seen shortly, it is automatically 

incorporated in s. 

„ ,,, T m rr 

From (1) — = .. - — s or rr = s.p 

d p p 

The module is the number of inches of pitch circle diameter 
per tooth and is the reciprocal of the diametral pitch. 

Let m = module pitch; 

then m = = (3) 

T s 

One of the chief advantages of the module pitch is that the 
module is used in proportioning the teeth, and tooth dimen¬ 
sions follow much more readily than with the use of the 
circular pitch. The module may be in British units or metric 
units, the respective units being in inches and millimetres. 
The metric module is very much used on the Continent, 
where dimensions are chiefly in millimetres. 

§77. Tooth Proportions. When working on the circular 
pitch system, the height of the tooth above the pitch circle, 
or addendum, is usually made 0-3 p. The depth of the tooth 
below the pitch circle, or dedendum, is made 0-4 p\ the 
difference between the addendum and dedendum is the radial 
clearance. 

In the diametral pitch system the addendum is made equal 

to i and in the module system equal to m. The addendum in 
s 

the diametral pitch system is thus equal to the addendum in 

the module system for equal pitches, since m =~ \ and these 

s 

two systems are somewhat similar in use. The addendum in 
these two systems is slightly greater than that in the circular 
pitch system. 
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Circular pitch system, addendum = 0-3p. 

1 79 

Diametral pitch system, addendum = - = - = 0-31 8p. 

S TT 

Module pitch system, addendum = m — - = 0318p. 

TT 

In the diametral and module pitch systems the dedendum 
is usually made equal to the addendum plus one-tenth of the 
thickness of tooth. 

The thickness of tooth measured along the pitch line for 
cast gears is made equal to 0-48p and for machine-cut gears 
is made half the circular pitch less 0-001 in. per in. of circular 
pitch. The width of the space along the pitch line is the 
circular pitch minus the width of the tooth along the pitch 
line. The difference between the thickness of a tooth and 
the corresponding space is termed backlash. 

§ 78. Blank Diameter. The blank diameter is equal to 
the diameter of the addendum circle and is the diameter to 
which a wheel is turned before teeth are formed. The calcula¬ 
tion of the blank diameter is readily accomplished when the 
pitch and number of teeth have been decided upon. 

Blank diameter = pitch diameter+2 X addendum. 

• * 7)T 

Circular pitch, blank diameter = -—[-0*6p. 

TT 

fp 2 1 

Diametral pitch, blank diameter = — + - = -(T+2). 

8 8 S 

Module pitch, blank diameter = Tm+2m = m(T -f 2). 

In choosing pitches, one of the standard values must be 
chosen to facilitate production. As an example, a diametral 
pitch of 3-11 is not a practical proposition, since cutters, tools, 
etc., for the cutting of such a gear would not be in existence. 
In practice the nearest standard pitch would be chosen, i.e. 3, 

The diametral and module systems being somewhat similar, 
it would appear that there is no particular advantage in the 
use of one or the other of these systems. Any advantage lies 
with the module pitch, as the pitch diameter calculated on 
this system is more convenient than that calculated on the 
diametral pitch system. Moreover, the distance between the 
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centres of two wheels in gear depends upon the two pitch 
diameters, and if these pitch diameters are in inches and 
finite decimals, workshop procedure becomes easier than is 
the case when the decimals are not finite. 

Taking the case of a gear wheel of 50 teeth and a module 
pitch of 0-3, the pitch diameter is 0-3x50 or 15 in. and the 
blank diameter 0-3(504-2) or 15-6 in. The diametral pitch 

equal to a module pitch of 0-3 is or 3-333..., and the 

nearest standard pitch to this is 3£. For 50 teeth, pitch 

diameter = _L x50 or 14-2857 in., and blank diameter 

= ±(50+2) = 14-8571 in. 

This difference between the diametral and module pitch 
systems is further emphasized in the following table, in which 
values of pitch and outside diameters are calculated for 
different values of standard pitohes, both diametral and 
module, for a wheel of 30 teeth. 


Module Pilch System 

Diametral Pitch System 

Pitch 

Pitch diameter 

Blank diameter 

Pitch 

Pitch diameter 

Blank diameter 


15 

1-6 


1-5 

1-0 

0-1 

3-0 

3-2 


3-0 

3-2 

0-2 

6-0 

0-4 

6 

6-0 

6-4 

0-25 

7-6 

8-0 

4 

7-5 


0-3 

9-0 

9-6 

H 

8-5714 

9-1428 

0-35 

10-5 

11-2 

3 

10-0 


0-4 

12-0 

12-8 

2i 

12-0 

12-8 

0-45 

13-6 

14-4 

21 

13-3333 

14-2222 

0-6 

18-0 

19-2 

li 

17-1428 

18-2867 

0-7 

21-0 

22-4 

14 

20-0 

21-3333 

0-8 

24-0 

25-6 

ii 


25-6 

0-9 

27-0 

28-8 

l 


32-0 


It is seen from the above table that the pitch and blank 
diameters for the module system are, in general, more con¬ 
venient than those for the diametral pitch system. 

§ 79. Pinion and Wheel in Gear. When two wheels gear 
with each other a definite motion is transmitted from one 
shaft to the other. If the wheels are of equal size their 
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respective speeds are equal. If the wheels are of unequal size 
the smaller wheel is usually referred to as a pinion, the larger 
one as the wheel. When the larger wheel is of infinite radius, 
a portion of the periphery is straight and the resulting gear 
is termed a rack. A rack and pinion gearing together enables 
rotary motion to be converted into linear motion, and vice 
versa. 

Ordinary spur gears may gear either internally or exter¬ 
nally. Internal gear wheels have their teeth projecting inwards 
and are often referred to as annular wheels. External gear 
wheels have their teeth projecting outwards. 



§ 80. Velocity Ratio of Spur Wheel and Pinion. In 

Fig. 54 (a), let a and b represent the pitch oircles of a wheel and 
pinion gearing externally. The point of contact, e, of the two 
pitch circles is on the line of centres and is termed the pitch 
point. Since the pitch circles roll over each other without 
slipping, they must rotate in opposite directions as shown by 
the arrows. 

A wheel and pinion gearing internally is shown in Fig. 54 
(6) at c and d. The pitch point / is on the line of centres 
produced and the two wheels rotate in the same direction. 

In both cases let 

7\ = radius of larger wheel, 
r 2 = radius of pinion, 

<u 1 = angular velocity of larger wheel, 
co 2 = angular velocity of pinion, 
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N x = revolutions per minute of larger wheel, 

N 2 = revolutions per minute of pinion, 

T-y = number of teeth on larger wheel, 

T 2 = number of teeth on pinion. 

Since the pitch circles roll over each other without slipping, 
their peripheral speeds must be equal; 

<Hx r l — w 2 r 2- 

Since two wheels in gear must have the same pitch, 

r* T 2 

• 

OJ 2 $2 1*1 

In the case of a rack and pinion r 3 = linear speed of rack. 

For two wheels in gear, if suffix 1 refers to the driving- 

wheel (in this case the larger wheel), the ratio — is the 
velocity ratio or gear ratio. 

§ 81. Calculations for Spur Wheel and Pinion Gear¬ 
ing externally. If the distance apart between the centres 
of a wheel and pinion, gearing externally, is fixed, and the 
velocity ratio is fixed, this automatically determines the pitch 
to be used. It will be a pure coincidence if the pitch deter¬ 
mined under these conditions is a standard pitch, and in 
practice, in order that a standard pitch may be used, it is 
necessary to make a compromise between the distance apart 
of the wheel centres and the velocity ratio. 

Example 1. Find the numbers of teeth on a wheel and pinion 
to give a velocity ratio of 3 to 1, the distance between the centres 
being approximately lOf in. 

Let c = distance apart of centres, 
then dj+dj = 2c = 20-75 approx.; 

also dy = 3d 2 , 

.'. 3d 2 -fd 8 = 20-75 or d 2 = 5-1875 in. approx, 
and dy = 15-5625 in. approx. 

The numbers of teeth in the two wheels must, of course, be 
whole numbers, and to ensure the teeth having maximum strength 
the number of teeth on the pinion should be as small as possible. 
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In practice, 12 is the least number of teeth allowed under ordinary 

conditions. 

Assuming T„ = 12, then a possible value of m is '---.y— or 

0-4323. This is an odd pitch, the nearest standard pitch being 
0-45. Using this value of m and T 2 = 12, the exact value of d 2 is 
12x0-45 = 5-4 in. ,\ d L = 3x5-4 = 18-2 in. 

distance apart of centres = — — = 10-8 in. 


The value thus found varies by an appreciable amount from 
the specified distance, viz. 10f in. If this variation is too great, 
a nearer value may be obtained by increasing the number of 
teeth on the pinion. This number may be obtained by dividing 
5-1875 by standard pitches until a result is obtained which is 
very nearly a whole number. 


Thus 


5-1875 

0-4 


12-97, 


5-1875 

0-35 


14-82, 


5-1875 

0-3 


17-29. 


Of these values, a standard module pitch of 0-4 gives a result 
very near to 13. Using the value of T z = 13 and m = 0-4, 
d z = 5-2 in. and d x = 16-6 in., 

15-6+5-2 


whence 


c = ■ 


10-4 in. 


§82. Condition that Shapes of Wheel Teeth must 
satisfy. It is a well-known proposition in geometry that two 
curves in contact at a point must have a common normal 
at that point. One essential condition to be satisfied by 
two teeth in contact is that the common normal to the teeth 
in contact must pass through the pitch point, this being the 
common point of contact between the two pitch circles. 

In Fig. 65, let A and B be the centres of two wheels in 
gear, a and b the respective pitch circles, and O the pitoh 
point. Let E be the point of contact of two teeth in contaot 
and DOEC the common normal, assumed for the moment to 
pass through the pitch point. The lines AD and BO are 
drawn perpendicular to the common normal, Further con¬ 
ditions to be satisfied are that the motion between the wheels 
is equivalent to that of one pitch circle rolling over the other 
and that the velocity ratio is constant, 
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Fig. 65. 


AO 


The ratio is the ratio of the radii of the two pitch 
BO 

circles and is equal to the velocity ratio, which is constant: 

i is equal to the velocity ratio and this ratio of 
BG B\j 


can only he constant if DO passes through O. If DO does not 

AD 

pass through 0, the ratio of —— is no longer constant and 


the wheels do not satisfy the condition that the velocity ratio 
shall be constant. 

In Fig. 65 the common normal DOEC is drawn through 
the pitch point 0 . A more rigid proof that the common 
normal must pass through the pitch point may be developed 
by considering the case when the common normal is not as¬ 
sumed to pass through the pitch point. In Fig. 66 let A and 
B represent the centres of two w r heels in gear, and 0 the 
pitch point. Let E represent the point of contact of two 
teeth in gear and D0 1 EG the common normal cutting the 
line of centres AD at 0*. Draw AD and BC perpendicular 
to DC. Join AE and BE and draw EE perpendicular to AE 
and EG perpendicular to BE. 
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Velocity of E on wheel A is along EF and its magnitude 
is u> a .AE. Similarly, velocity of E on wheel B is along EG 
and its magnitude is a > b .BE. The components of these 
velocities along the common normal must he equal since 



/ 


Fig. 56. 

penetration or separation of teeth cannot occur; the only 
possible relative motion between the teeth at the point of 
contact is that of sliding, i.e. perpendicular to the common 
normal. Since the components of these velocities of E along 
the common normal are equal, then 

w A . A E cos FED = u> B . BE cos GED, 
u) a .AE sinDEA = w B .BE$inDEB, 
w a .AD — iojj.BG, 

w n _ AD 

o) A BO 

Since the triangles ADO y and BC0 1 are similar, 

AJD _ AOj 
BO ~ BOi 

For constant velocity ratio ~ must be equal to and 

co A BO 

consequently 

co B _ AD _ AO t _ AO 

~~ ~BC! ~~ BO[ ~ ~BO' 
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Thus - 0l must be equal to ^ and this can only be true 
BOi BU 

if 0 and 0 1 coincide, in which case the 


onmnirtn nnwivinl 


passes through the pitch point 0. 

The angle between the common normal and the common 
tangent to the two pitch circles is the angle of obliquity. This 
angle is usually designated by and inFig. 55 ia the angle DOF. 


§ 83. Profiles used in Practice. For two wheels gear¬ 
ing together, the profile of a tooth on one wheel is arbitrary, 
providing the profile of the mating tooth is made to satisfy 
the condition outlined in § 82. For manufacturing purposes 
the profiles must be of some form which is capable of repro¬ 
duction on machines. In practice it is found that two 
geometrical curves, the cycloid and the involute, fulfil the 
necessary conditions. 


§ 84. Cycloidal Curves. A cycloid is the path traced out 
by a point on a circle which rolls without slipping over a 
straight line. Profiles generated in this manner are used for 
rack teeth. For wheel teeth the profile used is that obtained 
when generating circles roll inside and outside the pitch circle 
of a particular wheel. These curves are oalled hypocycloid 
and epicycloid respectively. In Fig. 57, let ABC represent 
the pitch circle of a wheel whose centre is at O, A rolling 
circle a, rolling on the inside of the pitch circle, will generate 
the hypocycloid AEB, a small portion of which, near the 
pitch circle, is used for the profile of the flank of the tooth. 
The tracing point E, on the rolling circle, coincides with A 
when the rolling circle is in its initial position and with B when 
in its final position. Since the circle roils without slipping, the 
arc AD on the pitch circle is equal to the arc ED on the roll¬ 
ing circle, and it is a property of the cycloid that the line ED 
is normal to the curve; this normal, therefore, always passes 
through the pitch point, if D is regarded as the pitch point. 

The face of the tooth may be generated by a rolling circle 
of different diameter, such as 6, rolling on the outside of 
the pitch circle. The epicycloid generated in this manner is 
shown in Fig. 57 by BFC. Commencing at B, the tracing 
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point F coincides with B when the rolling circle is in its 
original position and with O when in its final position. Again 
the arc BO = arc OF and FG is normal to the epicycloid. 

It will be noticed that the contour of the tooth changes at 
the pitch circle and for this reason cycloidal teeth are often 
termed double curve teeth. It might be mentioned here that 



cycloidal teeth are rarely used in modern practice, particularly 
in machine-cut gears, but they are sometimes met with in 
cast gears. 

For two cycloidal gears to gear correctly, the face of a tooth 
on one wheel must he generated by the same size of rolling 
circle as that which generates the flank of the mating tooth. 
For a number of gears to be interchangeable the same size 
of rolling circle must be used throughout for generating the 
faces and flanks. 

§ 85. Involute Curve. When a straight line rolls without 
slipping over the circumference of a circle, a point on the 
straight line describes an involute. Alternatively, an involute 
is the path traced out by a point on the extremity of a taut 
string which is unwound from a circle. In Fig. 58, let a repre- 
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sent the pitch circle of a wheel and AO a circle of lesser 
diameter called the base circle. Let BO represent the position 
of a line rolling over the circumference of the base circle. 
The tracing point B in its original position coincides with A, 
moves through the point B, and, on further rolling, through 
D. The path ABD is an involute and a small portion of the 



o 


Fig. 68. 

involute near the base circle is used for the tooth profile. The 
arc AC — length of string unwound BC, and it is a property 
of the involute that BC is normal to the curve, since, for the 
given figuration, G may be regarded as the instantaneous 
centre of rotation of B, and the motion of B must be per¬ 
pendicular to BO. The profile of the tooth is a single curve, 
and involute teeth are often termed single curve teeth. 

The use of involute teeth has almost entirely superseded 
that of cycloidal shape, owing to the ease of standardization, 
manufacture, cost of production, etc. In modern practice 
teeth are automatically generated, and one cutter or tool 
suffices for a complete set of interchangeable gears. All gears 
v ill gear with their corresponding rack, and hence by making 
the cutter in the form of a rack, This cutter will generate, 
■when used m suitable generating machines, correct gears for 
any conveniently sized wheel. Further, the teeth of an in¬ 
volute rack are straight, and cutters of this form can be made 
to a high degree of accuracy. 
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§ 86. Angle of Obliquity. In Fig. 59, let a and b be the 
pitch circles of two gears whose centres are at A and B re¬ 
spectively. Let AD and BC be the radii of the base circles, 
these being drawn such that the common tangent CD passes 
through the pitch point 0. Then the profile of a tooth on 
a in contact with the profile of a tooth on b will have the 



common point of contact on CD, since the normal to the two 
curves must pass through the pitch point. In other words 
the common normal to two teeth in contact is tangential to 
both base circles and is constant in direction, giving a con¬ 
stant angle of obliquity. 

This property is of great practical importance since it 
means that the direction of pressure between teeth is always 
constant. For this reason the angle of obliquity is often called 
the pressure angle. The greater the relative difference between 
the base and pitch circles, the greater is the pressure angle. 
The angle of obliquity or pressure angle adopted by many 
firms in this country is 14|°, though it has beon found advan¬ 
tageous in some cases to increase this to as much as 221°. 
In praotice, then, the angle of obliquity is rarely loss than 
14|° and seldom greater than 22 j°. When the pressure angle 
exceeds 22}° the loss due to friction becomes excessive. 
Generally speaking, the smaller angle should not be used for 
gears of approximately equal size. 
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§ 87. Diameter of Base Circle. When the pressure angle 
is decided upon, the diameter of the base cirole readily follows. 
In Fig. 59 AD is the radius of the base circle for wheel a, and 
AD — OA cos <f>. 

Diameter of base circle = pitch diameter X cos pressure 
angle. 

For a pressure angle of 14|°, cos 14J° = 0-96815. 

„ „ „ 22|°, cos 22|° = 0-92388. 

The pressure angle recommended by the British Standards 
Institution is 20°. 

§88. Variation of Distance between Wheel Centres. 

Since the common normal to two teeth in contact passes 
through the pitch point and is tangential to both base circles, 
the distance between the centres of the wheels may bo in¬ 
creased slightly without affecting the transmission of uniform 
motion. Increasing the distance between the centres auto¬ 
matically increases the pressure angle, though hut slightly, 
but the line of pressure or line of action still passes through 
the pitch point. This important characteristic is peculiar to 
involute teeth and is not possessed by cycloidal teeth. 

§89. Internal Involute Gears. A pinion gearing with an 
internal gear rotates in the same direction. With internal 
gears the pinion cannot of course be made equal in size to the 
wheel, and the best results are obtained when there is a con¬ 
siderable difference between the pitch diameters of wheel and 
pinion. In special cases, however, pinions have been made 
in which the difference is small—a difference of perhaps three 
or more teeth, 

It might at first be thought impossible to construct an in¬ 
volute inside a wheel, but if the shape of the tooth space of 
an internal gear is made identical with the tooth profile of 
an external gear of an equal number of teeth, this difficulty 
is overcome. 

§90. Length of Line of Action, The length of the line of 
action is readily determined by finding the point of intersection 
of the pressure line, ox line of aotion, with the addendum circle. 

§91. Involute Rack. The teeth of an involute rack have 
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straight faces whose normals are inclined at the required 
pressure angle to the pitch line of the rack. The faces of the 
teeth are inclined at the same angle to the base of the rack as 
shown in Pig. 60 , in which the pitch line is represented by AB. 



§ 92. Choice of Rolling Circle for Cycloidal Teeth. 

When generating the flank of a cycloidal tooth, the size of the 
rolling circle, rolling inside the pitch circle, determines the 
shape of the tooth at the root; and since the shape at the root 
determines the strength of the tooth to resist bending action, 



the choice of size of rolling circle is an important matter. In 
Fig. 61 (a), ABC represents the pitch circle for a gear wheel 
and a the rolling circle to generate the flank. In this case the 
diameter of the rolling circle is greater than the radius of the 
pitch circle, and the resulting hypocycloid is ABB. It will 
be seen that the tooth profile narrows from the pitch line to 
the root, giving a weak form of tooth. 

In ( b ) the diameter of the rolling circle a is equal to the 
radius of the pitch circle, and the resulting hypocycloid is a 
diameter ABB. The flank, from the pitch circle to the root, 
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is a straight line which is radial, and the tooth is said to have 

radial flanks. 

In (c) the rolling circle a is less than the radius of the pitch 
circle, and part of the hypocycloid ADB is used for the flank, 
from which it is seen that this gives the strongest form of 
tooth. In general, the diameter of the rolling circle must be 
kept small compared with the pitch circle. In practice, the 
rolling circle cannot be made too small on account of the 
increase in the maximum angle of obliquity or pressure angle. 
For a set of interchangeable gears it is usual to make the 
diameter of the rolling circle equal to the radius of the smallest 
pitch circle. 

§ 93, Path of Contact of Two Cycloidal Teeth. Refer¬ 
ring to Fig. 57, the epicycloid BFC is the path traced out by 
a point F on the rolling circle b, rolling on the outside of the 
pitch circle ABC\ hence the point of contact, on the face of 
the tooth, with a point on the flank of the mating tooth must 
lie on the rolling circle. The movement of the rolling circle 
is relative to the pitch circle, and as the pitch circle rotates 
the rolling circle must move with the pitch circle, and the 
point of contact thus moves. Referring to Fig. 55, the com¬ 
mon normal to the profiles of two teeth in contact passes 
through the pitch point, hence the common normal cuts each 
curve of tooth profile at its point of intersection with the 
rolling circle, i.e. the point of contact is along the aro of the 
rolling circle when a point on the rolling circle coincides with 
the pitch point. It follows then that the angle of obliquity is 
variable, having a maximum value for the position in which 
the rolling circle (in oontact with the pitch point) cuts the 
addendum circle. 

To illustrate these points further, consider Fig. 62, in which 
bb and cc are two pitch circles of which cc is the driver. The 
rolling circle a is shown in contact with the pitoh point 0. 
The circles dd and ee are the addenda circles of the pitoh 
circles bb and cc respectively. The traoing point P on the 
rolling circle traces out the epicycloid FP on pitch circle bb 
and traces the hypocycloid EP on the pitch circle cc. P is the 
point of contact of the tooth profiles when two teeth are just 
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coming into gear, The line of pressure is along OP and the 
angle of obliquity or pressure angle is POQ. When E and F 
coincide at 0 , the line of pressure is along OQ, showing that 
the obliquity has altered from the angle POQ to zero. The 
path of contact is along the arc PO, since the common normal 
cuts each tooth profile at its intersection with the rolling 
circle, and the complete path of contact is POP v 



Pig. 62. 


Since the arc PO = arc FO = arc EO and the point of con¬ 
tact follows the arc PO, the arc PO or EO is the length of the 
path of contact when the teeth are approaching the central 
position. The arc EO is known as the arc of approach. The 
arc of recess is a corresponding arc on bb on the opposite side 
of 0 , which is equal to OP v If two teeth are always to be in 
contact, the arc of contact (which is the arc of approach plus 
the arc of recess) should be twice the circular pitch. 

§ 94. Velocity Ratio of Two Bevel Gears. Bevel gears 
are used to gear two shafts whose axes meet and which are 
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in one plane. In Fig. 63, let OA and OB represent two axes 
in one plane meeting at O, which is known as the apex. The 
motion between the two axes can be transmitted by cones 
FOD and DOG, but only the frusta are used as shown in the 
figure. The formation of teeth on the cones to prevent slipping 
converts the frusta into bevel gears. The cones are ‘backed’ 
by extra metal to enable teeth to be cut. 


F 



0 


Pig. 03. 

Let 8 = angle between the axes of the shafts = angle AOB, 

8 1 = semi angle of cone on axis OA, 

82 = semi-angle of cone on axis OB, 

Wj = angular speed of cone on axis OA, 
a> 2 = angular speed of cone on axis OB 
= no. of teeth on bevel on axis OA. 

T 2 = no. of teeth on bevel on axis OB, 

then 

. CD = a> 2 . ED, since the cones roll without slipping 

. a>2 _ CD 

Co, ED 

Now, 

CR-9P - • a 1 sin#! 

ED OD X ED~ OF X m~ SmtilX ^X~ sin 6 t ' 
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oi a __ sin _ N a 2\ 
ujl sin0 2 N x %’ 

When the two shafts are at right angles to each other and 
rotate at equal speeds, the bevel wheels have equal numbers 
of teeth, and the gears are known as mitre gears. 



§ 95. Definitions for Bevel Gears. The pitch angle is 
the angle between the pitch cone and the axis. In Fig. 64, OA 
represents the axis of a bevel gear, OB is the pitch cone. The 
angle BOG is the pitch angle, indicated by 6. 

The pitch diameter is the diameter of the largest part of 
the pitch cone, i.e. d = 2 BC. 

The face angle is the angle between the outside face of the 
bevel FO and the axis, i.e. angle FOG. 

The top angle is the angle between the outside face of the 
bevel and the pitch cone, i.e. angle FOB — a. The face angle 
is thus equal to the pitch angle plus the top angle. 

The bottom angle is the angle between the pitch cone 
surface OB and the bottom of the teeth GO. 

The apex distance a is measured from the apex to the back 
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edge OF. The back edge is at right angles to the pitch cone 
surface OB. 

The outside diameter is the maximum diameter D measured 
to the extreme tip of the teeth at F. 

From the geometry of Fig. 64, the following relations hold; 


Apex distance, 

Top angle, 

addendum 

tan oi = -f—- 

apex distance 


d 

2 sin 9 ' 


FB 

a 


—, where m — module pitoh. 
a 


1,0 dedendum 

Bottom angle, tan 8 = ——-r—- 

apex distance 

Face angle = pitch angle-(-top angle. 

Outside diameter = pitch diameter-)- 2 X addendum X cos 8, 


= d-t-2mcos#. 


The proportions of bevel teeth are calculated from a normal 
section as seen on the back edge FO. The true shape of the 
teeth can be seen by developing the back edge, that is, by 
projecting FQ to meet the axis at A. A circular arc drawn 
with AB as radius is the development of the pitch diameter, 
and the addendum and dedendum are set out above and 
below this circular arc respectively. In the figure, FB is equal 
to the addendum and BO the dedendum. 


§ 96. Helical Gearing. Ordinary spur gears with teeth 
parallel to the axis are not suitable for high speeds, owing to 
the action of the teeth being somewhat irregular and thus 
causing noise and vibration. This irregular action can be 
remedied to a certain extent by using several gear disks 
fastened together in such a manner that each disk is slightly 
in advance of the previous one, as shown in Fig, 65. A wheel 
obtained m this manner is a stepped wheel. A single helical 
wheel is a development from this idea by diminishing the 
thickness of the disks until ultimately the resulting teeth are 
replaced by continuous teeth, which are inclined to the axis 
of the wheel. If the angle of inclination is correctly chosen 
together with a suitable width of face, it is possible to obtain 
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continuous pitch-line contact. This continuous pitch-line 
contact ensures much smoother running characteristics, as 
part of the load is always being transmitted at the pitch line, 



In Fig. 60 an elevation of a helical gear is shown in which 
the teeth are inclined to the axis at an angle 9, called the 
spiral angle. It will be readily seen that the true shape of 
a tooth is that perpendicular to the line of inclination of the 
tooth. When cutting helical teeth with a rotary cutter, the 
cutter is inclined to the axis of the wheel to suit the spiral 
angle, and the pitch of the cutter has to be designed to suit 
the normal pitch of the teeth, which is always smaller thin 
the circular pitch. The normal pitch is the shortest distance 
measured along the pitch line between corresponding points 
on adjacent teeth. 
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Let p n ~ normal pitch, 

p = circular pitch; 
then p n = pcoa8. 

The circular pitch p multiplied by the number of teeth is 
equal to the circumference of the pitch circle; 
or pxT = ird. 

The normal pitch can be expressed in terms of the dia¬ 
metral or module pitch; thus 

s 

5,1 cos 9’ 


m n = m cos 6. 

The addendum is measured by the normal module and in 
magnitude is m n . 

The minimum width of face to ensure continuity of pitch¬ 
line contact is readily found from the triangle ABO, Fig. 66, 
in which the point B will be just commencing pitch-line con¬ 
tact as A is just finishing. 


or 


AB tand = BO, 

i tj iv . . .,,, circular pitch 

AB, the minimum width = — — - , ■ 

tan spiral angle 


A single helical gear of one hand must gear with one of the 
opposite hand. 


§97. Double Helical Gearing. One of the disadvantages 
of single helical gearing is the provision that must be made 
for side thrust. The tangential pressure on the pitch line 
induces a pressure or side thrust parallel to the axis, and the 
magnitude depends upon the spiral angle. In practice this 
disadvantage is overcome by using two helical wheels of 
opposite hand side by side, gearing with corresponding helical 
wheels, or more conveniently by using double helical wheels 
in which the side thrusts balance each other. Such a gear is 
shown in Fig, 67. Gears of this nature have proved so success¬ 
ful in practice in transmitting heavy loads at high speeds, that 
they are very largely used on all classes of high and low speed 
gears. Speeds up to 10,000 ft. per min. have been used and 
single units of over 20,000 horse-power have been constructed. 
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The manufacture of double helical gears has now reached 
a very high degree of accuracy and the teeth can be cut by 
one of several methods, including milling, planing, and hob- 
bing. Continuous teeth cannot be cut by the milling and 
hobbing methods, but by cutting away the centre portion 
where the teeth of the opposite hand meet, these methods can 
be successfully used. Double helical gears without a central 
gap can be cut by means of an end mill, but as it is of neces¬ 
sity small in diameter and has few cutting edges, it is subject 



Fig. 67. 


to rapid wear; more recent methods introduced for cutting 
‘dead end’ double helical teeth are by planing by means of 
rack cutters or by circular cutters in the form of pinions. The 
provision of a central gap greatly facilitates production and 
is not very detrimental when the face of the gear exceeds 
five times the circular pitch. 

§ 98. Spiral Gearing. Two shafts in parallel planes whose 
axes do not meet, but which are inclined at an angle to each 
other, may be connected by spiral gearing. A helical gear can 
be used as a spiral gear and vice versa, if the mating gear is 
made to suit. 

Let p — circular pitch, 

r p n = normal pitch, 

6 = spiral angle, 

T = number of teeth, 

d, — diameter of pitch circle. 
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Then, from what has been said about helical teeth, 
pT = Trd and p n — pcoaO. 

*'■ = nd - 
cos 8 

From this latter equation it is seen that the pitch diameter 
may be altered by altering the spiral angle without affecting 



a 


Fig. 68. 


the number of teeth. For two spirals in gear the normal pitch 
must be the same, but the circular pitches may be, and quite 
often are, different. The diameters of the pitch cylinders do 
not affect the velocity ratio, which depends directly upon 
the number of teeth. 

Referring to Fig. 68, let AB and CD represent two axes in 
parallel planes, the axes not meeting and inclined to each 
other. The cylinders a and b represent the pitch cylinders 
whose point of contact is at O. For a given velocity ratio 
the possible variables make the problem of determining the 
necessary dimensions more difficult. In general there are 
two methods of attack: 

(1) To assume a spiral angle for each cylinder and solve 

for the pitch diameters. 

(2) To assume the pitch diameters and solve for spiral 

angles. 
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Further, any number of solutions may be obtained by using 
different spiral angles, the only condition to be satisfied in 
this ease being that if the spirals are of the same hand, the 
sum of the spiral angles must be equal to the angle between 
the two shafts. Usually the method of solution is to assume 
spiral angles to fulfil this condition and solve for the pitch 
diameters. 

Let a — angle between the shafts, 
p n = normal pitch, 
p — circular pitch, 
cl 1 = diameter of pitch cylinder a, 
d 1 — diameter of pitch cylinder b, 

8 X = spiral angle of a, 

0 2 = spiral angle of b, 

l — shortest distance between shaft centres, 

T x — number of teeth on a, 

T 2 — number of teeth on b, 
co 1 = angular speed of a, 
cu a — angular speed of 6. 


Then, 

p n = p cos 0, 

and 


Butp„ 

must be the same for both spirals. 


. cos 0 1 d 2 cos 0 2 . 


1! 

also 

T 2 d t cos do 
w 2 T x d 1 cos6 1 ’ 

and 

II 

■xTI« 

+ 


An example will perhaps make this clear. 

Example 2. Two axes are to be connected by spiral gearing. 
The shortest distance between the axes is 8 in., the axes are 
inclined at an angle of 70°, and the velocity ratio is 3. Find 
suitable pitch diameters. 

Any number of solutions may be obtained by making 
8i+0 2 = 70°. 
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also 


and 
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6 1 = 30°, 0 2 = 40°. 

wj _ _ _ 3, _ dacosflj 


■ J=3x C °^: = 3-392: 
4 , cob 40 

dj-i-d 2 — 16. 

d 1 +3-392d 1 = 16 

«&! = 3-643 in. 

d„ = 16-3-643 = 12-357 in. 


(2) Alternative solution: 


Assume 

Then 


and 


^ _ w 2 WWUVj 


0J 2 


2\ c^cos^’ 
cos 40° 


t = 3x-£; = 2-663, 
dx cos 30° 

d 1 +2-653d, = 16. 

= 4-380 in. 

<f 2 = 11-620 in. 


When two spirals are of opposite hand the difference be¬ 
tween their spiral angles must be equal to the angle between 
their shafts. For two shafts at 90° both spirals must be of 
the same hand. In practice, spirals must be designed for 
standard normal pitches. 


§ 99. Worm Gearing. A worm gear is a particular form 
of spiral gear, in which the larger wheel has a hollow face so 
as to allow the teeth to envelop a portion of the pitch diameter 
of the other gear. In worm gearing the smaller wheel, usually 
called the worm, has a large spiral angle, and it is usual to 
express the inclination of the teeth as lead angle, which is 
complementary to the spiral angle. In most types of worm 
gears the worm and the worm wheel are at right angles. 

The worm becomes a form of screw thread as shown in 
Fig. 69. The contour of a tooth on the worm is straight sided, 
the side being inclined at an angle corresponding to the pres¬ 
sure angle, which is usually 141° for lead angles up to 20°. 
For greater lead angles the pressure angle is increased. Single 


'i&. 
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worms have one continuous thread, double-threaded worms 
have two continuous threads or two starts. Worms may be 
constructed with as many as ten starts. The greater the 
number of starts, the greater the lead angle, other conditions 
being equal. In rear axle transmission of motor-cars worms 
of four starts are commonly used. It is found in practice that 
the most efficient worm gears are those in which the lead 
angle is high, that is, from 40° to 45°. By having a multiple 
number of starts the worm wheel may be made less for a given 
velocity ratio. 



pressure; ancle 
Fig. 69. 


Linear pitch is the distance measured along the pitch line 
between corresponding points on the adjacent threads. This 
is shown as p in Fig. 69. 

The circular pitch is the distance, measured along the pitch 
circle of the worm wheel, between corresponding points on 
adjacent teeth. For ordinary worm gears in which the axis 
of the worm is at right angles to the worm wheel, the circular 
pitch is equal to the linear pitch. The dimensions of teeth 
both of worm and worm wheel must be calculated from the 
normal pitch. 

The lead angle is the angle between the thread of the worm 
and a line perpendicular to the axis. This angle is the com¬ 
plement of the spiral angle. 
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The lead of the worm (which must be carefully distinguished 
from linear pitch) is the distance measured along the pitch 
line between corresponding points on the same thread. Alter¬ 
natively the lead is the linear pitch multiplied by the number 
of threads or starts. 

For single-threaded worms the velocity ratio is equal to the 
number of teeth on the worm wheel; for double-threaded 
worms it is half the number of teeth. 

In the manufacture of worm gearing, or indeed of any class 
of gearing, special precautions and refinements are made to 
ensure smoothness and accuracy. These points cannot very 
well be dealt with here, and the student is referred to the 
many special books on wheel teeth and gearing. 

EXERCISES. VI 

1. Explain why involute and cycloidal curves give suitable shapes 
for the profiles of the teeth of gear wheels. 

2. Show that involute teeth will gear correotly when the distance 
between the centres of two gear wheels varies slightly. 

3. Prove that the condition that the velocity ratio between two 
toothed wheels should be constant is that the common normal at the 
point of contact of the two teeth must pass through the point of 
contact of the two pitch circles. 

Show that, when teeth of involute or cycloidal form are employed, 
this condition is satisfied. 

4. Define the following terms: cycloidal and involute teeth (which 

are most used, and why ?), rolling cirole, addendum, addendum circle, 
pitch line, are of recess, arc of approach, line of action, Show that 
with involute teeth the line of action is a straight line tangent to the 
base circles. [Inst. 0. E.] 

5. Explain tlie oause of noise, vibration, or wear of wheel teoth. 

0. What conditions have to be satisfied in the design of the teeth 
in wheel trains for screw-cutting machinery ? 

Discuss the essential differences (practical) between such teeth and 
those used in double reduction gear for turbine engines. [I. Mach. E.] 

7. Two parallel shafts are to be geared by toothed gearing so that 
the velocity ratio of the shafts is 3 to 1 and the distance between the 
shafts is to be as near as possible 14 in. Determine the pitch-circle 
diameters and the number of teeth on the spur and pinion wheels. 
The number of teeth on the pinion must not be less than 12. 

Draw the true shape of an involute tooth on the pinion, choosing 
an angle of obliquity of 22£°. [/. Mech. 25.] 



TOOTHED GEAR WHEELS AND GEARING 


135 


8. The pitch-circle diameter of a spur wheel is 8 in. and there are 16 

involute teeth If in. wide. The angle of obliquity of thrust is 20°. 
Make a full-size drawing of the profile of a tooth. [I. Meek. E.] 

9. Two parallel shafts, the axes of which are 2 in. apart, are to he 

connected by internal toothed gearing. The required velocity ratio 
is 2, the pinion is to have 12 involute teeth, and the angle of obliquity 
is to be 20°. Design the gearing, showing enough in your drawing to 
determine the true shape of the teeth. [I. Mech. E,] 

10. Two shafts in the same plane but at right angles are to be 

connected by bevel wheels, The velocity ratio is to be 2. The pitch 
diameter of the smaller bevel is 5 in. and the number of teeth 15. 
Sketch these bevel wheels, and show how you would determine the 
shape of the involute teeth. [7. Mech. E.] 

11. The least distance between two shafts which are inclined 60° to 

each other is 14 in. Design screw (spiral) gearing which will give a 
velocity ratio for these shafts of 3 to 1. \I. Mech. E .] 

12. A shaft running at 100 revs, per min. drives another at 300rova. 
per min. The distance between the axes of the shafts is 3 ft. 

Find the diameter of the pitch circles of the gear wheels required. 

13. Find the diameter of the pitch circle of a wheel of 36 teeth 
when (a) the circular pitch is If in., (6) the diametral pitch is If, 
(c) the module pitch is 0-0. 

14. Two parallel shafts, the axes of whioh are about 4 ft. apart, aro 
to be connected by a pair of toothed wheels so that one shall rotate 
3f times as fast as the other. If the diametral pitch is If, find the 
number of teeth in each wheel and the exact distance between the 
centres of the shafts. 

If the distance between the shaft centres is to be accurately 4 ft., 
what is the actual velocity ratio ? 

16- Two shafts whose axes aTe parallel are to be connected by a 
pair of toothed wheels. The velocity ratio between the shafts is to be 
3*3 and the diametral pitch 2f. The approximate distance between 
the centres of the shafts is 26 in. Find the number of teeth in each 
wheel and the actual distance apart of the centres of the two shafts. 

If the distance between the centres is to be within If per cent, of 
25 in., what modification of the diametral pitch and numbers of teeth 
is necessary so that the velocity ratio may still be 3'3 ? 

16. What are the conditions which must be satisfied by the curves 

whioh form the profiles of wheel teeth in order that the angular 
velocity ratio between the wheels may be constant ? Point out the 
advantages of involute teeth, and show how to set out the profile of 
the tooth for a given obliquity. [Land. B.Sc .] 

17. State and prove the essential condition that wheel teeth may 
give a constant velocity ratio. Two spur wheels have 40 and 60 teeth 
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of 1 in. pitch, the arcs of approach and recesB each being § in., and the 
flanks of the teeth radial. Determine the length of the addendum of 
the teeth on each wheel. [Land, B.Sc,] 

18. In a spiral gear drive tho slope of the teeth on the driving- 

wheel A has been fixed at 50°. Tho normal pitch of the teeth is £ in. 
and the wheel A runs at twice the speed of the driven wheel B. The 
shafts are at right angles and the distance between their centres is 
approximately 7 in. Determine tho dimensions of suitable wheels for 
this drive, giving for each wheel (a) tho number of teeth, ( b ) the slope 
of the teeth, (c) the circular pitch, {d) the pitch diameter. Give also 
the correct distance between the wheel centres. [Lond. B.Sc,] 

19. Find the number and pitch of the teeth of two toothed wheels 
to transmit a velocity ratio of 4 to I between two shafts whose centres 
are approximately 25| in. apart. The following conditions must be 
satisfied: (a) a standard diametral pitch must be ohosen from amongst 
the values 1, l£, 1£, If, 2, 2f, 2£, 3, and 3£; (b) tho actual distance 
between the shaft centres must not vary more than 1 per cent, of that 
given; and (c) the number of teeth must be as small as possible. 

[Lond. B.Sc.] 

20. A spur wheel of 120 teeth drives another spur wheel of 40 teeth, 

and the pitch of the teeth is 1 in. The flanks of the teeth of each 
wheel are radially straight and tho arcs of approach and recess are 
each equal to the pitch. Find the heights of the teeth in the two 
wheels above the pitch circles. [Lond. B.Sc.] 

21. The lay shaft of a two-speed gear box carries two gear wheels 
A and B. The propeller shaft, parallel to the lay shaft, carries two 
sliding gears G and D which can gear respectively with A and B to 
give two speeds to the propeller shaft. The distanoe between the shaft 
centres is 8f in. The speed of the lay shaft is 3,000 revs, per min. 
and the speed of the propeller shaft is to be exactly 660 revs, per 
min. when A and C are in gear and as nearly as possible 420 revs, 
per min. when B and D are in gear. 

If the least number of teeth on any wheel is not to be less than 20 
and the greatest number of teeth on the smaller wheels is not to ex¬ 
ceed 40, find suitable tooth numbers and diametral pitches, 

[Lend. B.Sc.] 

22. A shaft running at 600 revs, per min. carries two gear wheels 
A and B. A second shaft parallel to the first carries two sliding gears 
C and D which gear with A and B respectively to give two speeds to 
the seoond shaft. The speeds of the second shaft are to be 376 exactly 
and approximately 220 revs, per min. The distance between the 
shaft centres is approximately 6| in, and a diametral pitch of 4 can 
be used on all gears. 

Find suitable teeth numbers for all gears and give the exact 
distance between the shafts. [Lond, B.Sc.] 
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WHEEL COMBINATIONS AND 
EPICYCLIC GEARS 

§ 100. Wheel Trains. Two or more gear wheels gearing 
together constitute a wheel combination or -train of wheels. 
The velocity ratio between two wheels in gear has already 
been investigated in the preceding chapter, and by an ex¬ 
tension of this method the velocity ratio for a number of 
wheels in gear may be easily found. The velocity ratio, or 
ratio of the speed of the last wheel of the train to the first 
wheel, is often referred to as the value of the train or gear 
ratio. 

Ordinary gear trains may be divided into two classes, simple 
and compound. Ordinary gear trains are those in which the 
axes of the various gears are fixed relative to each other. A 
simple train of gears is one in which each axis carries only 
one wheel; a compound train of gears has one or more axes 
on which two wheels may rotate together. In an epicyclio 
wheel train one or more of the axes may move relative to a 
fixed axis. 



§ 101. Simple Trains of Wheels. In Fig. 70 the two 
circles represent two wheels in gear, thus constituting a simple 
train. Assuming wheel 1 to he the driver, wheel 2 is the fol¬ 
lower, and using the usual notation of w for angular speed in 
radians per second, N for revolutions per minute, and T for 

number of teeth, the value of the train is —? _ _L, In practice 

A 

it is more convenient to work in revolutions per minute and 
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N T 

this ratio becomes the wheels rotate in opposite 

JSi J-2 

directions. In Fig. 71 we have a simple train of three wheels, 
from which N T N T 

vv — wr and = J. 






K 


f 3 _ v — = — 

m ^ m m ' 


N, T a a T 3 T. 



The velocity ratio is equal to the ratio of the number of 
teeth in the first and last wheels respectively, being indepen¬ 
dent of the number of teeth in the intermediate wheel. It will 
be noticed, however, that the last wheel rotates in the same 
direction as the first wheel. Wheel 2, having no influence 
upon the velocity ratio, is called an idle wheel. Any number 
of wheels may be placed between the first and last wheels 
without altering the velocity ratio; the direction of rotation 
of the last wheel will be the same as that of the driver if the 
number of intermediate wheels is odd, and of opposite direc¬ 
tion if the number is even. 

Let x stand for last wheel. 




13 

_“ V* ^ * y 

m A A f-f a A 


Ti 


T x ^ 


T x ~T X - 


§ 102. Compound Train of Gears. A compound train 
of gears is shown in Fig. 72, in which wheel 1 is the driver, 
wheels 2 and 3 form a compound wheel since they rotate 
together, and wheel 4 is the last wheel. 

Ty K T, 
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Wheel 1 being the driver, wheel 2 may be regarded as a 
follower, and wheels 3 and 4 may be regarded also as driver 
and follower respectively. 



Then 

N t _ T x xT a product of numbers of teeth on drivers 
jVj — T s X product of numbers of teeth on followers' 



Fig. 73. 

§ 103. Back-gear of Lathe Headstock. The arrange¬ 
ment of the back-gear of a lathe headstock is an example of a 
compound train of wheels. In Fig. 73, a is the spindle of the 
lathe upon which is keyed a large gear wheel A. The cone 
pulley E, to which is attached a pinion D, can rotate freely on 
the spindle a. Gearing with A and D are two wheels B and 
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C mounted upon the same hollow shaft so that thoy rotate at 
the same speed; this shaft rotates on an arbor which has its 
ends turned eccentric with the axis, so that when the arbor 
is turned through a given angle the gears B and G may be 
disengaged from the gears A and D, in which case the back- 
gear is said to be ‘out’. 

The cone E is driven from a corresponding cone on the 
countershaft, and when the back-gear is out the cone pulley 
E is fastened to the wheel A by an adjustable bolt. With 
the four possible positions of the belt on the cone there are 
four spindle speeds. When the back-gear is ‘in’, the cone 
pulley E is disengaged from A and the drive is now from D 
to C and from B to A. There aro four possible speeds with the 
back-gear in, making eight speeds in all. The velocity ratio 
when the back-gear is in is 

_ °>a T d xT b 

Njo ^>d To X T a 

§ 104. All-geared Headstock. Modem lathes aro fre¬ 
quently designed with an all-geared headstock in which the 
use of cone pulleys is dispensed with. In Fig. 74 a diagram¬ 
matic plan arrangement is shown of an all-geared headstock, 
for giving twelve different spindle speeds. The main spindle 
is e on the axis c. An axis b is parallel to c, and in the actual 
headstock an axis a is above and parallel to the axis b; for 
convenience, in the figure, the axis a is shown in the same 
plane as 6 and c. Another axis d parallel to a is in the front 
of the headstock. 

The gears A and B are fastened together and are driven at 
constant speed by a motor. The gears A and B can be moved 
along the axis of a so that A gears with G as shown, or B can 
gear with D, or they may be in neutral, i.e. neither A nor B 
is in gear. The gears 0, D, E, F, and G are all keyed to the 
same shaft whose axis is b, and all the gears rotate together. 
The gears J, K , and L are keyed to a hollow sleeve / along 
which they can slide so that L may gear with F as shown, 
or K gear with G, or J gear with E. Keyed to the same sleeve 
is a gear wheel H which does not move along the axis. The 
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wheel I is keyed to the main spindle e and by means of a 
clutch I may rotate with H or it may rotate independently 
of H. The wheels M and N are equivalent to a ‘back-gear’ 
and may be thrown in or out of gear with H and I respec¬ 
tively; when M and N are in gear I is not clutched to H, 
but when M and N are out of gear I is clutched to H. 



Fig. 74, 


For the given position of the gears, the drive is from A 
to <7; F to L\ H to M\ and N to I. If the gears M and 
N are out, the drive is from A to C\ F to L and II, thence 
direct to I. 

The gears A and B run at a constant speed of 400 revs, per 
min., hence for the given position of the'gears, the speed of /, 
which is the speed of the main spindle e, 


= 400 X 'yA x x Fa 


Tip Tut Tjq 


X 


' m ^ m s' m ’ m 
i O X L X M S 1 

The numbers of teeth on the wheels are A, 26; B, 20; 0, 
64; D, 60; E, 59; F, 39; G, 23; H, 26; I, 51; J, 68; K, 104; 
L, 88; M, 62; and N, 15. 




142 PRINCIPLES OF MECHANISM 

speed of spindle e = 400 X X gg X || X ^ = 10-53 revs, 
per min. 

The spindle speed for other positions of the gears may be 
readily calculated in a similar way. These are shown in 
tabular form below. 


Wheels in gear 

Speed of spindle e 

ACEJ 

400xffx» 

= 

107-1 

BDEJ 

400 XX Sf 


115-7 

AOFL 

mxttxU 

= 

85-35 

BDFL 

4ooxHxf-2- 

= 

59-10 

AGOK 


= 

42-60 

BDGK 

400xMxf l <fe 

= 

29-50 

ACEJHMNJ 

400x«x||x|txtt 

= 

20-00 

BDEJHMNI 

400x»X«xJlx*f 

= 

14-27 

AGFLHMNJ 

400x|fxf|x|fxjf 

= 

10-53 

BDFLHMNI 

400xf|xf|xMx^ 

as 

7-29 

ACGKHMNI 

400xHxA*fxMxH 

= 

5-25 

BDGKHMNI 

| 400x!$x 1 ^ r x^xH 

= 

3-64 


With the ‘back-gear’ out there are three speeds when A 
gears with C and three when B gears with D. Similarly, 
there are six speeds with ‘back-gear’ in, giving twelve speeds 
in all. 

§105. Gear Trains for Screw-cutting, Lathes. A screw¬ 
cutting lathe may be used for cutting screw threads on a shaft 
or spindle. The given shaft is placed between the lathe 
centres and made to rotate at the same speed fts the main 
spindle of the lathe. The saddle of the lathe, to which is 
rigidly attached the cutting tool, is caused to move at a given 
speed by means of a split nut on the saddle engaging with 
a screw which rotates; this screw is termed the lead screw, 
and in length is almost equal to the length of the lathe bed. 
The lead screw is geared to the main spindle by gearing, and 
in order to cut a variety of threads this gearing must be 
capable of being altered in such a manner as to give the 
required velocity ratio between the main spindle and the lead 
screw. Screw threads may be right or left hand, and accord- 
ingly the lathe must be capable of producing either of these. 
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The lead screw may be right or left hand, usually right, and 
to cut a right-hand screw the cutting tool must travel towards 
the fast headstock as the work in the lathe rotates. To cut 
a left-hand screw the cutting tool must travel in the opposite 
direction. A right-hand lead screw requires to turn in the same 
direction as the machine spindle to cut a right-hand thread. 
To construct sets of gears which will give any required 
velocity ratio between the main spindle and the lead screw, 
a set of change wheels is usually provided. A set of change 
wheels usually has wheels with 20, 25, 30, etc., teeth, going 
up in 6’s to about 120. Very often two CO- or two 60-toothed 
wheels are supplied, as these facilitate the construction of a 
gear train. 



In Fig. 75, let wheels 1, 2, 3, and 4 represent a compound 
train of wheels, arranged for cutting screw threads, Wheel 
4 is attached to the lead screw, wheel 1 to the main spindle, 
wheels 2 and 3 are compound. 

Let n = number of threads per inch to be cut, 

l = number of threads per inch on lead screw. 

Whilst the cutting tool travels one inch the lead screw 
must make l revolutions and the main spindle n revolutions. 
Hence l revolutions of the lead screw are made in the same 
time as n revolutions of the main spindle. Hence the velocity 
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ratio between the lead screw and the main spindle must 

7 If OT X OP 

he but this velocity ratio is or ^ — f; hence 
n -Ni JjXI 4 


1 — ^1-^"-— 3 — velocity ratio 
n T z xTi 


of lead screw to main spindle. 


Any convenient combination of gears in which 


M _ l 

% x 2\ ~ n 


will cut n threads per inch if the lead screw has l threads 
per inch. The thread will be left or right hand according to 
whether the lead screw is left or right hand. Referring to 
Pig. 75, wheel 4 rotates in the same dkection as the lathe 
spindle, and for a right-hand lead screw the lathe will cut a 
right-hand thread. To cut a left-hand thread an idle wheel 
may be interposed between wheels 1 and 2 or betwoen wheels 
3 and 4. 


Example 1. Find a suitable train of wheels to cut 24 threads 
per inch right hand, if the lead screw has 4 threads per inch 
right hand. 

Required velocity ratio = 

Tj X 1 T t may be made equal to 20. 

' * T 2 X — 6‘ T 2 may be made equal to 60. 


T 1 

Hence ^ = and any two wheels whose numbers aro in this 

-*■ 4 

ratio may be used, e.g. 40 and 80. 


Example 2. Find a suitable train to cut 14 threads per inch 
left hand on a lathe which has a right-hand lead screw of 2 threads 
per inch. 

Required velocity ratio = ^ 

from which T i = 20, T 2 = 70, T a - 30, and 

T x = 60 will satisfy the condition. Since the thread is left hand 
an idle wheel must be used between the wheels 1 and 2 or between 
3 and 4. 


If the number of threads to be cut is small, say two or three 
per inch, a single train of wheels may be sufficient to give the 
required velocity ratio, oare being taken to use an idler or two 
idlers as may be necessary to ensure the required direction of 
rotation of the lead screw. 
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§ 106. Epicyclic Gears. The problem of finding the velo¬ 
city ratio when a number of wheels are geared together has 
already been dealt with, and providing the axes of the wheels 
are fixed relative to one another, this problem does not present 
any peculiar difficulty. When, however, one of the axes moves 
relative to a fixed axis, the resulting motion is much more 
difficult to visualize and the comparatively simple methods 



applied to ordinary simple or compound gears do not apply. 
In an epicyclic train of gears one wheel is usually fixed, but 
not necessarily so; it may be given a speed in either direction 
about its axis. 

In Fig. 76, A and B represent two wheels in gear. For this 
to constitute an epicyclic train the axis of one wheel must 
move relative to the other. Assume the axis of A fixed and 
that the axis of B can rotate about the axis of A. This is 
conventionally shown by connecting the two axes with an 
arm G which is capable of rotation about the axis of A. 

The problems connected with epicyclic gearing are, perhaps, 
better understood if the student has a clear conception of the 
meaning of relative motion. The relative motion between 
any two bodies is not affected by any motion they may have 
in common or by any motion added to or abstracted from both 
simultaneously. In Fig, 76 the relative motion between B 
and the arm is not affected by any motion given to the arm, 
since the wheel B must move as the arm moves. Consider first 
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the case when the arm is fixed and A makes one revolution, 

T 

say clockwise, then B makes jA revolutions in the opposite 

direction, that is, in a counter-clockwise direction. The 
direction of rotation is of great importance in epicyclic gear 
problems and it is usual to give a positive sign to one direction 
and negative sign to indicate motion in the opposite direction. 

T 

Thus A makes +1 revolution and B makes — revolutions. 

■Lb 

It is obvious that if A makes +10 revolutions then B makes 
T 

— lOyA revolutions. Returning to the original state in which 

■*B 

A has made +1 revolution the relative motions between A, B, 
and C will not be altered if they are each given — 1 revolution. 
This latter motion is common to all and does not in any way 
alter the relative motions between A , B, and G. The physical 
interpretation of giving each — 1 revolution is that the whole 
gear is locked and turned as a whole — 1 revolution. The net 
effect, now, is that A has been given +1 — 1 revolutions, and 
has virtually made no revolutions as far as the final condition 

T 

is concerned, B has made — -A — \ revolutions and (7,-1 
revolution. 

Again considering the arm as fixed and when A has made 

T 

+ 10 revolutions, B having made —10— revolutions, adding 

Lb 

—10 revolutions to each will not affect the relative motions, 
and performing this operation, it is seen that A has virtually 

made no revolutions, B has made | —10 ~ — loj revolutions, 

. \ Lb / 

and 6, —10 revolutions. This same result is obtained if the 
final conditions for A, B , and C, when A has been given +1—1 
revolutions, is multiplied by 10. These results are more con¬ 
veniently interpreted when expressed in tabular form. 

In the following table, line 1 shows the condition in which 
C is fixed and A is given +1 revolution. Line 2 is obtained 
by multiplying fine 1 by 10. Line 3 is obtained by adding -1 
to line 1, and line 4 by multiplying line 3 by 10. Line 5 is 
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obtained by adding —10 to line 2. Lines 4 and 5, which agree, 
have been arrived at by different processes. It appears from 
the above analysis that having once determined the relative 
motions between the wheels and the arm, any number may 
be added to the results already obtained and they may be 
multiplied by any number. 

§ 107. The Epicyclic Wheel. In Fig. 76 the wheel B is 
known as the epicyclic wheel, since all points on the circum¬ 
ference describe an epicyclic path. When a wheel such as B 
rolls inside an annular wheol, points on the circumference of 
B describe hypocyoloid paths, but the term epicyclic gear is 
employed to inolude all gears in which one of the axes rotates 
about a fixed axis. 

There is one important distinction between epicyclic trains 
and ordinary gear trains, and that is, the number of revolu¬ 
tions of a wheel B, Fig, 70, is the number of revolutions in 
space and not about its axis. From the above table it is seen 
that when A is fixed and the arm G makes — 1 revolution, B 
T 

makes — — — 1 revolutions; this is the number of revolutions 

made in space or relative to the fixed axis of A ; the number of 

T 

revolutions of B about its own axis is ——4. This point is 

"b 

perhaps made clearer on reference to Fig. 77, in which G is 
an arm capable of rotating about the fixed axis 0, and B is 
a wheel which can rotate about an axis at the other extremity 
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of C. Let the wheel B be fixed to the arm C eo that no 
relative movement may take place. To identify the position 
of the wheel relative to the arm an arrow is marked on B in 
line with the arm C. When the arm turns from the position 
1 to position 2, it has made J revolution and the wheel B 
has also made £ revolution, but not about its own axis, since 
B is considered fixed to the arm. Moving the arm through 
the successive positions 3 and 4 to 1 again, it is seen that while 
the arm G has made 1 revolution the wheel B has also made 
1 revolution in the same direction as the arm. This Bimple 


4 - 





Fig. 77. 

analogy accounts for the revolutions of B in Fig. 76 being 
increased (numerically) by 1 compared with the revolutions 
made when the arm is stationary. 

Example 3. An arm which can rotate carries three wheels 
whose centres lie on a straight line. Tho first wheel has 40 teeth, 
the second 50, and the third 60, If the arm rotates onoe about 
the centre of the first wheel which is fixed, find the number of 
revolutions of the last wheel. If, instead of being fixed, the first 
wheel makes 10 revolutions in a direction opposite to the arm, 
while the latter makes 1 revolution, find the number of revolutions 
of the last wheel. 

The train of gears is illustrated in Fig. 78, in which A, B, and 
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C correspond to tho first, second, and third wheels respectively, 
and D is the arm. Constructing a table as already explained, 
columns A, B, C, and D represent the number of revolutions 
of wheels A, B, C, and tho arm D respectively. 



Line 1 is obtained by considering the simplest condition of the 
gears in which tho arm is fixed. 

Line 2 is obtained by adding — 1 to lino 1, giving the number of 
revolutions of C = — The negative sign indicates that C rotates 
in the same direction as D since the latter makes — 1 revolution. 

Line 3 is merely a statement of the required conditions for the 
second part of the problem, and remembering that wo can multiply 
any line by any nurnbor and can add any number to any line, 
line 4 is obtained by multiplying line 1 by II. Line 5 is obtained 
by adding —I to lino 4, giving tho revolutions of 0 = + } a ®-, i.e. 
W revolutions in a direction opposiio to tho arm. 


Lme 

Condition 

4 

Ii 

G 

D 

1 

D fixed, 

+ 1 

— “So 

+j' 

u 


.4 + 1 rov. 





2 

A fixed, 

+ 1-1 

-1-1 

-I 5-i - -i 

-1 


Z>—1 rov. 





3 

4 + 10 revs., 

+ 10 

? 

? 

-1 


D— 1 iev. 





4 

4 + 11 rova,, 

+ 11 

-lx 11 

+ 

X 

o 


D iixed 





5 


+ 11-1 = +10 

-tf-i - -V 

+*/— 1 = +■»/ 

-i 


D — 1 rev. 






§ 108. Alternative Method of Solution. In the construc¬ 
tion of a tablo a little difficulty is experienced sometimes in 
deciding the multiplying factor required to give one of the 
wheels the correct number of revolutions. This difficulty is, 
perhaps, more pronounced when one of the wheels, instead 
of being fixed, rotates at a given speed. 
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In §106 it has already been seen that having once de¬ 
termined the various motions of the wheels when the arm 
is fixed, any number may be added to tho results already 
obtained and they may be multiplied by any number. A 
general method of solution is to fix the arm and find the 
revolutions made by the different wheels when any one wheel 
is given one revolution. Multiplying this line by x simply 
implies that instead of giving any one wheel one revolution 
it is given x revolutions; it follows that all other wheels make 
x times as many revolutions as for one revolution of the one 
wheel. The next step is to add y revolutions to the result 
already obtained by multiplying by x. The interpretation of 
this step is that the whole gear is locked and given y revolu¬ 
tions. The revolutions made by the different wheels are thus 
expressed in terms of x and y. If one wheel is fixed, then the 
expression representing its revolutions is equated to zero 
and gives one relation between x and y. A second relation 
is found from the known speed of a driving or driven wheel. 
From these two equations values of x and y can be found and 
thus the revolutions made by other wheels in the epicyclic 
gear can be determined. To illustrate this method Example 3 
will be worked out. 




In constructing the table the respective speeds of A, B, and 
C are found when the arm D is fixed and A given +1 revolu¬ 
tion. The second line is found by multiplying the first line 
by x; the third line by adding ~\-y to the second line. 

In the first part of the problem A is the fixed wheel and 
hence x-\-y — 0; the arm makes 1 revolution, hence y = -f-1. 

Evaluating for x, x — — 1. 


Hence speed of C — § x-\-y = — f-f-1 = -j-1, 

Thus the wheel 0 makes -}-f revolution while the arm 
makes -j-1 revolution, i.e. they rotate in the same direction. 


In the second part of the problem A makes 10 revolutions 
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in a direction opposite to the arm and the following equations 
are thus formed 2/ = +1 

x-\-y = —10. 

Hence % = —11. 

Revolutions of C = §a:+y = f X — 11 -|-1 

Thus G makes $ revolutions in a direction opposite to that 
of the arm for one revolution of the latter. 

§109. Reverted Train. When the axis of the last wheel 
coincides with the axis of the first wheel of an epicyclic train, 
the combination is called a reverted train. Such a train is 
shown in Fig. 79, in which the arm E can rotate about either 
the axis of A and D or about the axis of B and C. If the arm 
rotates about the axis of A and D, then either A or D may be 
fixed, or they may both bo moving. The wheels B and C are 
compound and rotate together. Reverted trains can be used 
when exceptionally largo or small velocity ratios aro required. 

§110. Odometer or Cyclometer. The gearing of an odo¬ 
meter, which is an instrument for measuring and recording the 
distance travelled by ordinary pedal cycles, is illustrated in 
Fig. 80, and is an example of a reverted train. This is a very 
compact mechanism, the whole gear being enclosed in a 
cylinder about f in. diameter. A projecting striker, fixed on 
a spoke of the cycle wheel, rotates with the cycle wheel, and 
comes in contact with a projection or tooth on the star wheel 
once during each revolution of the cycle wheel. The star 
wheel has eight teeth and thus rotates -J revolution per revolu¬ 
tion of tho cycle wheel. This part of the mechanism is not 
shown in Fig. 80. The star wheel is integral with tho arm E 
which can rotate about the axis of the wheels G and A. The 
wheels B and D are compound and rotate together about the 
other extremity of E, The wheels B and D gear internally 
with the annular wheels A and C reaped ively, of which A is 
fixed and C capable of rotation about its axis. On the outside 
of the wheel C, tho numbers 1,2,3,.., D, 0, are engraved and 
a window is fixed in the cylinder in such a manner that only 
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one figure is visible at any particular position of C. A move¬ 
ment of one figure to the next indicates that ^ of a mile has 



been traversed, so that G makes one complete revolution per 
mile traversed by the cycle wheel. Taking a 28-inch diameter 

cycle wheel, the wheel is required to make or 720 

TT X io 

revolutions per mile. The star wheel makes £ revolution per 
revolution of the cycle wheel, and since the arm E is integral 
with the star wheel, E is required to make z f® or 90 revolu¬ 
tions per mile. 


A 

B and D 

C 

E 

+ 1 

+ aT 

+»xH-+fi 

0 

+x 

— 


0 

+x+y 

— 

+M x +v 

+y 


In a particular gear, A is fixed and has 2 4 internal teeth, 
B has 21, 0 internal 26, and D 23 teeth. To find the actual 
number of revolutions made by E for one revolution of C, a 
table is constructed in the usual manner. This is shown in 
the above table, and since the number of revolutions of B and 
of D is not required, it is usual to leave this column blank 
after the first line. 

When the cycle travels 1 mile wheel C makes one revolution. 

Hence ^ x-\-y = 1. 

91 

Also since A is the fixed wheel, x-\-y ~ 0. 
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Hence 

and 

or 



In the construction of the table it must be remembered that 
wheels gearing internally rotate in the same direction. From 
these results it is seen that E makes 91 revolutions per 
revolution of G, instead of 90 as calculated from the diameter 
of the cycle wheel. This error is slightly more than 1 per cent., 
but when it is remembered that it is extremely improbable 
that the radius of the tyre at the point of contact with the 
ground is exactly 14 inches, this error is not excessive; also 
the radius from the centre of the cycle wheel to the ground 
depends upon the degree of inflation of the tyre and upon the 
weight of the rider. 



Fig. 81. 


§111. Two-speed and Reverse Eplcyclic Gear Box. 

An ingenious epicyclic gear is that used on the Ford car to give 
two speeds forward and a reverse speed. The arrangement 
is shown diagrammatically in Fig. 81, The shaft a is direct 
from the engine and rotates at engine speed. Keyed to this 
shaft is the fly-wheel c. Three pins spaced at equal intervals 
on the fly-wheel each carry three gear wheels A, B, and C 
which are compounded so that they all rotate together. In 
the figure only one set of gear wheels A, B, and G is shown 
to avoid confusion. The opicyclic wheels A, B, and G gear 
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respectively with three wheels D, E, and F whose axes co¬ 
incide with the axis of the engine shaft a. The gear wheel F 
is connected directly through the drum/ to the shaft b upon 
which is keyed a bevel pinion 0, gearing with another bevel 
H which is connected through differential gearing (not shown) 
to the rear axle g. The wheels D and E are connected to drums 
d and e respectively, around which brake bands are fitted, so 
that either of the drums, and consequently either of the wheels 
D ana E, may be clamped or locked. 

The numbers of teeth on the wheels are A 24; B 33; C 27; 
D 30; E 21; F 27; <? 22; and H 80. For the present, the 
effect of the differential gear will be neglected as this will be 
explained later, so that the road wheels, which are attached 
to the back axle, may be assumed to rotate at the same speed 
as the bevel wheel H. 


Lina 

Condition 

A, B, andC 

F 

E 


Arm 

1 

Arm fixed, P+l rov. 

_ 2J. ~ „ ] 
a 7 1 

+ 1 

1 

X 

1 

"1= 

1 

X 

•-H 

1 

0 





“ +21 

- +« 


2 1 

E fixed, arm — f £ reva. 

• • 

+ i-« 

= 

0 

* * 

Lai 

21 

3 

D fixed, arm — revs. 

• * 

+ i-f* 
=* + A 

* • 

0 

“IS 


In- the above table the speeds of F and the arm (or fly¬ 
wheel) have been found when the wheels E and D have been 
clamped in turn. 

For top gear the drive is direot, as neither D nor E is locked, 
and the shaft b is connected through clutch plates h and /to 
the engine shaft a. The wheel F is also connected to shaft b 
through the drum / so that F rotates at engine speed and the 
gear does not operate as an epicyclic gear, the gears G and F 
rotating as one; in other words, A, B, and C do not rotate 
upon their own axes. The ratio of road-wheel speed to engine 
speed is thus the ratio of the numbers of teeth in the bevels 
G and H. 

road-wheel speed 22 _ 11 

engine speed 80 ~ 40' 

For second gear, the clutch is disengaged and the drum e 
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which is connected to the wheel E ia clamped by an encircling 
band: in this case it ia seen from the table that F makes 


12 

__ revolution while the arm (or engine shaft) makes 

33 

revolution. The drive is through F to shaft b. 

road-wheel speed 12 22 _ 1 

engine speed 33 X 80 '10" 


For reverse, the clutch is disengaged and the drum d which 
is connected to D is clamped by an encircling band; when this 
0 

occurs F makes +— revolution while the arm makes 
ou 


24. 
30 : 


road-wheel speed 
engine speed 


JL 23_11_ 

24 x 80 “ leo" 


The negative sign indicates that the direction of rotation of 
the road wheels is opposite to that when on first and second 
gears. 



§112. Variable Speed-reduction Gear. An interesting 
variable-speed gear used in the Italian Navy for gun elevating 
and training gear is shown diagrammatically in Fig. 82. The 
pinion A is keyed to a motor shaft which runs at constant 
speed. The wheel B gears externally with A and is free to 


PRINCIPLES OE MECHANISM 


166 

rotate on a pin carried by the arm E keyed to the driven 
shaft. The wheel B also gears internally with a wheel 0 con¬ 
centric with the motor shaft but capable of rotating inde¬ 
pendently of the latter. The wheel C also has external teeth 
and is driven by a pinion D which can be driven at variable 
speed from the motor through friction gearing which is not 
shown. The friction gearing is designed so that D rotates 
in the same direction as the motor shaft. The axis of the 
wheel D is fixed relative to the axis of the motor shaft and 
consequently D is a gear wheel external to the epicyolic gear 
and care must be exercised in the construction of a table of 
respective speeds that D is not included in this table, since 
its speed is determined by the position of the friction disks. 
In Example 4 which follows, a table is constructed showing 
the speeds of A, C, and E. The first line is obtained by con¬ 
sidering the arm at rest and A is given -|-1 revolution. The 
second line is obtained by multiplying the first line by x, the 
third line by adding y to the second line. 

Example 4. In the gear shown in Fig. 82 number of teeth on 
A = number of teeth on D = ] x number of teeth on C. 

Wheel 0 has the same number of Leotli internally and ex¬ 
ternally. 

Find (a) the speed of the driven shaft when J) makes 800 revolu¬ 
tions per minute in the same direction as the motor shaft whose 
speed is 500 revolutions per minute ; 

(b) the speed and direction of rotation of D when the driven 
shaft rotates at the same speed as in (a) but in the opposite 
direction. 

Omitting the revolutions made by wheel B, and remembering 
that D is external to the epicyclic goar, the table of speeds is as 
shown. 


A 

a 

E 

+ 1 

-i 

0 

-M 

-i* 

0 

+*-1-2/ 

— 1*+!/ 

-\-y 


(a) 

Hence 


Speed of A = -|-500. 
,r-[-y -= -1-500. 
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Speed of D — -('800. 

Speed of C = -£x800 = -200. 

Hence — \x-\-y = —200, 

from which x = 560 

■y = —60. 

Hence the driven shaft rotates at 60 revolutions per minute in 
a direction opposite to that of the motor shaft. 

(b) Speed of driven shaft is 60 revolutions per minute in the 
same direction as motor shaft; hence 

y = -|-60 

x-\-y = 500. 
x = 440. 

Speed of G = —\pt+y = — £x440+60 
= -50. 

,\ Speed of D — — 50 X —4 = -f-200. 

Hence the speed of D must be 200 revolutions per minute in 
the same direction as the motor shaft. 



§113. Bevel Epicycllc Gears—Humpage’s Gear. The 

methods applicable to the solution of epicyclic trains of spur 
gears are also valid for bevel epicyclics. A common type of 
bevel epicyclic gear is that known as Humpage’s gear, which 
has been used with success on lathe headstocks, capstan 
lathes, and some types of electrical machines. In Fig. 83, a 
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is the driving shaft on which is keyed a bevel pinion A. E 
is a fixed wheel and D is fastened to the driven shaft c. 
Bevel wheels C and B are compound and gear respectively 
with the bevels D and E. The wheels G and B are free to 
rotate on an arm b inclined to the axis of a and c; the arm is 
also free to rotate about the axis of a and c. In actual gears 
two such wheels as B and C are used, the other pair being on 
the opposite side of the axis of a and c. 

Example 5. In the Humpage’s gear shown in Pig. 83 the 
numbers of teeth on the wheels A, B, C, ID, and E are 20, 64, 30, 
50, and 80 respectively. If the shaft a rotates at 400 revs, per 
min., find the speed of shaft c. 

In the formation of the table showing the relative speeds it 
may be noted that the wheels B and C rotate in a different plane 
from the wheels A, D, and E ; hence it is not usual to affix any 
sign to the direction of rotation of these wheels, although they 
influence the direction of rotation of the other wheels. 

In the above table the arm is first of all considered fixed and A 
given +1 revolution; this gives line 1, from which E makes —£ 
revolution. Line 2 is obtained by adding + £ revolution through¬ 
out, and in this line it is seen that A makes + !£ revolutions and 


Line 

Condition 

A 

B and C 


E 

Arm 

1 

2 

3 

Arm fixed, A 
+ 1 rev. 

E fixed, arm 
+ i rev. 

E fixed, A 400 
revs. 

4-1 

+ l+i 

+£xf X400 


—A+i =+iV 

+ jir x % x 400 

— 3JL y JLA 

04 * 80 
— —1 

4 

0 

0 

0 


D +^ revolution. Line 3 is obtained by multiplying line 2 by the 
number required to convert 1£ into 400. This number is f X 400. 
Hence the number of revolutions of D is + ifr X | X 400 or 20. 

Example 6. In the Humpage’s gear shown in Fig. 83, the 
wheel E, instead of being at rest, makes —40 revs, per min., 
while the shaft a is driven at +400 revs, per min. The numbers 
of teeth on the wheels are the same as in Example 5. Find the 
speed of D, 

In the construction of the table, the arm is first considered as 
fixed and the wheel A is given +1 revolution. This gives line 1. 
Line 2 is obtained by multiplying lino 1 by x, and line 3, by 
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-1 

Line 

Condition 

A 

B and C 

D 

M 

Arm 

1 

2 

3 

Arm fixed, 
A-fl rev. 
Arm fixed, 
A + x revs. 
All given 
+y mvs. 

+ 1 

+ x 

+%+y 

-2.2. 

64 

_ SlU. v - 3 - 5 . = _ 3 - 

64^60 — 10' 

_\L»tj 

lO* 4 ' 

~fo *+3/ | 

-«X« = -i 

-las 

— lv+y 

0 

0 

+ 2/ 

1 


adding +y to lino 2. From line 3, the number of revolutions of 
A j s _f -x-\-y, which is equal to +400; and the numbor of revolu¬ 
tions of I? is - {x+y, which is equal to —40. 

x-\-y = 400 
~\x+y — —40 

\x = 440 or x — 352. 

y = 48 . 

The number of revolutions of D i3 —fgas+y, hence substituting 
values of x and y, 

speed of D ~ —j^x 352+48 — —18. 

The negative sign indicates that D rotates in the same direction 
as E and in the opposite direction to A 

§ 114. Differential Gear. In motor vehicles the rear 
wheels are usually the driving wheels.. Tho front wheels can 
rotate freely, each on its own axis, and when the car is round¬ 
ing a curve each of the front wheels can readily adapt itself 
to the conditions. The outer wheels must travel farther than 
the inner wheels when rounding a curve, and since both rear 
wheels are driven by the engine through gearing, some 
automatic device is required whereby tho two rear wheels 
are driven at slightly different Bpeeds. ThiB is accomplished 
by the differential gear which is fitted on the rear axle. 
Differential gears are used on other machines, such as Port 
and Starboard indicators, but the application to the rear axles 
of motor-cars is, perhaps, the best known. 

Fig. 84 shows a differential gear as applied to the rear axle 
of a motor-car. The shaft a is driven by the engine through 
the gear box. Keyed to a is a bevel pinion A which gears 
with the bevel wheel B. The shafts b and c form the rear 
axle and the two rear driving-wheels are fixed to these shafts. 
Keyed to the shafts b and c are two equal bevels G and D 
which gear with the equal bevel pinions E and F, which are 
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free to rotate on their respective axes. The wheel B carries 
two brackets and the bevel pinions E and F are supported 
from these brackets. 


a 



Fig. 84. 


When the car is running in a straight path the bevel pinion 
A drives the bevel wheel B which carries the whole differential 
round as one unit and the wheels C and D rotate in the same 
direction as B and at the same speed. The bevel pinions E 
and F remain stationary on their own axes in this ease. When 
rounding a curve the inner wheel has to travel a less distance 
than the outer wheel unless slip occurs, and it will be seen on 
reference to the following table that when one road wheel is 
decreased in speed, the other road wheel is increased in speed 
by a similar amount. 
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The table is constructed in the usual manner and it is seen 
on reference to the table that the speed of B is the arith¬ 
metical mean of the speeds of C and D. Thus, if the road 
wheel on the shaft c experiences a resistance which decreases 
its speed, then the road wheel on shaft b is correspondingly 
increased in speed. 



§115. Spur Differential Gear. Another form of differen¬ 
tial gear for the rear axle of a motor-car is the spur differential 
which has replaced the bevel differential. The gear is shown 
in Fig. 85. The gear wheels A and B are keyed to the two 
rear axles on which are keyed the road wheels. A pinion C 
gears with A and with a second pinion D. The pinion D gears 
with B. The pinions C and D can rotate freely on their own 
axes, hut these axes are carried by a worm wheel and this 
constitutes the arm. The worm wheel is driven by a worm 
keyed to the shaft from the gear box. In practice four such 
pairs of pinions as C and D are used. This gear may be 
analysed in the same way as the bevel differential, and it will 
be found that the arithmetical mean of the speeds of A and 
B is always equal to the speed of the arm carrying the pinions 
C and D, this latter speed being that of the worm wheel. 

§ 116. Speed of Epicyclic Wheel. As explained in 
§107 the revolutions of the epicyclic wheel (i.e. the wheel 
rotating on a pin carried by an arm) are not those about its 
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own axis but about the axis of the arm. Occasionally it is 
required to find the number of revolutions made by the 
epicyclic wheel about its own axis. Referring to Pig. 77, let 
the arm C be fixed and the wheel B be given -fr revolutions 
Next let B be locked to 0 and the whole be given -\-y revolu¬ 
tions, i.e. in the same direction as the x revolutions. Then 
the total number of revolutions made by B about the axis 
of 0 — x-\-y. 

Hence x = total revolutions of B—y, 
i.e. revolutions of B about its own axis = total revolutions 
about axis of arm—revolutions of the arm. 

§ 117. Sun and Planet Gear. This gear, shown in 
Pig. 86, consists of an annular wheel A with internal teeth 



gearing with a planet wheel P which can rotate freely on an 
arm F. The sun wheel S gears with P and in the general 
case F, A, and S are free to rotate independently of each 
other, but in particular cases either A or S may be fixed 
and prevented from rotating. The driving member may be 
S or A. depending on whether A or N is fixed, and the arm 
F is the driven member. When three or more gears of this 
kind are built up in series a change-speed gear-box of the pre- 
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selective type can be developed, and the sun and planet gear 
may be regarded as a unit in such a gear-box. 

In Fig. 86 let A and 8 represent the tooth numbers on 
A and 8 respectively. 

Let M — speed of A in revolutions per minute. 

N = 8 

- LT - 3 > 3 7 3 7 3 3 


To form a table showing the respective speeds, let the arm F 
be initially fixed and give A+l revolution. Then the revolu- 

tions of 8 are — —. If A be given x revolutions, then S 

A ‘ 

makes — —x revolutions. Locking the whole gear and giving 

s 

it y revolutions, the resulting speeds of A, F, and 8 arc 
found in terms of x and y and shown in the following table: 


A 

S 

F 


A 


+ 1 

~S 

A 

0 

+x 

— •— X 

s 

0 

z+y 

A 

— x *+?/ 

S J 

+y 


Since the speed of A is M revs, per min. and the speed of 
8 is N revs, per min., then 

x+y = M 

and — -T 7 x -\-y = N. 

*(i+£) = m-n. 


-N 
A+8 


,, ,, M—N „ 

y = M-x = M— I ^ J s 

MA+MS-MS+NS 
A+S 
MA+NS 
~ A+8 ’ 
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i.e. 


speed of arm 


MA+NS 
~A + S 


When A is fixed, M = 0 and speed of arm = 
When S is fixed, N = 0 and speed of arm = 


NS 
A + S' 
MA 
A + S' 



Taking a series of values of — ranging from 0 to 1, the speed 

JT2. 

of the arm can be calculated for 1 revolution of A or S 
depending on which is fixed. These results are shown plotted 

in Tig. 87, in which values of Q are plotted vertically against 

Jx 

corresponding speeds of the arm for the two cases when 
either A or S may be fixed. Although values of - in the 
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vicinity of 0 and I are outside the limits of practical gears, 
the curves serve to show the possibilities of the gear. 

When A is fixed the curve ab is obtained showing that the 
gear always acts as a reduction gear with a value always less 
than When 8 is fixed the curve be is obtained, and again 
the gear acts as a reduction gear with a value lying always 
between \ and 1. In both cases the direction of the arm is in 
the same direction as the driving member. The horizontal 
dotted lines e and / show approximately the practical limits 

of the ratio of ^ and of corresponding speeds of the arm. 


§ 118. Pre-selective Gear-box. One form of pre- 
selective epicyclic gear-box is shown diagrammatically in 
Fig. 88 and consists of four sun and planet gears in series. 



The motor shaft B from the engine is keyed to the inner 
member of the clutch 6 2 ; this shaft is also integral with the 
sun wheels *S 2 and S v The outer member of the clutch G x is 
integral with the sun wheel 8 3 and this gears through the 
planet wheel P 3 with the annular wheel A 3 . The pin on 
which P 3 can rotate freely is carried by the arm P 3 which is 
integral with the annular wheel A 2 . The sun wheel S 2 gears 
through the planet wheel P 2 with the annular wheel A 2 . The 
pin on which P 2 rotates freely is carried by the arms P 2 ; these 
arms are integral with annular wheels A 3 and A v The sun 
wheel gears through the planet wheel Pj with the annular 
wheel A t . The arm l'\ carries a pin on which the planet wheel 
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Pi can rotate freely, and this arm is integral with the arm 
P 5 and both arms form part of the propeller shaft D. The 
arm F i is integral with the annular wheel A x and the sun 
wheel S it tod the latter gears with the annular wheel A t 
through the planet wheel P 4 and this wheel rotates freely on 
a pin carried by the arm F & . 

Brake bands (not shown) encircle A 4 , A v A 2 , and C x which 
enable any one of these to be locked in turn. The outer part 
of the clutch G x can only be locked when the inner part C\ 
is disengaged from C 2 and this disengagement also applies 
when the other wheels are locked in turn. The clutch is 
engaged only on top gear. When any one of the bi'ake bands 
comes into operation the clutch is automatically disengaged. 

First gear. To engage first gear the brake band round A 1 
is tightened and A 1 thereby becomes locked and the clutch is 
disengaged. The sun wheel S 1 is driven by the motor shaft 
and the drive is from S 1 through P x to the arm F x and thence 
to the propeller shaft. 

To find the speed of the propeller shaft, let 

speed of motor shaft = 1,000 revs, per min., 
teeth on A x = 82, 

n >i S x ~ 26, 

M x — speed of A lt 
Ni = „ „ S v 

From Art. 117 in the sun and planet gear 

j r ip Mi 

speed of arm F, = _L—LJ—I— 1 . 

1 

In this case M l = 0, N x = 1,000. 

Hence 

speed of arm F x = 240-8 r.p.m, 

and speed of propeller shaft for first gear is 240-8 r.p.m. 

Second gear. To engage second gear, the brake band 
round A 2 is tightened, and A 2 is thereby locked, and again 
the clutch is disengaged. The drive now is from S 2 , through 
the planet wheel P 2 to the arm F 2 . Thus F 2 , and consequently 
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A v rotates at a definite speed when A t is locked. Since S x is 
driven at engine speed, A x is driven at a definite speed, then 
the arm F x must rotate at some definite speed. 

To find the speed of the propeller shaft, let 
teeth on A z = 82, 

„ „ S 2 = 26, 

speed of A 2 = M z , 

ti jj $2 = -^ 2 > 

1 r AI 2 A z -\- Ao& o 

then speed of arm F 2 = — ■ 

■“ 2+*- , 2 

In this case J/ a = 0 and N 2 — 1,000. 

Substituting values 

. „ _ 1,000X26 

speed of F 2 = -------- = 240-8 r.p.m. 


Considering now the sun and planet gear represented by 
A v P v and S 1 , the annular wheel A x is driven at 240-8 r.p.m. 
and the sun wheel S x at 1,000 r.p.m. 

Hence speed of arm F t = 

A+£i 


Substituting values 


speed of F x — 


240-8x82-f-l,000x26 
82'+ 20 


423-5 r.p.m. 


and speed of propeller shaft for second gear is 423-5 r.p.m. 

Third gear, Referring to Fig, 88 it will be seen that the sun 
and planet gears represented by A x P+4 and A 2 P 2 3 2 respec¬ 
tively are identical with respect to the tooth numbers and 
that the annular wheel is locked in both cases. If the sun 
and planet gear represented by A 3 F 3 S 3 is a duplicate of the 
first two sun and planet gears, it is found that the speed of the 
propeller shaft is then too low, and the expedient of locking 
the sun wheel instead of the annular wheel is adopted to give 
an increased speed to the propeller shaft. In the third gear 
the sun wheel >S Z is locked by clamping the outer part of the 
clutch Cj, the inner part of the clutch G z being disengaged. 
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To find the speed of the propeller shaft, let 
teeth on A a = 73, 

„ „ 83 = 23, 

M 3 — speed of A a , 

M3 = ,, ,, S a) 

F 2 refer to speed of arm F 2 , 


F a 


F a . 


Since _F a is integral with A z , then F a — M 2 , 


and since jF, 


A 3 , then F 2 = M z . 


Considering the sun and planet gears ^4 3 -P a 'S' 3 , 

AC tt M3 An-\- N a S3 

speed of arm F a — —— - - 3 

"31 "8 

Substituting values and remembering that N a — 0 since 
S 3 is locked, 

j, = m 2 = M 3 X 73-f-0 __ M a X 73 _ -F Z X 73 


73 + 23 96 

Considering next gears A 2 P 2 S 2 , 

ip M a A 2 -\-S 2 A 2 
2 ~ " + 2 +S 2 

F 2 X$X 82+26x1,000 
82+26 

from which F 2 = 570 r.p.m. 

Finally, considering gears A x P 1 S 1 , 

speed of F x = M lA l+M 

and since M 1 = F 2 , 


96 


speed of F 1 = 


570x82 + 1,000x26 
82+26 
673 r.p.m. 


Hence speed of propeller shaft on third gear is 873 r.p.m. 

Fourth or top gear. For top gear all the brake bands are 
free and the two parts of the clutch C x and C 2 are engaged. 
Since G\ is connected to S 3 then both S 2 and S 3 rotate at 
engine speed of 1,000 r.p.m. 
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Considering the gears A 2 P 2 S 2 and A 3 P 3 8 3 , 


then 


TP _ m _ M 3 A 3 +N 3 S 3 

3 2 a 3 +s. 


and 

Also 


3T u 3 

+4x73+1,000x23 
" 73 + 23 ~ 

96+/ a = 73+4+23,000. 


ML 


jp _ jir _ M 2 A z +N 2 S 2 


10814 = 86 + 4 + 26 , 000 , 

from which M 3 — M 2 — 1,000 r.p.m. 

Similarly, it may be shown that the whole gear rotates as 
a complete unit at 1,000 r.p.m. Henco speed of propeller shaft 
on top gear is 1,000 r.p.m. 

Reverse, gear. For reverse gear the brake band round Ay 
is clamped and Ay is thus locked, the clutch being again 
disengaged. Let 

number of teeth on Ay = 01, 

)) >J Fy == 47* 

+4 = speed of Ay, 

“ ,, ,, )S^, 

F 3 refer to speed of arm F s , 

Fy ,, ,, ,, F it 

Fy ,, ,, » Fy 

Considering the gears A } P } Sy and AyPySy, 

M 1 A 1 -i-N 1 Sy _ My X 82+1,000 X 26 
~~Ay+S~~ ~ ' 82+26 1 

MyAy + NySy 0+F* X 47 Q + My X 47 


*1 


16 - Ay+Si - 91 + 47 

Fy and F 5 are integral, hence Fy = F 3 , 

and 82+4+26,000 +4 x 47 

108 ” 138 ’ 


138 


My = —577 r.p.m. 
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Hence 


F, 


577X47 

138 


—196-5 r.p.m. 


Hence speed of propeller shaft on reverse gear is —196-5 


r.p.m. 


EXERCISES. VII 


1. In a reverted train an arm A carries two concentric separate 

wheels B and C and a compound wheel DE. B gears with E and 0 
with D■ B has 76 teeth, C 30, and D 90. Find the speed and direction 
of C when B is fixed and the arm A makes 100 revs, per min. clock¬ 
wise. [Inst. G. JS.] 

2. Make a sketch of the application of an epicyclic train of wheels 
to any purpose which has come under your notice, and show how to 
find the relative velocity of the first and last piece in the train. 

[Inat. C. E.] 

3. An epicyolic gear consists of a wheel A with 84 internal teeth and 
a pinion B, and a wheel C of 40 teeth concentric with A, B gears with 
C and A. The arm which carries the axis of B rotates at 20 revs, per 
min. If -4 is fixed, find the speed of G ; and if G is fixed, find the 
speed of A. 

4. A pulley-block for lifting heavy weights is constructed as follows: 
Fixed to the casing so as not to revolve is an annular wheel A of 30 
teeth. A second wheel B, of very nearly the same diameter, has one 
more tooth than A ; it revolves loosely on a spindle concentrio with 
A, and is bolted to a pulley 8 in. diameter, round which is a chain by 
which the weight is lifted. A spur wheel G can turn freely at the end 
of an arm which is keyed to the spindle, and this wheel is deep enough 
to gear with both wheels A and B. To the spindle is also fixed a 
pulley of 12 in. effective diameter, around which is placed the chain 
for the effort. Find the velocity ratio of haul to lift. 

6. Sketch the arrangement by means of which the lathe spindle can 
be connected to the leading screw of a screw-cutting lathe through a 
train of wheels. 

If the pitch of the leading screw is J-in. right-hand single thread, 
find a suitable train of wheels for cutting a right-hand screw thread 
having 14 threads per in. [I. Mech. B.] 

6. In the train of wheels shown in Fig. 89 the annular wheel A is 
fixed and the wheel B is free to rotate about the spindle S. The arm 
EE is also free to rotate about tS and carries planet wheels P, which 
engage with wheels A and B. The number of teeth on wheels A, B, 
and P are 120, 90, and 16 respectively. 

Find the angles through which the arm EE and the wheels P will 
move during a complete revolution of wheel B. [I. Mech. E.} 

7. In a Teverted train of wheels, the toothed wheels A, D have a 
common axis 0, but they can move independently. They gear respec¬ 
tively with wheels B, C, which are both fixed to a common spindle S, 
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whose axis is parallel to the axis A and D. The axis of the spindle S 
is kept at constant distance from 0 by means of the arm OS which 
can rotate about 0. 

Find expressions in terms of the wheel diameters for the angle 
through which D will turn: (a) if A is fixed and the arm OS makes a 
complete revolution ; (6) if OS is fixed and the wheel A makes a com¬ 
plete revolution. 

If the arm OS is 3 in. long and is fixed, find the diameters of the 
wheels so that the velocity ratio may be 400. [I. Meek. E.] 



Fig. 89. 


8. A speed-reduction gear between two shafts having the same 
axis consists of an epicyclic train as follows: Wheel A is keyed on the 
driving shaft. Wheel B gears with A and also with the fixed annular 
wheel C. Wheels JB and D are fixed to a common spindle which is 
carried by an arm which can rotate about the axis of the wheel A, 
and the wheel D gears with tho annular wheel E, which is keyed to 
the driven shaft. If A has 20 teeth, B 24, and D 16, and all teeth 
have the same pitch, find the velocity ratio of the two shafts. 

A' 

E 


Fig. 90, 

9. In tho train of bevel wheels shown in Fig. 90, wheels A, B, and C 
have a common axis, wheels A and B being keyed to the same shaft. 
The wheel D gears with B and C and can rotate freely about its axis, 
which can rotate about the common axis of A, B, and C. Wheel E 
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gears with A. The wheel diameters are A, 8 ; B and C, 6 ; D, 3; and 
E, 4 in. respectively. 

If E makes 60 revs, per min. about itB fixed axis, find: 

(a) the speed of C if the axis of JD is fixed ; 

(i b) the speed of D about its own axis if the wheel C is fixed; 

(c) the speed of the axis of D about tho common axis of A , B, and C 
if the wheel C is fixed. [/. Mech. E.] 



10. Fig. 91 shows the feed mechanism of a boring machine. The 
boring head slides along tho boring bar A, its motion along the shaft 
Vicing produced by a screw B which has {-in. pitch. A spur wheel M 
of 04 teeth is keyed to the bar A and a similar wheel N of 64 teeth 
to tho screw. A lay shaft C carries two whools keyed to it, D and JS, 
which mesh with tho wheels M and N. D has 41 teeth and E has 
42 teeth. Find the feed, that is the movement of tho boring head 
along the bar per revolution of the bar. [Inat. C. E.\ 



11. A compound differential gear, with] wheels of uniform size, is 
shown diagrainmatically in Fig. 92. The wheel A is fixed to the 
driving shaft. Wheels B and Ii l are mounted freely on arms which 
form part of tho driven shaft. Wheels l) and D l are mounted freely 
on arms FF, which also can rotate on tho driven shaft and which are 
driven by an external agency. Wheel E is fixed. Wheel A and the 
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arms FF revolve in the same direction, wheel A at 200 and arms FF 
at 60 revs, per min. Determine the direction of rotation and speed 
of the driven shaft. [Inst. C. E .] 



12. In an epicyclie gear similar to that shown in Fig. 93, the wheel 
0 ia fixed, whool E is keyed to a machine shaft, and the wheel A to a 
motor shaft. Wheels B and D rotate together on a pin carried by the 
arm which rotates about tho shaft on which A is fitted. The wheels 
A, D, and B have 15, 12, and 20 teeth respectively. 

If the motor shaft runs at 800 revs, per min., find the speed of the 
machine shaft. 



13. In the epicyelic reduction gear shown in Fig. 94 a shaft A is 
driven by an arm B, which is fixed to it. B has a pin fixed to its outer 
end, and two pinions C, E, which are cast together in one pieoe, 
revolve on this pin. G gears with an annular fixed wheel D, and E 
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gears with a pinion F, which is driven by a bolt-pulley G. The 
numbers of teoth are as follows: 

D = 80; C = 15; E = 24; F = 18. 

The pulloy G runs at 240 revs, pew min.; find tbo speed of the 
shaft A. [Fond. B.Sc.] 

14. Fig. 95 shows the diagram of an epicyclie gearing. A and B are 
spur wheels having their contrcs connected by a lever, and each wheol 
is free to rovolve on its axis. C is a wheel with intornal teeth concen¬ 
tric with A. Find the numbers of teeth on wheels B and C for the 
wheel G to rovolve 130 times whon the wheel A, which has 60 teeth, 
is kept fixed and the arm from A to B is made to rovolve 100 times 
in the same direction as tho wheel G. [bond. B.Sc.] 



15. It is required to connect two parallel shafts by a mechanism 

which will cause a pointer to indicate tho difforonce of their speeds. 
Sketch a suitable mechanism. [Bond. B.Sc.] 

16. The minute hand of a clock is attached to a spindle and the 
hour hand to a sleeve rotating loosely on the same spindle. Find a 
suitable train of wheels A, B, G, D to satisfy the requirements, all 
teeth to have the same pitch. Each wheol must have more than 9 
toeth. Make the total number of teeth as small as possible. 

[Bond. B.Sc.] 

17. A mechanism for recording tho distance travollcd by a bicycle 
is as follows: 

There is a fixed annular wheel A of 22 tooth, and anothor annular 
wheel B of 23, which revolves loosely on tho axis of A. 

An arm, driven by tho bicycle wheel through gearing not described, 
also revolves freely on the axis of A and carrios on a pin at its ex¬ 
tremity two whoels 0 and D, which are attachod to ooch other. The 
wheel G, with 19 teeth, meshes with A, and the wheol D, with 20 
teeth, meshes with B. 

The diameter of the bicycle wheel is 28 in. What must be the 
velocity ratio between tho bicycle wheol and tho arm, if JB makes one 
revolution for each mile covered ? [Bond. B.Sc] 
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18. Fig. 96 shows a train of wheels. 

O gears with A and B. 

D is on. tha same axis as C. 

D gears with E and F with <?. 

A has 40 teeth; B, 80 internal; C, 20; D, 50; E, 20; F, 40; and Q, 90. 
The arm makes 10 revs, per min. in a clockwise direction, and the 


wheel A is at rest. 

Find the number of revolutions of B and O respectively per min. 
Also determine the turning-moment on the shaft carrying tho wheel 
O when the arm is turned with a turning-moment of 10,000 in.-lb. 

[Bond. BiSa.] 



19, The train of wheels shown in Fig. 97 is used to transmit motion 
between two shafts A and B. Tho wheel fixed to A has 30 teeth and 
rotates at 500 revs, per min. O gears with A and is rigidly fixed to D, 
both being free to rotate on B. D gears with F, which is rigidly con¬ 
nected to the pulley E. E and F rotate freely on tho shaft B. The 
wheels C, D, and F have 50, 70, and 90 teeth respectively. By means 
of a belt drive E is caused to rotate at 80 revs, per min. in a direction 
opposite to that of A. Determine in magnitude and direction the 
speed of the shaft B. [Bond. B.Sc.] 
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20. A reduction gear consists of a train of four spur wheels, Pig. 
98 (a), of which A is fixed and has 72 teeth, while B and 0 are secured 
to a shaft 0, carried by an arm rotating with the driving shaft X and 
gearing with the wheels A and D in the manner shown. Find the 
direction of motion and number of revolutions of the Bhaft Y for 
1,000 revolutions of the shaft X, if the numbers of teeth on the gear 
wheels B, C, and D are 12, 13, and 71 respectively. [Bond. B.Sc.] 

21. If in the gear shown in Fig. 98 (a) the wheels A and B have 72 
and 12 teeth respectively, find the numbers of teeth for C and D in 
order that Y shall revolve at the same speed as X but in the opposite 
direction. 



(a) Fig. 98. (6) 


22. In the epicyclic reduction gear shown, in Fig. 98 (6) the pinion 
C is keyed on the shaft A. The gears D and E arc connected together 
and ride on a crank arm which is keyed to shaft B. The gear wheel 
E is in mesh with a fixed annular gear F. The numbers of tooth are: 

C = 21; D = 28; E = 14; E = 84. 

If A runs at 100 rovs. per min., what is the speed of B ? 

[ Bond . R.Sc.] 

23. In the gear shown in Fig. 99, A is a fixed wheel of 200 teeth; 
the wheel B (40 teeth) gears with A and is free to rotate on an arm D. 
The wheel G (30 teeth), compound with B, gears with the wheel E 
(20 teeth), which can rotato round the vertical spindle. The wheel F 
(60 teeth) is compound with E and gears with wheel G (10 teeth). 
Find the number of revolutions of wheel G for one rotation of the 
arm D about the vertical spindle. 

24. Three spur wheels A, B, and C in gear are mounted on an arm 
which makes 60 revs, per min. about tho axis of A. A is fixed and has 
120 teeth; C has 00 teeth. Find the direction and speed of rotation 
of C. 



WHEEL COMBINATIONS AND EPICYCLIC GEARS 177 

A pointer whose length is equal to the distance between the axes of 
A and O is mounted on the axis of C. Show that its free end moves in 
a straight line with simple harmonic motion. [Lond. B.Sc.\ 



25. Fig. 100 shows the arrangement of part of a pre-seloctive gear¬ 
box. Keyed to the motor shaft B are two equal sun wheels S 1 and <S a 
having 24 teeth; these gear, through the planet wheels P, and I\, with 
equal annular wheels A L and A 2 having 80 internal teeth. The annular 
wheel carries a pin on which P a can rotate freely, and P 1 can rotate 
freely on a pin carried by the arm F keyed to the propeller shaft C. 
Brake bands (not shown) enable A 1 and A 2 to be locked in turn. 


A, At 



For a motor speed of 1,000 revs, per min, find the speed of the 
propeller shaft— 

(i) when A 1 is locked ; 

(ii) when A a is locked. [Lond. B,Sc,] 
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2(3. In the epieyclic gear shown in Fig. 82 the annular wheel C has 
the same number of teeth internally and externally and is driven by 
the pinion JD rotating about a fixed centre. The pinion A is driven at 
constant speed from a motor and D can be driven at varying speeds 
through friction gearing (not shown) in the same direction as A. 

If the speed of A is constant at m revs, per min. and D has extreme 
speeds of (m±n) revs, per min., giving corresponding speeds to E of 
±a revs, per min., show that the number of teeth on A must be equal 
to the number of teeth on D. [Land. B.iSc,] 

27. An epicyclic gear for a hoist block is shown in Fig. 101. The 
arm E is keyed to the same shaft as the load drum and the wheel A 
is keyed to a second shaft which carries a chain wheel, the chain being 
operated by hand. The two shafts have a common axis but can rotate 
independently. The wheels B and G are compound and rotate to¬ 
gether on a pin carried at the end of the arm E. The wheel D has 
internal teeth and is fixed to the outer casing of the block so as not to 
rotate. 

The wheels A and B have 16 and 36 teeth respectively with a dia¬ 
metral pitch of 4. The wheels C and D have a diametral pitch of 3. 
Find the numbers of teeth on C and D for the speed of A to be ten 
times the speed of E, both rotating in the same direction. 

[Bond. B.Sc.] 



Fig. 101. 


28. Part of an epicyclic gear-box is shown in Fig. 86. The gear 
consists of an annular wheel A concentric with a sun wheel S. The 
planet wheel P gears with A and 5 and can rotate freely on a pin 
carried by the arm P. The wheel A is fixed and the arm F can rotate 
about the same centre as S but independently of the latter. 
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jf = number of tooth on S, 


rp = number of teeth on A, 
show that the ratio of speeds S to F is 


Ji+g j 
21 ' 


If the least number of teeth on any wheel is 15 and + = 114, 

find the greatest and least speeds of the arm F when the wheel S 
rotates at 1,000 revs, per min. [Lord. B.Sc.] 


29. A differential reduction gear is shown in Fig. 102. On the 
shaft A, driven at a constant speed of 000 revs, per min., are keyed 
pinions O and C x ; the pinion Cj gears with the spur wheel D v and 
C gears with an idle wheel E which in turn gears with D. The 
wheels D and D x are compound with the bevel wheels F and 1<\ respec¬ 
tively, the lattor gearing with the bevel pinions Q and Q 1 which are 
mounted on the arm H but free to rotate about their own axes. The 
arm H is keyed to the slow speed shaft B. The compound wheels 
DF and D l F x are each free to rotate about the axis of the shaft B. 
Find the speed and direction of rotation of the shaft B. [Land. B.Sc.] 


teeth Numbers 



Fig. 102. 


30. The epicyclic gear shown in Fig. 103 represents a Port and 
Starboard Engine Indicator. The two engines rotato in opposite 
directions and a difference in speed is indicated by a rotation of the 
pointer P which is mounted on the shaft S. The wheels OB and EF 
are compound. The arm II which is mounted on the shaft S carries a 
bevel wheel 0 which can rotate freoly about its own axis. 

Find the speed of the pointer P when the Port and Starboard 
engines rotate at 90 and 100 revs, per min. respectively, and find 
the number of revs, made by O about its own axis, [Bond. B.Sc.] 
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31. Fig. 104 shows a synchronizer for two turbines running in the 
same direction. On the turbine shafts are two pulleys of equal size, 
driving the pulleys O and D by means of open bolts. 

The pulley O is keyed to shaft A , upon which is also keyed a gear wheel 
B. The pulley D is keyed to a sloeve which carries arms C, and these 
arms carry pins upon which the pinions F can freely rotate. An annular 
wheel E gears with the pinions F, and these in turn gear with B. 



The annular wheel E is keyed to a spindle H, to which is fixed 
the pointer P. When the turbines are running at the same speed the 
pointer remains stationary. Find the ratio of the diameters of the 
pulleys D and G. [Bond. B.Sc,] 









CHAPTER VIII 
FRICTION 

§ 119. Friction Force. The resistance experienced when 
one body slides over another, with which it is in contact, is 
called the friction force or the force of friction. The friction 
force always opposes or tends to oppose motion, and for this 
reason it is desirable in many machines to reduce the friction 
force to the least possible value. On the other hand, it must 
be remembered that the successful operation of many 
machine components depends upon this friction force, and 
it is desirable in these circumstances to increase the friction 
force as much as possible. Instances of this latter case occur 
in belt drives, friction clutches, rolling of wheels on rails or 
roads, etc. 

It is convenient to distinguish between the various kinds 
of friction by division into two sections. First, there is the 
friction that occurs between unlubricated surfaces, and 
secondly, that between lubricated surfaces. These two divi¬ 
sions may be further subdivided depending upon the condi¬ 
tions existing between the two surfaces. 

(i) Unlubricated Surfaces. The friction between unlubri¬ 
cated surfaces can be split up into two sections: 

(а) Dry Friction. The friction between perfectly clean and 

dry solid surfaces, This is usually referred to as solid 
friction. 

(б) Rolling Friction. The friction between solid surfaces 

separated by balls or rollers. 

(ii) Lubricated Surfaces. The friction between two surfaces 
between which a lubricant is present may be divided into two 
sections: 

(c) Greasy Friction. The friction between two solid sur¬ 

faces between which is an extremely thin layer of oil 
or grease. This is referred to as Boundary, Greasy, 
Partial, or Non-visoous friction. 

(d) Fluid Friction. The friction that occurs when the two 

solid surfaces are separated completely by a film of 
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lubricant. This is referred to as Viscous or Perfect 
lubrication. 

§120. Coefficient of Friction. When a body is at rest on. 
a horizontal plane and the body is in direct contact with the 
plane, i.e. there is no fluid or lubricant between the surfaces, 
the surfaces are said to be dry, and any friction between the 
surfaces is called solid friction. When the body is at rest, as 
in Fig. 105 (a), the weight of the body acts vertically down¬ 
wards and the plane exerts a force vertically upwards equal 
in magnitude to the weight. This force is called the reaction 
of the plane and is an illustration of Newton’s third law of 



motion. The body is in equilibrium and the reaction B is 
equal to W. B is the normal reaction of the plane. 

When a horizontal force P is applied to the body as in Fig. 
105 ( b ), the resulting motion, if any, will depend upon the 
value of P, When the force P is gradually increased so that 
the body is just on the point of slipping, the friction force is 
just equal to P and in this case it was called the static friction 
force. If motion takes place and the body slides over the 
plane with uniform motion, i.e. without acceleration, the 
friction force is equal to the force P and in general is slightly 
less than the static friction force. In Fig. 105 (6), P is the 
force applied to the body to cause steady uniform motion. It 
is found by experiment that the friction force opposing motion 
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is always proportional to the normal reaction R; in other 
words, the friction force opposing motion is equal to the 
normal reaction multiplied by a constant. This constant is 
called the coefficient of friction and is designated by the Greek 
letter y. Friction force — jilt. 

In the case of a horizontal plane R is equal to W, but in the 
case of an inclined plane R is not equal to W. Referring to 
Fig. 105 ( b), since R is a force acting on the body and fiR is 
a force opposing motion, these may be compounded into a 
single force. Representing the force jiR by a vector ab and 
the normal reaction by a vector be, the sum of these vectors 
is ac, which represents the sum of the forces or the resultant 
reaction. Call this resultant _R X ; then R 1 is inclined to the 

normal reaction at an angle bca, and tan bca = l ~ =' y. The 

J.X 

angle bca is usually designated by </> and is-called the friction 
angle or angle of friction. The effect of friction is to displace 
the reaction through an angle <j> such that tan <f> — y. 

When the motion of tho body is steady and uniform, the 
friction force is called sliding friction.and in general is rather 
less than the static friction. 

§121. Friction between Solid Dry Surfaces. Experi¬ 
ments carried out by a number of investigators have revealed 
certain relations between the friction force and characteristics 
of the body in contact with a plane. For two given materials 
the friction force depends upon the nature of the materials, 
such as the hardness and smoothness of the surfaces in con¬ 
tact, and since these are capable of such wide variation, it is 
exceedingly difficult to estimate the friction force that will 
exist between two given surfaces. Further, it is difficult to 
ensure perfect metal to metal contact, and a slight film of air 
between the surfaces may modify considerably the friction 
force. 

Assuming that the pressure between two surfaces is nob 
excessive and that the speed is not high, there are three so- 
called laws of friction which, while not strictly true under all 
circumstances, may bo regarded as sufficiently accurate as to 
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be of value when estimating the effects of friction. The laws 
are: 

(1) The frictional resistance is directly proportional to the 

normal pressure between the surfaces. 

(2) The frictional resistance is independent of the area of 

contact between the surfaces. 

(3) The frictional resistance is independent of the speed for 

moderate speeds and may increase with decrease of 

speed. 

The first law is practically a definition of the coefficient 
of friction, i.e. the friction force = p. X normal pressure or 
reaction between two surfaces. 

The second law is approximately true, and the advantage of 
using a large surface compared with a small one is that the 
heat generated by friction is more readily dissipated. When 
the heat generated between two dry surfaces cannot be dis¬ 
sipated fast enough, the surfaces ultimately fuse to a certain 
extent, and they are said to ‘seize’. 

The third law includes the experimental verification of the 
fact that the static friction is usually greater than sliding 
friction. 

When the speed between two surfaces is high and when the 
temperature rises due to the generation of heat, the coefficient 
of friction is very often less than that at moderate speeds and 
normal temperature. 

§122. Rolling Friction. When a spherical ball or a roller 
rolls over a flat surface, the contact is theoretically at a point 
or along a line parallel to the axis of the cylinder, respectively. 
Practically, however, the ball or roller possesses weight and 
in the case of ball or roller bearings is usually under pressure. 
The effect of this pressure is to cause deformation of the 
surface and also of the ball or roller. This deformation always 
takes place—even with the hardest of surfaces—although the 
amount of deformation may be extremely small. The effect 
of this deformation is to cause an area of contact rather than 
point or line contact. The amount of deformation depends 
upon the pressure and the elasticity of the materials in contact. 
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Considering the case of a roller under pressure in contact 
with a flat surface, an area of contact is established, and slip 
occurs towards the extremities of the area of contact with 
consequent frictional resistance. The laws of friction relating 
to rolling have been summarized by Professor Goodman and 
may be briefly stated thus: 

1. The coefficient of friction of ball bearings is practically 
constant at all speeds, but may decrease slightly with increase 
of speed. 

2. The coefficient of friction of ball bearings with flat races 
decreases with increase of load, but with grooved races the 
coefficient sometimes increases as the load is increased. The 
coefficient is much more constant than that of plain lubricated 
bearings. 

3. The coefficient of friction is independent of the tempera¬ 
ture of the bearing. 

4. The coefficient is practically the same when starting as 
when running. 

The friction of well-designed ball bearings is slightly higher 
when lubricated than when dry, but the application of a small 
amount of lubricant is useful in preventing the formation of 
rust. 

§ 123. Greasy Friction. When two metallic surfaces are 
apparently in contact, the application of a small amount of 
lubricant causes a very thin film to be formed on each of the 
surfaces. This thin film adheres to the surface and is said to 
be an adsorbed film, and it is now recognized that such a film 
is really in chemical union with the surface. Although the 
thickness of an adsorbed film is probably of molecular dimen¬ 
sions, the effect is to reduce considerably the friction force 
between two metallic surfaces compared with the condition 
when they are dry and free of adsorbed films. 

The capacity of a lubricant to form an adsorbed film upon 
a metallic surface depends upon a property of the lubricant 
that may be described as ‘oiliness’. The ‘oiliest’ oil is one 
which most reduces the coefficient of friction. With greaBy 
friction the friction force between two metallic surfaces in 
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apparent contact is proportional to the normal pressure be¬ 
tween the surfaces, and the laws governing greasy friction are, 
in general, similar to those for solid or dry friction. 

§ 124. Viscous Friction. The frictional resistance be¬ 
tween two metallic surfaces apparently in contact can be 
reduced still further by the introduction of a film of lubricant, 
of sufficient thickness to separate completely the two surfaces. 
This film of lubricant must not be confused with the film 
which exists in boundary or greasy lubrication; this latter 
is of extreme thinness, probably of molecular dimensions, 
while the former is comparatively much thicker. The fric¬ 
tional resistance depends upon the thickness of this film, the 
area of the surfaces in contact, the relative velocity between 
the surfaces, and the viscosity of the lubricant. When relative 
motion between two surfaces, separated completely by a 
lubricant, takes place, an extremely thin film adheres to each 
of the surfaces and moves with that surface. Resistance to 
motion is thus the resistance offered by the lubricant itself 
and not by the so-called contact of the surfaces. This resis¬ 
tance depends upon the ‘body’ or viscosity of the lubricant 
and is due to the resistance to sliding or shear of adjacent 
layers of the lubricant. 

If two such surfaces are considered, one at rest and the other 
having tangential motion, that film of lubricant in contact 
with and adhering to the moving surface moves with it, while 
the film in contact with the stationary surface remains at rest. 
The lubricant between these two films may be considered as 
consisting of a series of films or layers each moving at a speed 
proportional to the distance from the surface at rest. The 
force necessary to produce relative motion between two such 
surfaces is the force required to cause these adjacent layers 
to slide over each other. 

§ 125. Coefficient of Viscosity. It has been seen that, 
when two surfaces are separated completely by a film of 
lubricant and relative motion between the surfaces takes place, 
a force is required to shear the lubricant or cause adjacent 
layers to slide over each other. This resistance of the layers to 
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sliding is termed internal friction and the lubricant is said to 
exhibit the property of viscosity. 

Maxwell’s definition of the coefficient of viscosity is as 
follows: 

The coefficient of viscosity of a fluid is measured by the 
tangential force on unit area of either of two horizontal planes 
at unit distance apart, one of which is fixed while the other 
moves with unit velocity, the space between the surfaces 
being filled with the viscous substance. 

Consider two flat horizontal surfaces between which a 
fluid is present. Let the lower plate be fixed and the other 
plate move with a velocity v in a direction parallel to its 
surface. The layer in contact with the fixed surface is at rest 
while the layer in contact with the moving surface has a 
velocity equal to v. The intervening space may he considered 
as consisting of a series of parallel layers, the velocity of a 
particular layer depending upon its distance from the fixed 
surface. 



Fig. 106 

In Tig. 106 , let AB represent the fixed surface and CD the 
moving surface whose velocity is v. In a given interval of 
time CD has moved to CD' and the layer of fluid in contact 
with CD has accordingly moved to CD'. For any other layer 
such as EF, its new position is E'F' and EE' represents the 
displacement. 

Let P = force producing motion of CD, 
a — area of plate CD, 
x = distance between the plates, 

/ = intensity of shear stress, 
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17 = coefficient of viscosity, 
v = velocity of CD; 

then / = — 
a 

/y t 

and - = shear strain which is constant over the distance x. 
x 

Now - is the rate of distortion, and the stress required to 
x 

produce unit rate of distortion is the coefficient of viscosity. 



x 

According to Maxwell’s definition the coefficient of viscosity 
is the force per unit area, i.e. stress, to cause unit velocity when 
the distance apart is unity. Hence when v = 1 and x = 1 

V=f- 

It will be seen that the coefficient of viscosity is thus a stress 
per second and is measured in dynes per square centimetre 
per second. 

The property of viscosity is possessed by all fluids and 
a rough generalization can be given that a thick oil is more 
viscous than a thin one; that is, it offers a greater resistance 
to flow. 

§ 126. Measurement of Coefficient of Viscosity. Al¬ 
though the coefficient of viscosity is defined by its resistance 
to shear, it is more usual to adopt other means of measuring 
the viscosity than that of directly measuring the resistance to 
shear. An instrument for measuring the viscosity of a fluid 
is termed a viscometer, and several forms have been devised 
notably the Ostwald, the Redwood, the Engler, and the Say- 
bolt. Where great accuracy is required, the Ostwald visco¬ 
meter is usually employed, but for commercial testing the 
Redwood type is frequently used in this country. 

The principle of the Redwood viscometer is as follows: 
A certain quantity of fluid at a known temperature is allowed 
to flow through an orifice and the time of flow is observed. 
The time taken for a given quantity of fluid to flow is known 
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as the Redwood viscosity number and is expressed in seconds. 
To convert this viscosity number into absolute units of 
viscosity (as defined by Maxwell) a conversion formula is 
required. 

In genera], the coefficient of viscosity of most lubricating 
oils decreases with increase of temperature. 

§127. Journal-bearing Lubrication. The experiments 
of Mr. Beauchamp Tower in 1883 for the Institution of 
Mechanical Engineers were the first important experiments 
to demonstrate that in viscous friction the two surfaces of a 
journal and its bearing are completely separated by a film 
of oil. Tower’s experiments were made on a journal 4 inches 
in diameter, the lower part of the journal being always im¬ 
mersed in oil. The bearing consisted of a half brass resting 
on the journal. The lubricant was thus applied on the un¬ 
loaded side of the journal. The half bearing was held in a 
frame and arrangements were made so that the frame could 
be loaded with different loads. When the journal was rotated 
the frame tended to rotate and rotation was prevented by 
applying small weights at the end of an arm on the frame. 
Thus the frictional torque could be measured. 

The existence of a fluid film under pressure was demon¬ 
strated by drilling a series of holes in the bearing and con¬ 
necting these to a manometer, the pressure at each hole being 
measured in turn. For a journal rotating in a bearing and 
separated from it by a film of lubricant the frictional resis¬ 
tance is: 

(a) proportional to the speed, 

( b ) proportional to the area, 

(c) proportional to the viscosity of the lubricant, 

(i d ) independent of the pressure, 

(e) independent of the materials in apparent contact. 

In general, the coefficient of friction is expressed by 

_ P 

where P = frictional resistance, 

W — normal pressure; 
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and this expression is frequently used to express the equiva¬ 
lent coefficient of friction for a viscous bearing. In this case 
P represents the frictional resistance at the periphery of the 
journal or of the bearing and Pxr represents the frictional 
torque, where r = radius of bearing. Hence y Wr represents 
the frictional torque and the value of y becomes equal to the 
frictional torque divided by Wr. 

The results obtained by Tower led to a mathematical 
investigation by Osborne Reynolds, who showed that for 
a film to be maintained between two surfaces they must be 
slightly inclined to each other thus forming a wedge of 
lubricant between the surfaces. 



§ 128. Eccentricity of a Bearing . In order that a journal 
may rotate freely and to ensure the formation of an oil film, 
the diameter of the bearing must be slightly greater than that 
of the journal. This difference is shown exaggerated in Fig. 
107, in which a half bearing is shown. When the journal is 
at rest, the lubricant is squeezed out because of the pressure 
between the shaft and the bearing, and the journal comes into 
metallic contact with the bearing, the line of contact being 
vertically underneath the centres A and B of the journal and 
bearing as shown in Fig. 107 (a). When motion of the journal 
takes place, the frictional resistance is initially that due to 
greasy friction. A film of oil adheres to the surface of the 
journal and is carried round with it until—due to increasing 
speed—the film becomes of sufficient thickness to lift the 
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journal. In this manner the pressure of the oil gradually rises. 
The journal now takes up a new position as shown in Fig. 
107 ( b ). The line joining the centres A and B is no longer 
vertical but inclined, and the inclination of this line to the 
vertical is called the attitude of the bearing, denoted by /? 
in the diagram. The distanco between A and B (Fig. 107 (b)) 
is known as the eccentricity of the bearing. 

The clearance space between the journal and the bearing 
thus takes the form of two curved wedges, one on either side 
of C, the point of nearest approach. This clearance space is 
filled with oil under varying pressure. The pressure increases 
from zero where the oil enters at the ‘on’ side at i) to a 
maximum at a point somewhere near O, the point of nearest 
approach; the pressure then falls to zero before reaching the 
‘off’ side at E where the oil is free to escape. The wedge of oil 
formed between D and G satisfies the condition for the forma¬ 
tion of an oil film between two surfaces and the pressure of 
the oil is sufficient to lift the journal and to separate com¬ 
pletely the journal and the bearing; in this condition the 
laws of viscous friction apply. 

§ 129. Effect of Speed on Coefficient of Friction. When 
the journal in Fig. 107 is at rest, the two surfaces are more 



RuaaiN<i speeo 
Fig. 108. 

or less in direct contact and the starting friction is akin 
to greasy friction. When rotation begins, the coefficient of 
friction falls rapidly as the speed increases, since the oil is fed 
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between the surfaces. This decrease in the coefficient is shown 
in Fig. 108 in which the variation of the coefficient of friction 
is shown plotted against the rubbing speed. From a to b the 
conditions vary from greasy friction at a to viscous friction 
at b, at which stage the complete oil film is formed and viscous 
friction begins After passing the speed denoted by the point 
b, the resistance of the oil film increases at a greater rate than 
the speed of rubbing, and consequently the coefficient in¬ 
creases. The minimum value is constant for all pressures, 
but as the pressure increases, a higher velocity is required to 
establish the oil film. 



Fig. 109. 


§ 130. Effect of Load and Speed. The variation of the 
coefficient of friction with the load and speed is shown in 
Fig. 109. These curves are the results of experiments made by 
Stribeck on a Sellers self-aligning cast-iron bearing 2§ inches 
in diameter and 9 inches long. The pressure is plotted hori¬ 
zontally against the coefficient of friction, and a series of 
curves is shown for different speeds ranging from 8 to 1,100 
revolutions per minute. From these curves it is seen that at a 
speed of 8 r.p.m., the pressure at which viscous friction begins 
is about 12 lb. per square inch. As the pressure increases, a 
higher velocity is required to cause the formation of the oil 
film. Thus at a pressure of about 270 lb. per square inch the 
speed must be increased to 285 r.p.m, to produce the oil film. 

It will be seen from the diagram that the minimum co¬ 
efficient of friction is the same in each case—about 0-003 as 
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indicated by the horizontal dotted line. Prom this it follows 
that for any particular pressure at which a bearing is loaded, 
there is some definite velocity to give the minimum value of 
the coefficient of friction, and that this minimum value is the 
same for all pressures. This fact is of considerable importance 
in determining the length of a bearing. 

§131. Bearing Surfaces. It has been shown that for 
perfect film lubrication of a bearing the surfaces of the journal 
and its bearing are completely separated by a film of the 
lubricant and that the frictional resistance is that due to 
resistance to shear the lubricant. Since the rubbing surfaces 
do not corne into direct metallic contact, and the layers of 
lubricant adjacent to the metallic surfaces are not moving 
relative to the surfaces, the surfaces theoretically are not 
subject to wear and the nature of the surfaces can have no 
influence on the coefficient of friction. 

In practice, however, wear does take place even under 
the most favourable conditions. This is probably due to the 
failure of the oil film at starting and stopping. When the 
journal is at rost the metallic surfaces are more or less in 
contact—any oil film present being in the nature of an 
adsorbed film and of extremely small dimensions. The 
conditions at starting and stopping approximate to greasy 
friction. Consequently, at starting, wear takes place up to the 
moment when the viscous oil film is formed and at stopping 
from the cessation of the viscous oil film. Extremely small 
particles of metal are produced by wear and these float about 
in the lubricant as it circulates through the bearing. In 
course of time these particles increase in number and accumu¬ 
late and tend to cause further wear. In addition, the presence 
of small particles of solid matter may tend to destroy the 
formation of the viscous oil film and the working condition 
may gradually alter to one which is a combination of viscous 
film and greasy lubrication. To minimize the evil effect of 
small particles of solid matter an oil filter is frequently fitted. 

§ 132. Resistance of Viscous Bearing. For a journal 
rotating in a bearing with viscous lubrication, the journal is 
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separated from the bearing by a film of oil and the frictional 
resistance is that due to the viscosity of the oil. If the journal 
is concentric with the bearing, the film of oil is of uniform 
thickness and an expression for the friction torque may be 
developed as follows: 

Let t = thickness of oil film, 

77 = coefficient of viscosity, 
d — diameter, 

n — speed of journal in revs, per min., 

I = length of bearing. 

From § 125, ^ —J— 

x 


or 


f- 


v 

x 


where / = force per unit area or shear stress. In the case of 
the viscous bearing x is the thickness of the oil film and v is the 
tangential velocity of the journal. 

- wdn 

f—'n- 


Hence 

and total frictional resistance 

7 rdn 


60 1 


= Tj. 


m 


X rrdl. 


Hence frictional torque 


frictional resistance x Id 
trdn 


m 


. -rrdl X \d 


r \. n 2 dHn 

not ' 


This expression for the friction torque only applies for a 
uniform thickness of oil film. 

Horse-power lost in frictional resistance 

_ frictional torque in lb.-ft. x 2nn 
33,000 ' 

Example 1. A journal 3 in. in diameter runs in a bearing whose 
length is 6 in. The thiokness of the oil film is 0-002 in. and the 
coefficient of viscosity is 1-6 in C.G.S. units.'' Find the horse¬ 
power lost in friction when the journal rotates at 250 r.p.m. 
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Coefficient of viscosity r) — 1-6 C.Gr.S. units 
_ 1-6 X 30-5 2 .. 

98Ix453-6 lb ' ft ' umta ‘ 
= 0-00334 lb. ft. units, 
r, X TT 2 dHn 

Frictional torque = — 

0-00334 X w 2 x (£) 3 x £ X 250 
0-002 


lb.-ft. 


120 x 

= 3-22 lb.-ft. 


12 


TT , .. .... 3-22 x2irX 250 

Horse-power lost in friction = - - - 

oOjOUO 

= 0-153. 



§ 133. Motion up Inclined Plane. In the following 
examples on the effect of friction it is assumed that the fric¬ 
tion force is proportional to the normal pressure between the 
surfaces. In Fig. 110 (a), let BG represent a horizontal plane 
and BA an inclined plane, inclined at an angle 6 to BG. Let 
G be the centre of gravity of a weight W. For motion along 
the inclined piano there are two cases to consider: (1) motion 
up the plane, (2) motion down the plane. Considering first, 
motion up the plane, and taking a general case in which the 
force P, required to cause steady motion, is acting as shown, 
the value of P may be readily found by considering the forces 
acting on the body. Let R — normal reaction of the plane, 
then the friction force which opposes motion and therefore 
acts down the plane, is )iR. The two forces R and fiR may be 
combined by vectors to give a single force R v inclined to R 
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at an angle </>, where tan <f> — /i. The forces acting on the body 
are: (1) its weight W acting vertically downwards through 
its centre of gravity, (2) the resultant reaction R u and (3) the 
force P. If the motion is steady, i.e. without acceleration, the 
body is in equilibrium under the action of these three forces, 
and when three forces act on a body in equilibrium they must 
either be parallel or pass through a point. In the given case 
the forces are not parallel, and hence they must pass through 
a point, and the value of the forces P and R x can be found by 
drawing a triangle whose sides are parallel to the directions 
of the three forces. In Fig. 110 (6), ab is drawn vertical to 
represent W, be and ca are drawn parallel to R } and to P 
respectively. The angle abc is equal to and the lengths 

be and ca measured to scale give the magnitudes of the forces 
R 1 and P. 



(a) Fig. 111. (b) 


There are two oases which are of practical importance: (1) 
when P is horizontal, (2) when P is parallel to the plane. In 
each case the method of procedure is the same aB that out¬ 
lined above. In Fig. Ill (a) the triangle abc is the triangle of 
forces for the case when P is horizontal. The vector ca is 
drawn horizontal and it is readily seen that the angle abc is 

/. P = Wtm(e+cf>). 

When P is parallel to the plane, the triangle of forces is 
abo s Fig. Ill ( b ), in which ea is drawn parallel to the plane. 
On reference to Figs, 110 (6) and 111 (a) and (b), it will be seen 
that the resultant reaction R x has the same direction in each 
case, but that the magnitude is different. 

§ 134. Motion down Inclined Plane. The force P will 
be required to assist or prevent motion down the plane 
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according to whether the angle 9 is less than or greater than 
the angle of friction. Talcing the case in which the angle of 
the plane is less than that of friction, the magnitude of P 
is found in a similar manner to that already described. In 
Fig. 112 {a), B is the normal reaction, and since friction 
opposes the motion, the friction force fxR acts up the plane. 




The forces B and fj,R are combined to give the resultant 
reaction I?! inclined at an angle cf> to B. In the general case 
when P is inclined to the plane, the triangle of forces is shown 
in Fig. 112 ( b) at abc. When P is horizontal the triangle 
becomes abc v the vector ac x being drawn horizontal. In this 
case P = IF tan(</>— 9). 

When P is parallel to the plane the triangle of forces is 
abc 2 , in which «c z represents the value of P necessary to cause 
motion down the plane. 

§ 135. Friction of Square-threaded Screw. The method 
applicable for finding the horizontal force required to move 
a body up or down an inclined plane may be utilized for 
finding the force required to raise a load by means of a square- 
threaded screw. A screw thread may be regarded as a square 
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ribbon of metal wrapped round a cylinder in the form of 
a helix. In Fig. 113 (a), lot a represent a square-threaded 
screw which engages with the nut b. The top of the screw 
may be enlarged suitably to carry a load W. In the first case, 
W will be assumed to rotate with the screw. The bottom 
surface of the screw thread is in contact with the upper sur¬ 
face of the thread in the nut, and the development of this 



(a) Fig. 113. (6) 


surface is an inclined plane. Neglecting the weight of the 
screw itself in comparison with W, the problem reduces to 
that of finding the horizontal effort P required to move a 
load W up an inclined plane whose inclination with the 
horizontal is 8, as in Fig, 113 (b). 

Let d — mean diameter of screw, 

p = pitch, 

tan 8 — ~ 

Tra 

Let P = force applied at mean radius. 

For motion up the plane the triangle of forces is similar to 
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Fig. Ill (a), in which is inclined at an angle (d-\-j>) to W. 
As in § 133, if ^ is the coefficient of friction, 

P = W tsjx(d-\-^>) 

_ W tan 6 + tan < f> 

1 —tan 0 tan cf> 


= W. 


7TUj 

l P , 

Trd 


_ W P+firrd 
TT d—lip 

When friction is neglected, the value of P thus found is the 
least possible, and the friction angle <f> becomes zero. 

Let P Q — value of P when friction is neglected, 
then P 0 — Wtan(0+O) = Wtan0. 

The efficiency of the screw is the ratio of P 0 to P. 

. P 0 W tan 6 tand 

Efficiency - p - 

When raising a load by means of a screw, as in Eig. 113 (a), 
the effort is usually applied at the end of a lever or spanner; 
this effort will, of course, be less than that required at mean 
radius. 

Let Q — force required at end of a lever, 

l = length of lever from centre of screw. 

Then Qxl — Px\d, 

; 

’ V 2 1 


Torque required to turn the screw = Ql = Pxid. 

When the load does not rotate with the screw, the top of 
the screw carrying the load does not rotate with the screw 
and hence it must bear on a collar. Let D — mean diameter 
of collar and ji x = the coefficient of friction between the collar 
and the bearing surface. 

Friction force = W. 

Friction torque = fi x W .^D, if the friction force is assumed 
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to act at mean radius. Por practical problems this assumption 
is usually sufficiently accurate. 

Total torque required to raise load = P. W. ID. 

Por motion down the plane and with the load rotating with 
the screw, the triangle of forces is similar to abc 1; Pig. 112 (b). 

Let P 1 — force required to lower load, 

P 1 = W tan(<fi—0). 

The value of the effort at the end of a lever is found in a 
manner similar to that just described. 


Example 2. A screw jack has a square-threaded screw of 3 in. 
mean diameter. The angle of inclination of the threads is 3° 
and the coefficient of friction is 0-06. It is operated by a handle 
18 in. long. What pull must be exerted at the end of this handle: 
(a) to raise, (b) to lower, a load of 6 tons ? [ Lond. B.Sc.] 

(a) Assuming the load to rotate with the screw, the effort at 
mean radius to raise the load is P — W tan((?-| c/ 1 ) 


= 5x2,240 


tan3°4"p 

1 —tan3°./x 


= 1,203 lb. 


11,200 


0-05241+0-06 
1-0-06241X 0-06 


This effort is applied at 1£ in, radius, 

effort at 18 in. radius — 1,203 X rt == 105-2 lb. 

(6) Effort at mean radius to lower load == W tan ($—9) 
0-06-0-05241 


= 5x2,240 


1 + 0-06 X 0-05241 


85 1b. 


Effort at 18 in. radius = 85 X = 7-08 lb. 

lo 


§ 136. Friction of Vee Thread. When the screw and nut 
have Vee threads, such as the Whitworth screw thread, the 
friction force is proportional to the normal pressure on the 
sides of the thread. In Pig. 114 a section of the nut is shown 
in which the angle of the Vee is 2a. The normal pressure on 
the slant surfaces is represented by R, This may be resolved 
into horizontal and vertical components, and the sum of the 
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vertical components on all the slant surfaces must be equal 
to W. If R is the total normal pressure, 
then W — R cos a, 



Fig. 114. 

W 

The normal pressure is- and the results obtained for 

cos a 

square threads may be utilized for Vee threads on the sub¬ 
stitution of for u, since the friction force is propor- 
cos a 

tional to the normal pressure. This is equivalent to substi¬ 
tuting for tan <f> in the formulae for square-threaded 


For Whitworth screws 2a = 55°, and for the American 
Sellar’s thread 2a == 60°. 


§137, Friction at a Journal. In considering the friction 
at a journal care must be exercised to distinguish between 
viscous friction and greasy friction. The case of viscous fric¬ 
tion has already been dealt with and in this article the case 
of greasy friction will only be considered in which the fric- 
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tional resistance is assumed proportional to the normal pres¬ 
sure. The following theory is only approximate but serves as 
a useful guide in the estimation of the power lost in a journal 
with greasy lubrication. The friction force at a journal 
opposes motion, and since the friction force must act on the 
outer surface of the journal, the resistance experienced is in 
the form of a torque. When a shaft is at rest in its bearing, 



(a) Fig. 115. (6) 


as in Fig. 116 (a), the weight of the shaft acts through its 
centre of gravity and the reaction of the bearing must be 
vertically upwards and in line with W. The point of contact 
A is known as the point or seat of pressure. The clearance 
between the bearing and the journal is shown exaggerated 
for clearness of the diagram. When a torque is applied to 
the shaft such that steady motion takes place, the torque 
required to produce this steady motion is equal to the friction 
torque. It is found that the seat of pressure creeps up the 
bearing to a point B, Fig. 116 (6), in a direction opposite to 
that of motion. 

Let B = normal reaction at the seat of pressure B. Since 
the two surfaces in contact at B must have a common normal, 
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this normal must pass through O, the centre of the shaft. 
The friction force opposing motion is jiR and this may be 
combined with R to give a resultant reaction inclined at 
an angle to R. The forces acting on the shaft are W verti¬ 
cally downwards and R 1 , hence for equilibrium R x must act 
vertically upwards and is equal in magnitude to W. The 
two forces W and R v being parallel and not in the same line, 
together form a couple which must be equal and opposite to 
the couple or torque producing motion. The couple due to 
W and is the friction couple and in magnitude is equal 
to the value of W multiplied by the perpendicular distance 
between W and R ± . Let OC be drawn from 0 perpendicular 
to R v 

Friction torque or couple = W. OC. 

But OC = r sin</>, where r = radius of shaft. 

Friction couple = Wr sin cf>. 

If a circle is drawn with OC as radius, this circle is known 
as the friction circle of the journal. Since the friction circle 
is of very small radius compared with the journal, sin <j> is 
practically equal to tan <f>, and the friction couple may be 
written with sufficient approximation as Wrfi. The effect of 
friction may he regarded as being equivalent to displacing 
the reaction from the centre of the bearing a distance equal 
to or in other words, to displacing the reaction such 

that it is tangential to the friction circle whose radius is 

r sin <f>. 

§138. Horse-power lost in Friction at a Bearing. It 

has been seen that the friction torque = Wrsin<f> or approxi¬ 
mately Wr^i. The work done per minute in overcoming fric¬ 
tion is the friction torque multiplied by the angle turned 
through in radians per minute. 

Let N — revs, per min. 

Radians per minute = 2ttN. 

Work done per minute = W rfj, . 2-rrN. 

Horse-power lost in friction = 

oOjUOO 
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In the above expression for horse-power W must be in 
pounds and r in feet. 

§ 139. Friction and Slider Crank Chain. In Fig. 116, 
let ABC represent a slider crank chain or ordinary engine 
mechanism. Let P be the effective thrust on the crosshead. 
Neglecting for the moment the effect of friction, the force P 
induces a thrust Q in the connecting-rod, and neglecting the 
inertia effects, the crosshead is in equilibrium due to forces 
P, Q, and R at A. The magnitude of Q can he found by 
drawing a triangle to represent the forces P, Q, and R, the 



sides of the triangle being parallel to the forces P, Q, and R 
respectively. Such a triangle is represented by Abe, and bA 
to scale is the thrust Q. The turning-moment on the crank¬ 
shaft is Q multiplied by its perpendicular distance from C. 
Let CE be drawn perpendicular to AB produced. 

Turning-moment on crank-shaft = Q x CE, 

If AB produced cuts the vertical through C in D, the 
triangles DDE and Abe are similar, and 

= or CDxAc CExAb. 

CE Ac 

CDxP = CExQ. 

But CE x Q is the turning-moment on the crank, hence 
PxCD is the turning-moment. AB is the line of thrust for 
the connecting-rod. 
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Taking friction into account at the orosshead pin and 
crank pin, 

let r x = radius of pin at A, 
r 2 = radius of pin at B, 

Hx = coefficient of friction at A , 

= coefficient of friction at B. 

Approximately, fj/ij = radius of circle at A, 
r 2 p 2 = radius of circle at B\ 

or more exactly, the radii are sin rj> x and r 2 sintf> 2 respec¬ 
tively. The line of tlirust, or, as it is more generally called, 
the friction axis, is tangential to these friction circles. For 
the given configuration thero are four possible tangents and 
it remains to decide which one shall be drawn. 

Assuming the crank to be rotating in a counter-clockwise 
direction, for the given configuration the angle BA. C is in¬ 
creasing and, relative to the pin at A, the connecting-rod 
may be regarded as swinging round in a clockwise direction. 
Belative to the connecting-rod, therefore, the pin at A is 
rotating in a counter-clockwise direction, and as the seat of 
pressure creeps up the boaring in a direction opposite to that 
of rotation of the pin, the tangent at A is on the top side 
of the friction circle. At B, tho angle CBA is decreasing and 
the crank relative to the connecting-rod may be regarded as 
swinging in a counter-clockwise direction. The seat of pres¬ 
sure at B creeps round the bearing in a direction opposite to 
this, and the tangent is at tho bottom of the friction circle at 
B. The friction axis is thus the common tangent to the two 
friction circles, tangential to the top of the circle at A and to 
the bottom of the circle at B. Let this common tangent cut 
the vertical through O in D v The turning-moment on the 
crank is now P X CD X . 

An alternative method of deciding which of the four tan¬ 
gents should be drawn is to remember that the effect of fric¬ 
tion is to reduce the turning-moment on the crank, and hence 
that tangent should be drawn which gives the least intercept 
CD V 

Two other positions of the crank are drawn in Figs. 117 (a) 
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and ( b ) and the corresponding friction axes shown tangential 
to the friction circles. The effective pressure at the crosshead 
P multiplied by the intercept CD 1 gives, in each case, the 
turning-moment on the crank-shaft. The student should have 
no difficulty in fixing the tangent for a crank position in the 
remaining quadrant. 




§ 140. Dead Angle of Slider Crank Chain. Considering 
the friction at the crosshead and crank pins, it has been seen 
that the thrust is tangential to the friction circles at these 
pins. In Pig. 118, in which the crank is rotating in a counter¬ 
clockwise direction, the friction axis cuts the vertical through 
G in D v The reaction at the crank-shaft bearing is parallel 
to this and tangential to the friction circle at the crank-shaft. 
Since the crank-shaft is rotating in a counter-clockwise direc¬ 
tion, the seat of pressure creeps round the bearing in a 
direction opposite to this, and the tangent is thus on the top 
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side. The turning-moment is now Q X FG, where FG is drawn 
perpendicular to the friction axis. 

When the crank is near the inner dead centre it is possible 
to find a position in which the reaction Q and the friction 
axis Q are in the same straight line, as in Fig, 119. The 
position of the crank is shown at B 1 and a similar position 
on the other side of the dead centre position is shown at B v 



Fig. 119. 

The angle B l CB 2 is known as the dead angle. The friction 
circles are shown greatly exaggerated for the sake of clear¬ 
ness. There is a corresponding dead angle at the outer dead 
centre which can readily be found by the method indicated. 

§ 141. Friction of Pivot and Collar Bearings. When 
a vertical shaft is subjected to a vertical load or a horizontal 
shaft to an axial load, the thrust is usually taken by a flat 
pivot or collar bearing. A pivot is of necessity at the end of 
a shaft, whereas a collar may be at any position along the 
shaft, as in the case of collars on propeller shafts of ships. 
Pivots and collars may be either flat or conical, and these 
will be dealt with in turn. The thrust is along the axis of 
the shaft, and the problem to be considered is that of estimat¬ 
ing the horse-power lost in friction. 

Before the power lost in friction can be estimated the 
assumptions that may be made must be carefully considered. 
When a bearing is new it is quite reasonable to expect that 
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the pressure is uniform over the surface, but since points at 
different radii are moving at different speeds, it is unlikely 
that the coefficient of friction is constant for all radii. This 
point is, perhaps, of greater consequence for flat pivots, in 
which the velocity at the centre is zero, than for collars. 
When motion takes place, the rate of wear will be greater at 
points where the velocity is greater, i.e. greater wear will be 
experienced near the outer diameter than round about the 
centre. This variation in the rate of wearing alters the dis¬ 
tribution of uniform pressure and the pressure will tend to 
increase from the outer diameter to the centre. This altera¬ 
tion of pressure again alters the rate of wearing; this effect 
may be to cause ultimately an even distribution of pressure; 
but it does not necessarily follow that the pivot again becomes 
flat; it may become slightly convex or concave, depending 
upon the materials of the shaft and its bearing. It is thus 
seen that, once the newness of the bearing has worn off, it is 
exceedingly difficult to estimate how the bearing may wear 
and how the coefficient of friction may vary. One of two 
assumptions is often used in practice, and these are useful 
in making allowances for friction power, though it is highly 
probable that neither is strictly correct. The assumptions 
are that: 

(1) the intensity of pressure is constant, or 

(2) the wear is uniform. 

Taking each of these assumptions in turn, expressions will 
be found for the friction moment and horse-power lost for 
pivot, collar, and conical bearings. 

(I) Uniform Pressure. In Kg. 120 a shaft a with a collar b is 
subject to an axial thrust P. 

Assuming the coefficient of friction constant for all radii, 
the total friction force is fxP. 

Let the radii of the shaft and collar be R t and R x respec¬ 
tively and p the uniform intensity of pressure. 

p X area of surface of contact = P, 
or, pxv (J?! 2 — Hi 2 ) — iP. 
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Consider an elemental ring of radius r and of width Sr. 
Area of elemental ring = 2nr X Sr. 

Pressure on ring = 2m.8rXp. 

Friction force on ring = 2m.8r.pXfJ. 

Moment of this force = 2m .8r .ppxr. 



:. Total moment of friction — ‘ 2m 2 dr.pp, 

J lit 

VP- 


O [*■*]* O (^l 3 -^2 8 ) 

— 277 ;,- pfJ. = fip.2lT. 

o o 


— /xP X 


2 

3 Rf-R*' 


Let T — total moment of friction or friction torque, 


T = pRx\ 

£ 

Horse-power lost in friction = 


2 Rf-Rf 


-, in which N is 


3 R^-Rf 
2ttNT 
33,000X12’ 

the number of revolutions per minute. T is expressed in 
pound-inch units since the radii are usually measured in 
inches. 

For a flat pivot the investigation is similar, with the 



210 


PRINCIPLES OF MECHANISM 


exception that P 2 = 0 and S x corresponds to the external 
radius. Putting P 2 — 0 in the expression for T, 

T — pPx §i?i. 

The effective radius at which the load can be considered as 
acting for the purpose of calculating the friction moment is, 
in the case of a flat pivot with uniform pressure, two-thirds 
of the external radius. 

(2) Uniform Wear. Again considering the case of a flat 
collar (Pig- 120), if the wear is assumed uniform, then the 
product of the intensity of pressure and velocity may be 
assumed constant. 

pxv — constant, 


.’. p X r = constant. 

Let pxr = k. 

Using the same notation as before: 

Pressure on the element — px 2nr . Sr = 2irk.Sr. 
Total pressure = ( R ' 2nr.dr.p = f a ‘ 2-nk.dr, 


or 


P = 27 t(R 1 —P 2 ) .k, 


k = 


P 

2v■(R 1 —P 2 ) 


Friction force on element = 2 vk.Sr.p. 

Moment of friction force on element = 2-nk .Sr.pXr. 


Total moment of friction = J"^ 1 2rrkpr. dr 
Substituting the value of k. 


2rrkp. 

2i 


T = 2t Tf t. 


P 

2tt(B 1 — P 2 ) 


jy-Pg 2 

2 


= pPX 


PjJ-P 2 

2 


For a flat pivot, P 2 = 0 and R 1 corresponds to the external 
radius. Putting P 2 = 0 in the expression for T, 

T = pPx^. 


The effective radius at which the load can be considered as 
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acting for the purpose of calculating the friction moment is, 
in the case of a flat pivot with uniform wear, one half the 
external radius. 



Fig. 121. 


§ 142. Friction of Conical Bearings. In the conical 
bearing shown in Fig. 121, let P be the axial thrust, 2a the 
angle of the cone. 

(1) Uniform Pressure. Consider an elemental ring of radius 
r and whose plan width is Sr. The actual width of the sloping 

face of the cone is . 

sina 

Let p — pressure per square inch normal to the cone sur¬ 
face. 

Pressure on elemental ring = p X 27tt . . 

sin a 

Vertical component of this 
St 

= p x 2tt r - — X sin a = p . 2ttt . Sr. 
sma 
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Total vertical pressure = J*^ p . 2nr. dr = p. 2n. |_R 2 , 

or P = p.TtR 2 . 

The intensity of pressure normal to the surface of the cone 
is thus independent of the angle of the cone. 


£ r 

Friction force on elemental ring = p. 2ar. -. a. 

Since 

< . . Sj" 

Moment of this friction force = v . 2 -nr.- .nr. 

sm a 


Total moment of friction 


• • C R 
iction = p. 

J 0 


0 o Sr 
2nr* —— .a, 
sma 


or 


m 2nR? „ 2 -ft 

T — Ujp. —-= LtP x - — . 

3 sin a 3 sin a 


If the cone is truncated so that the lesser radius is R 2 anil 
the outer radius is R v it may similarly be shown that in this 


case 


pP 


_ 2 2V : 

sina X 3 Rf*- 


-R<? 


-Rf 


(2) Uniform Wear. Again assume pxr = k. 

Area of elementary ring = 2 tt r~ T 

sin a 

Pressure on elemental ring = 2vr-f-— .v — 2nk. . 

sin a sin a 

Sy* 

Vertical component of this pressure = 2 nk. -— .sina. 

sma 

2irk. dr, 

or P — 2 TtRk, 

■ k — — 

2,7 R' 

• Sr 

Friction force on element = 2-nk —— ,n. 

sma 



FRICTION 


213 


Moment of friction force = 2-itIc . 


Sr 

sin a 


iXr. 


or 


Total moment of friction 

R* 


= f 


R fin* 

2irkr~-.li 
sma 


T — 2nfxk 


, . . 

2 sin a 2 sm a. 


If the cone is truncated, and R% — lesser radius, R 1 = outer 


radius, 


T = /j.P. 


(R 1 +-fia) 


2 sin a 

In all the above cases the horse-power lost in friction is 

2t tNT 
33,000X12’ 

T being in inch-pound units. 


§ 143. Thrust Bearings. For a shaft carrying a heavy 
axial thrust the provision of a single collar may be insufficient, 
as the bearing pressure would be excessive. To reduce the 
bearing pressure it is usual to fit a number of collars, the 
number of collars being determined by the allowable pressure 
per square inch and the total load. The limiting pressure is 
about 60 lb. per sq. in. Beyond this pressure too much heat 
is generated and there is a risk of the bearing ‘seizing’. 

It has long been established that to maintain a film of 
lubricant between two surfaces having relative motion, the 
surfaces should be slightly inclined to each other. This action 
takes place in an ordinary journal bearing when a slight 
difference in diameter of the journal and its bearing is allowed. 
For flat surfaces in contact, one surface should have a slight 
degree of freedom so that it may become slightly inclined and 
thus allow a freer entrance for the lubricant. This apparently 
simple condition is utilized in the Michell thrust bearing, in 
which only one collar is used. The collar rotates and the 
bearing consists of a pad or series of pads arranged around the 
collar in such a manner that they are free to assume a slight 
inclination to the collar. The pads or bearing blocks are 
mounted in housings which prevent rotation with the collar, 
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but which allow the pads to take up a position in which they 
are slightly inclined to the collar. By this means the length 
of the bearing may be considerably reduced and the allowable 
pressure considerably increased. The number of pads may be 
four to six, depending upon the total thrust, and the allowable 
pressure may be increased to about 500 lb. per sq. in. The 
pads are arranged in segments so as to get the maximum 
bearing area. 


EXERCISES. VIII 

1. Describe the Micliell thrust block, and explain the principle of 

its action. [I. Mech. E.] 

2. A load W lb. stands on an inclined plane a to the horizontal. If 
the coefficient of friction is p, show that the horizontal force necessary 

to move the load up the plane is M . Ttana. . ^ 

1 — ptana 

The mean diameter of the square-threaded screw of a screw-jack is 
2 £ in. and the pitch ia £ in. If the coefficient of friction is 0-08, find the 
torque necessary to (a) raise, (6) lower, a load of 3 tons resting on 
the screw-jack. What is the efficiency of this machine when raising 
the load ? [I. Mech. E.] 

3. A thrust bearing has four collars of external diameter 22 in., 
internal diameter 12 in. 

If the thrust is 7 tons, estimate the horse-power absorbed in friction 
when the shaft makes 80 rovs. per min. and the coefficient of friction 
ia 0-16, assuming (a) uniform pressure, (6) uniform wear. 

[I. Mech. E.] 

4. Discuss the assumptions usually made in estimating the horse¬ 
power absorbed by friction in a footstep bearing. 

The load on a vertical shaft, 9 in. diameter, is 18 tons. The shaft 
rests on a footstep bearing and has a fiat end. Assuming a coefficient 
of friction of 0-06, estimate the horse-power lost in friction when the 
shaft is running at 100 revs, per min. Assume uniform pressure. 

[I. Mech. E-1 

5. A shaft, 3 in. diameter, is supported on bearings 10 ft. apart, 
and rotates at 100 revs, per min. A pulley, 4 ft. diameter, is koyed to 
the shaft at 2 ft. from one bearing. Assuming the pull on the pulley 
due to a belt is 2,600 lb., and that p = O'08, determine the horse¬ 
power lost in friction at each bearing. 

6 . A square-threaded screw, 1-j- in. in external diamoter, 4 threads 
per in., is used to close a valve, 6 in. in diamoter, against a pressure of 
100 lb. per sq. in. Ifp = O'126, find the efficiency of the screw and the 
torque required to turn the handle. 
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7 . Find the horse-power lost in friction at the bearing of a vertical 
shaft resting on a fiat footstep. The load may be assumed to be 
evenly distributed over the whole surface. 


Load 

Diameter of shaft 
Revolutions per minute 
Coefficient of friction . 


= 6-0 tons 
= 8 in. 

= 90 
= 0-05. 


8 . Find the force required to pull a mass weighing 2 tons up an 
inclined plane. 

Angle of plane to horizontal . . . = 20° 

Angle between line of action of force and the 
surface of the plane—the force acts away 
from the plane . . . . . = 30° 

Coefficient of friction. . . . . = 0-4. 


9. A vertical shaft, 2 in. diameter, carrios a load of 2,000 lb., and 
rotates on a flat pivot. Calculate the horse-power wasted in friction 
when the shaft rotates at 300 revs, per min., assuming (a) uniform 
pressure, (b) uniform wear. Take fi = 0-08. 

10. A conical bearing supports a vertical shaft, 9 in. diameter, 
which is subject to a load of 3£ tons. The angle of the cone is 120°, 
and the coefficient of friction is 0-025. Assuming that the pressure is 
uniform, find the horse-power lost in friction when the speed is 140 
revs, per min. 

11 . The thrust of a propeller shaft in a marine engine is taken up by 
a number of collars solid with the shaft, which is 12 in. in diameter. 
The total thrust on the shaft is 18 tons, and the speed is 75 revs, per 
min. Taking the coefficient of friction to be constant and equal to 
0-05, and assuming the intensity of pressure to be constant and equal 
to 60 lb. per sq. in., find (a) the external diameter of the collars, (6) the 
number of collars, required. The horse-power lost in friction is not to 
exceed 20. 


12. The thrust on the propeller shaft of a marine engine is taken by 
8 collars, 26 in. in external diameter, the diameter of the shaft be¬ 
tween the collars being 17 in. The thrust-pressure is 60 lb. per sq. in., 
and may be assumed uniform; the coefficient of friction is 0-04, and 
the speed of the shaft is 90 revs, per min. 

Find the horse-power absorbed by friction of the thrust hearing. 

13. A collar bearing supports a vertical load of 13 tons. There are 
7 collars solid with the shaft, which is 14 in. in diameter; the external 
diameter of the collars is 25J in., and the speed of the shaft 85 revs, 
per min. Assuming uniform wear and p, = 0-08, find the horse-power 
lost in friction. 


14. A column weighing 2 tons slides vertically between guides and 
can be raised or lowered by a horizontal force applied to a wedge on 
which the column rests. If the angle of the inclination of the wedge 
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is tan -1 J, and if the coefficient of friction botwcon all moving surfaces 
is 0-2, what force is necessary (a) to raise, (b) to lower, the column ? 

[Land. B.Sc.] 

16. A collar thrust bearing has an outor diameter of 9 in. and an 
inner diameter of 0 in. It rotates at 120 revs, per min., and carries an 
end thrust of 4 tons. If tho coefficient of friotion is 0-02, and the wear 
is assumed uniform, what is tho horse-power lost in friction ? 

[ Bond. B.Sc.] 

16. In a fiat plato clutch with multiple plates, tho numbor of 

frictional surfaces is 46. If the inside and outside diameters of the 
circles over which contact is made aro 6 in. and 8 in. respectively, 
determine the maximum horse-power which can ho transmitted at 
1,800 revs, per min. when the plates are ongagod with a force of 
130 lb. Take p. = 0-16. [Lend. B.Sc.] 

17. What is meant by the expression ‘Friction Circle’ ? Deduce an 
expression for tho radius of a friction oirole in terms of the radius of 
the journal and tho angle of friction. 

For any given crank position in a direct-acting stoam engine, 
show how the turning-moment on the crank-shaft may bo found when 
an allowance is made for tho friction at tho crosshoad pin, crank pin, 
and cranlc-shaft bearings. Assume that tho offoctivo pressure on the 
crosshead is known. [Bond. B.iSc.] 

18. The crank of a diroct-acting steam engine is 12 in. long. Tho 
crank-pin and crank-shaft journals are 8 in. in diamotor. Neglecting 
the obliquity of the connecting-rod, find tho angle through which the 
crank must turn from a dead centre before there oan bo any effective 
torque on the crank-shaft due to tho Btoam pressure on tho piston if 
the coefficient of journal friction is O'OC. 

If tho diameter of the piston of this engine is 16 in., length of con¬ 
necting-rod 6 ft., diameter of crosshead pin 4 in., find the effective 
torque on the crank-shaft due to an effective stoam pressure on the 
piston of 80 lb. per sq. in., when the crank is at right angles to tho 
line of stroke. Allow for friction at guide bars, crosshoad pin, and 
crank pin. (x — 0 06. [Bond. B.Sc.] 

19. What force should be applied at the end of a spanner of 24 in. 
effective length in tightening up a holt 2 in. in diamoter to resist an 
axial force of 4,000 lb. ? The bolt has a square thread of mean dia¬ 
moter 1-762 in., and the pitch is 0-4 in. The mean diamoter of the 
holt-head is 2-8 in., and the coefficient of friction is 0-126. 

[, Bond. B.Sc.] 

20. In a 1 -in. diameter Whitworth bolt tho mean diamotor may he 
taken as 0- 8 in., the pitch \ in'., and the angle of Yee 66°. Tho holt is 
tightened by screwing a nut, whose mean diameter of hearing surface 
is 1 ^ in. If [x for the nut and bolt is 0*1, and for tho nut and the 
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bearing surface O'2, find tho force required at the end of a spanner 
14 in. long when the load on the bolt ia 1,200 lb. 

21. A horizontal spur wheel of 80 teeth acts as a nut for a vertical 
square-threaded screw of 3 in. mean diameter and fin. pitch, and 
raises a load of 4,000 lb. Tho spur wheel is geared to a pinion of 16 
teeth the efficiency of spur whool and pinion being 90 per cent. The 
thrust duo to tho screw on the spur wheel is taken up by a collar 
booring, 4 in. insido diameter and 8 in. outside diameter. The coeffi¬ 
cient of friction for tho screw and for tho collar bearing is O'16. Find 
the torque required on tho pinion shaft to raise the load. [Lond, B.Sc .] 



CHAPTER IX 
BELTS AND ROPES 

§ 144. Belts. A continuous belt may be usod to transmit 
rotary motion between two shafts, upon which are mounted 
pulleys. The distance apart of the shafts is, in general, greater 
than that suitable for toothed gearing. When the power 
transmitted is small and the speed is not excessive, the belt 
moves with the rims of the pulleys without slipping; in 
practice, however, the power transmitted is usually of such 
a magnitude that a certain amount of slip takes place, and for 
this reason the velocity ratio between the shafts is not strictly 
determinate. 

A continuous belt is made by fastening the two ends of 
a length of belting, the fastening being made by one of several 
methods. Belting is usually made of leather, though cotton, 
rubber, and even paper belts are used. Leather belting is 
made by joining together strips of leather cut from tanned 
hides. These strips do not usually exceed 5 ft. in length, 
and a piece of belting, say 30 ft. long, may contain six or 
seven strips of leather cemented and sewn together in such a 
manner as to give the appearance of a single length of 30 ft. 
Single belts are belts composed of a single thickness of 
leather; double belts are made of two thicknesses of leather 
sewn together. 

The working tension of single belts is usually taken as 
about 80 lb. per in. of width, although the variation may be 
from 70 to 100 lb., according to the quality of leather used. 
Double belts have almost double the strength of single belts, 
but not quite. The working tension is more usually expressed 
in lb. per inch of width rather than in lb. per square inch, 
since the thickness of single belts is approximately constant, 
except in thin belts, which are made of ‘split’ leather. 

§ 145. Velocity Ratio between Two Shafts. Thevelocity 
ratio between two shafts connected by a belt on pulleys 
depends upon the radii of the respective pulleys. In parallel 
shafts the belt may be open or crossed. In an open belt 
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drive the two shafts rotate in the same direction, whereas 
in a crossed belt drive they rotate in opposite directions. In 
Fig. 122 (a) an open belt is diagrammatically shown, and in 
(t) a crossed belt is shown, in which each portion of the belt 
as it leaves a pulley is given a half turn so that the same side 




(b) 


Fig, 122. 

of the belt always comes in contact with the face of the pulley. 
If a is the driving pulley in each case, the belt is carried round 
with the pulley due to the friction force between the belt and 
the face of the pulley; in a similar manner the belt carries 
the driven pulley round with it, thus causing motion of pulley 
b. The two pulleys are assumed to be in the same plane, and 
in order to keep the belt on the pulleys, it is the usual practice 
to give the pulleys a slight swell. The swelling of the pulleys 
is usually sufficient to keep the belt on, as a belt always tends 
to ride to the highest point, which is the centre of the face of 



220 PRINCIPLES OP MECHANISM 

the pulley. The lateral stiffness of the belt prevents it from 
slipping off, although a sudden load coming on the belt may 
cause it to slip off, and thus prevent damage. 

In Tigs. 122 (a) and ( b ), let a and b be the driver and driven 
pulleys respectively. 

Let a)! = angular speed of driver, 
oj 2 = angular speed of follower, 
r x — radius of driving pulley, 
r 2 = radius of following pulley, 

N x = revolutions per minute of driver, 

N z = revolutions per minute of follower. 

Assuming no slip between the belt and the pulleys and that 
the thickness of the belt is small, the peripheral speed of the 
two pulleys must be the same. 

Velocity of the belt = co 1 r 1 = a> 2 r 2 , 

■ ^ = ^ = 

C0 X N x r 2 

§146. Effect of Belt Thickness . When a belt passes over 
a pulley, the inner surface of the belt is compressed and the 
outer surface is stretched, but the neutral surface, which is 
midway between the outer and inner surfaces, remains 
unaltered in length. The velocity of a point on the inner 
surface of the belt as it moves round with the pulley is less 
than that at the neutral surface. 

Let t — thickness of belt, 

v = velocity of neutral surface. 

Assuming no slip, 

v = if) = m 2 (r 2 +I<), 

. wj__»vHf 

u>i N t r 2 -\~\t 

The effective radius of each pulley is thus greater than the 
nominal radius by \t. 

§ 147. Effect of Slip on Velocity Ratio . If a sudden load 
comes upon the driven pulley, the friction force between the 
belt and each of the pulley faces may be insufficient to over- 
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come this increased resistance and the belt will slip. The 
slip may occur between the belt and the driver or between 
the belt and the follower, or between the belt and both 
pulleys. If the increased load is sudden, the belt may come 
off one of the pulleys. Assuming the belt to remain on the 
pulleys and that slip occurs, 
let s L — percentage slip between driver and belt, 

s 2 = percentage slip between belt and follower, and 
neglecting for the moment the effect of belt thickness, 
peripheral speed of driver = co 1 r lt 

speed of belt = r 1 x — ~ r -\ 


peripheral speed of follower = m 2 r 2 = X speed of belt. 


100—s 2 
“S r 2-X Oiy v 1 x 


100 


100 
100-Si 
100 ' 


N 2 _ ca 2 100—s x 100—s 2 r t 

N ± csi 100 ’ 100 V 2 ' 

If S = total percentage slip between the driver and follower, 

N z _ w 2 _ 100 —S r 1 
Wj 100 V 2 ’ 

Taking the thickness of belt into account, the effective 
radius of each pulley is the nominal radius+half belt thick - 
ness, ^ _ 100-fl 

N x ajj 100 ?* 2 — 


Example 1. A shaft running at 90 revs, per min. is to drive 
a parallel shaft at 150 revs, per min. The pulley on the driving 
shaft is 30 in. in diameter. Find the diameter of the pulley on 
the driven shaft: 


(a) neglecting belt thickness; 

(b) taking account of belt thickness which is J in.; 

(c) assuming in the latter case a total slip of 5 per cent. 


(a) 



r 2 = 




r% = 9, 


K 90 30 

• ri ^F/* = l50 x T- 

= 18 in. 
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(L\ N 2 L+jj . ,1 _ 90 v 1Q1 

(6) 2+ 8 150 xl 8 ‘ 

r 2 = 8-95, d 2 = 17-9 in. 


N 2 100— s 
{ ) Nl 100 >,+**’ 
r 2 = .8496, 


r z+ 


1 100 90 

x Bo XI5i - 


8 95 


do = 16-992 in. 


§ 148. Creep of Belts. The power transmitted by a belt 
depends upon the friction force available between the belt and 
the pulley with which it is in contact. This friction force 
depends upon the pressure between the belt and the pulley, 
hence to increase the power transmitted it is required to 
increase the pressure between the belt and the pulley. This 
is effectively accomplished by giving the belt an initial 
tension, before power is transmitted. In other words, when 
a belt is new and is placed so as to connect two pulleys, the 
belt is given an initial tightening. Due to the nature of 
leather, this initial tightening after a few weeks gives rise to 
a permanent stretch of the belt, and it has to be re-tightened. 
The initial tension in a belt is sometimes maintained auto-- 
matically by the use of a jockey pulley. 

When a belt transmits power, apart from the initial tension, 
the belt is subject to driving tensions. Referring to Pig. 
122 (a) in which a is the driving pulley, when motion is 
taking place, the belt is drawn by a oil to the underside of 
the pulley, giving a tension in the belt, say T r This tension 
is constant over the length of belt on the underside of the two 
pulleys, hence T t is urging the pulley b round. The belt, 
being continuous, must move on to pulley b at approximately 
the same rate as it moves off, and the belt is thus pulled off 
pulley a with a tension, say T 2 . This tension remains con¬ 
stant for the length of belt on the upper side of the two 
pulleys. These two tensions and T 2 are different in 
magnitude, the difference being the effective force causing 
either tho motion of the belt with pulley a or the motion of 
pulley b with the belt. T x is known as the tight side tension 
and T 2 as the slack side tension. That part of the belt leaving 
the follower and approaching the driver is known as the tight 
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side, and that part leaving the driver and approaching the 
follower as the slack side. 

A belt, being somewhat elastic, follows more or less the 
elastic laws. Consider a foot length of belt when unstressed 
in any way. On the tight side, in which the tension is T v the 
original foot length of this belt will have a length rather more 
than 1 foot. Let (l+a^) feet be the new length. On the 
slack side, tension T 2 , let the length of this original foot be 
(l+a- 2 ) feet. aq is greater than x v A length of belt (l+x 1 ) 
feet approaching the pulley a will leave with a length (l+a- a ) 
feet. Thus, less length of belt leaves the pulley than approaches 
it. In a similar manner a greater length of belt leaves pulley 
b than approaches it, and the belt is said to creep, i.e. the 
belt as it moves over pulley b increases in length slightly, 
and pulley b rotates at a slightly slower speed than that 
theoretically calculated. The net effect of creep is to reduce 
slightly the speed of the driven pulley. 

§ 149. Length of Crossed .Belt. In practice the length 
of a belt connecting two pulleys in position, whether open or 
crossed, is readily found by passing a piece of string around 
the pulleys and measuring the length required. As, however, 
allowance must be made for initial tension and for the joint, 
some experience is necessary in judging the exact length of 
belt to be cut. It is sometimes necessary to calculate the 
length of belt required, and the methods for both open and 
crossed belts will be given. 

In Pig. 123, let A and B be the centres of the two pulleys 
connected by a crossed belt. Let r x and r 2 be the respective 
radii of the pulleys, 2a the angle subtended by the crossed 
portions of the belt, and d the distance apart of the centres. 
The angles KAD and MBE are each equal to a. The angle 
of contact on the smaller pulley is the external angle QAD, 
or twice angle CAD. 

Let l = length of belt, 

l = 2[arc CD-hLA-farc EF] 

= 2[?'i(2 77 + «)+-4d'+r 2 (| 7 r+a)] 

= 2[(r 1 +r 3 )(^7i-+a)+dcosa]. 
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The angle a is found by drawing AJ parallel to DE and 


producing BE to J ; then sin cl = — 

A B 


? 'l + »2 

d 


The length of the belt is constant if is constant, 

since a depends upon (^-p^); also for a belt connecting two 
stepped pulleys, the length of belt must, from practical con¬ 
siderations, be constant, and one condition to be satisfied in 




designing such pulleys is that the sum of the radii of corre¬ 
sponding steps shall be constant. This condition is, of course, 
in addition to that required for a given velocity ratio. 

§ 150. Length of Open Belt. In Fig. 124, let 2a be the 
angle subtended by the sides of the belt. A J is drawn parallel 
to DH, BJ = BH-HJ = r 2 -r r 
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Using the same notation as for a crossed belt, 
l = %[&rc,CD+DH-r&TQHF] 

— 2\r 1 (\TT—ci) J r AJ+r z {hTT-\-a.j] 

— 2[^tr(r 1 +r 2 )+a(r 2 —rj+dcoso:]. 


B J T 7* 

Now sin a = —-- = 2 and for pulleys of nearly equal 
a a 

size the angle a is small and sin a may be written for a, also 
cos a = — sin 2 o:). 

Approximately, therefore, 

l = n(r 1 + r 2 ) + 2 llZTlll + 2d 111-l- 2 --^ 


= w(ri+r 2 )+ 2 ^-^^ + 2 ^l—approx. 


= tt(U+»*) + + 2d - 


In this ease the length of belt depends upon and 

upon (r 2 — r t ), and for a belt connecting two stepped pulleys, 
the length of belt remains constant for equal tensions on 
different pairs of steps. If (++r 2 ) is constant, then (r 2 —r 2 ) 
is not constant and the simple relation holding for a crossed 
belt does not apply for an open belt. 

Example 2. Two parallel shafts, 14 ft. apart, are provided with 
pulleys 24 in. and 32 in. in diameter, and are connected by means 
of a crossed belt. It is desired to alter the direction of rotation 
of the driven shaft without altering that of the driving shaft. Find 
by how much the length of the belt should be altered. [Inst. C. E.} 

tt, ,, ... r.+fo 12+16 1 

h or the crossed belt sm <x = ■ , ■ -- = ——— = -, 

d 14x12 6’ 


.'. a = 9° 36' = 0-16755 radian, cos a = 0-98600. 

I = 2[(12+16)(jTr+0-16755)+14x 12x0-986] 
= 428-64 in. 


For the open belt, 


l — 7r(r 1 +r 2 ) + ^ 2 x - + 2d 


4 2 


= 77 ' 28 ' 14x12 
=■ 424-06 in. 


-2x14x12 


.’. Belt requires shortening (428-64 — 424-06) or 4-58 in. 
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§151. Design of Stepped Pulleys. For a belt connecting 
two stepped pulleys, the length of belt 
—13 is sensibly constant, and finding this 

1 length for two corresponding steps gives 

one relation between the radii. Another 
relation is that given by the required 

— velocity ratio. For a crossed belt, the 
_length of belt is constant when the sum 

of the radii of corresponding steps is 
constant. 

Example 3. Design a set of stepped 
pulleys for driving a machine from a counter¬ 
shaft running at 160 revs, per min. The 
machine is to run at 60, 80, and 100 revs, 
per min., and the smallest step on the 

— countershaft is 8 in. The distance between 
the centres of the two sets of pulleys is 6 ft. 

a and the belt thickness may be neglected. 

Take the two cases: 

s _ (a) for a crossed belt, 

4 d_J ( 6 ) for a n open belt. 

Fig. 12S. ( a ) Referring to Fig. 126, let 1, 2, 3, 4, 5, 

and 6 refer to the various steps. Step 1 on 
the countershaft corresponds to step 2 on the machine shaft. 

Aj r x 160 

w = r** r i = 4 - • * Li = 4 x = 10 ‘ 67 in -> 


r i+ r a — 14-67 in. 
Ni _ r 3 _ 80 _ 1 
rl 160~ 2’ 

also for a crossed belt, r a -)-r 4 = 14-67, 

.. r 3 = 4-89 in., 
v 4 = 9-78 in. 


N, _ h 100 


»3+-2r 3 = 14-67, 


and r 5 +r 0 = 14-67, 


~ 160’ 's-r'o- 

.-. r 6 +l-6r 5 = 14-67, 


r s = 5-64 in. 
r & — 9-03 in. 
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(b) For open belt, r 1 — i and r a = 10'67 as before. 
l = A r 1+ r 2)+ ^+2* 

= 77(14-67) + + 2X72 

= 190-70 in. 

For middle steps, r 4 = 2r 3 , 

/. 190-7 = 7 r(r a +r 4 ) + + 2d 

= w(r 3 +2?-35+^+144 > 

/. ^ + 9-4257-3-46-7 =0, 

r 3 = 4-92 in. 
r 4 = 9-84 in. 

For top speed r 8 = l-6r 5 , 

m-Rr >2 

190-70 = 77(r 6 +l-6r B ) | 1 — *> +144, 

2^ + 8-168^-46-7 = 0, 
r B = 5-70 in. 

7 - fl = 9-12 in. 

§ 152. Shafts at Right Angies. IVo shafts at right 
angles to each other may be connected by belting, as in 
Fig. 126. The main point to be observed is that the approach¬ 
ing belt is in the plane in which the pulley is rotating. It 
will also be observed that the axis of one pulley is displaced 
by a distance equal to the radius of that pulley from the 
plane in which the other pulley is rotating. 

§ 153. Ratio of Driving Tensions. In Fig. 127 (a), let 
BACJD represent a belt driving a pulley whose axis is O. 
The tight side tension T x is the part AB and the slack side 
tension is CD, and the angle of contact or angle of lap is 
AOG = 9. The ratio of these tensions may be found by con¬ 
sidering a small portion of the belt subtending an angle 8 6 
at the centre of the pulley. Let ab represent this small 
portion of the belt and at b let T be the tension and BT the 
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increase of tension over the arc ab, so that the tension at a 
is T-\-8T. Let R represent the normal reaction of the pulley 
on the small length of belt and pR, perpendicular to R, the 
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friction force. The maximum friction force will be when the 
belt is just on the point of slipping, for in this condition p has 
its greatest value. 

The small length of belt ab is in equilibrium (assuming 
uniform circular motion) under the action of the forces 
T-\-8T, T, R, and pi?. These forces can be represented by 
vectors and for equilibrium the sum of the vectors is equal to 
zero. In Fig. 127 ( b ), ab is drawn parallel to T in Fig. 127 (a) 
and of length proportional to T. Similarly be, cd, and da are 
drawn parallel to and proportional to R, jiR, and T-\-8T 
respectively. The angle bad is evidently equal to 89. When 
86 is very small a perpendicular from a to be, Fig. 127 (b), 
practically bisects the angle bad. 

Resolving parallel to be, all forces with components parallel 
to be must balance one another, hence 

R= (T+8T) sin Tsin %89. 

Now 86 is a very small angle and sin 189 can be written 
equal to 6. Further, the product of 8T and 186 is a quantity 
of the second order of small magnitudes and may be neglected. 

R = iT86+^T89= T86. 

Resolving perpendicular to be, 

jxR = (T+ST) cos ’S0— Tcos 186. 

Now cos J8 6 is practically equal to unity, and 

jxR = 8 T. 

Substituting the value of R in this equation, 
p.TS0 = 8 T, 

or ^S = —. 


Integrating this expression between the appropriate limits, 
"fl ri\ a? 


"O pT i 

fid6 = 

Jo Jr, 


T ’ 


% 


p0 = [log c T] 2 ( = log e 2 7 1 -log e T 2 =- log e ^. 

Taking the antilogarithm of each side and transposing, 

T t 


(1) 
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e is the base of the Napierian or hyperbolio logarithms. 

8 is the angle of contact in radians, and for a belt con¬ 
necting two pulleys the least value of 9 will give the least 
T 

value of The angle of contact is readily found when 
-*2 

the inclination of the belt to the line joining the centres of 
the pulleys is known, and the method of finding this for open 
and crossed belts has been described in §§ 149 and 150. 

Equation (1) above involves finding the antil'ogarithm to 
base e, and since logarithms to base 10 are much more con¬ 
venient, it is an advantage to express this equation in 
logarithm form to base 10. 

l0ge It = 


Hyperbolic logarithms are converted to common logarithms 
by dividing the hyperbolic logarithm by 2-3026, which is 
equivalent to multiplying by 0-4343, thus: 


IT T 

oTTon ^°Se7F l°Sl0 


2-3026 e T,, 


T* 

T 

rp 

log—1 — -2 : 

B T ts 2-3026 


^usually written 



pfi 

2-11026 


0-4343pfi, 


i.e. logp = 0-4343p.fi. 
-*2 


§ 154. Power Transmitted by Belts. The effective 
tension or force acting at the circumference of a pulley is 
(T x ~T 2 ), and the work done per minute is the product of 
(Tj—Tjj) and the speed of the belt. 

Let V — speed of belt in feet per minute; 

T x ~T 2 = effective tension in lb.; 

H.P. transmitted = ■—■ 


§ 155. Width of Belt. To find the width of belt to transmit 

T 

a given horse-power, the ratio — can be calculated if the 
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angle of lap and the coefficient of friction between the belt 
and pulley are known. The effective tension (2^—T 2 ) can be 
calculated if the speed and horse-power are known, and from 
these two relations values of T t and To can be found. T x is 
the greatest pull in the belt and approximately determines 
the width of belt required. 

Let T x = tight side tension in lb., 

t = safe tension per inch of width, 
b — breadth or width of belt. 


Then b = - 1 . 

t 

The maximum tension in a belt is only equal to T x at 
moderate speeds. At high speeds the centrifugal tension 
becomes of consequence and should be included when deter¬ 
mining the width of belt. The above expression for width 
of belt should, therefore, only be used for slow or moderate 
speeds. 


Example 4. The driving pulley on a main shaft is 24 in. in 
diameter and rotates at 120 revs, per min. A countershaft is to 
be driven at 300 revs, per min. by means of an open belt. The 
distance apart of the shaft centres is 8 ft. and the coefficient of 
friction is 0 - 3. Find the width of belt required to transmit 4 
horse-power if the tension is not to exceed 80 lb. per in. of width. 




120 

r 2 = 12 X = 4-8 in. 


Referring to Fig, 124, sin a = ~~ = g ~ = 0-075, 


.’. <x — 4° 18' = 0-07505 radian. 

Least value of 6 — tt-2o: = 3-1416—0-1501 = 2-9915. 
T 

lo§ — 0*4343 X 0*3 x 2*9915 = 0-38977, 

.. -jp = 2-453, 

Tj = 2-4537!, 

H P = _ (2-4537 , 2 —7 1 2 )7r.2.120 _ 

33,000 33,000 “ 
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T 2 = 120-6, T x = 296 lb. 
296 

Hence width of belt = —. = 3-7 in. 

80 


Example 5. Find the number of turns a rope must be coiled 
round a vertical post to hold a pull of 5,000 lb. if the pull on the 
free end is 10 lb. Coefficient of friction 0-2. 


logJ = 04343/1.0. 

2 

log 04343 x 0-2.0 

6 = 31*1 radians. 


Humber of turns 


= 4-95. 

ZlT 


§ 156. Centrifugal Tension. When a particle is rotat¬ 
ing in a circular path it has been seen that the centripetal 
« « , 

acceleration is cob or —, where r is the radius of the path. 


In a belt moving in a circular path with a pulley, considering 
a small portion of the belt ab, Eig. 128 (a), this small portion 


has a centripetal acceleration of — and the force causing this 


is the centripetal force. This centripetal force is applied by 
the radial inward components of a tension 7' 3 acting at a and 
b. The centrifugal force acting on ab acts radially outwards 
and is represented by R, The components of T 3 acting radially 
inwards balance the centrifugal force R acting outwards. 
The tension T z is termed centrifugal tension and is due to t he 
speed of the belt moving in a circular path and is independent 
of and T 2 . Since the centrifugal tension depends only on 
the speed of the belt in a circular path, T 3 may be found by 
considering the forces acting on the length ab when no power 
is being transmitted and hence the forces represented in the 
figure are only applicable to these conditions, viz. that the 
belt is not transmitting any power. 

In Fig, 128 (a), consider a small length of belt subtending 
an angle 80 at the centre of the pulley. 

Let w = weight per foot length of belt, 
r = radius of pulley in feet, 
v — linear speed of belt in feet per second. 
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Weight of small element of belt == wr 8 6. 

rl , r ! r p w.r.W v 2 

Centrifugal force, R = —- — . —. 

Let T 3 = centrifugal tension, which is constant throughout 
for that part of the belt in contact with the pulley. 


R 



The element of the belt is in equilibrium due to the forces 
T 3 acting tangentially at a and at 6 and to the force R. 
The triangle of forces is drawn ar ( b ) in which ab and be are 
drawn parallel to and proportional to T 3 , and ca is drawn 
parallel to R. 

Resolving parallel to ac, 

R = T aS m^+T 3 Bin S l = T, 89, 


if 8 6 is a very small angle: 


or 


™JAt = T 3 ?,8, 

g r 


T 3 = 


wv 2 

~T' 


If the tensions T t and T z are calculated for the transmission 
of a given horse-power at a given speed, the centrifugal 
tension is additional to these tensions and the actual tensions 
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become T ± +T g and T 2 J r T 3 . When the effect of centrifugal 
tension is taken into account, the greatest tension in the belt 
is T x -\-T 3 and the width of belt should be modified to include 
this. 


Example 6. In a belt drive the ratio of the tensions T 1 and 1\ 
may be taken as 2-2 when the effect of centrifugal tension is 
neglected. The speed of the belt is 3,000 ft. per min. and the 
safe tension is not to exceed 200 lb. per sq, in. Find the width of 
belt to transmit 10 horse-power if the belt weighs 0-04 lb. per 
cub. in. and itB thickness is J in. 


H.P. 


\T X -TJV 


t x -t 2 


33,000 1 
10x33,000 
3,000 
2-2 T 0 , 


110 lb. 


— uu_l 2 , 


2-2 T 2 -T 2 = 110, T 2 = 91-7, 

T x = 202 lb. 

Let b — width of belt in inches, 

weight per foot length = b x 12 x $ X 0-04 = 0-186, 
wv° 0-186(50) a 
3 g 32-2 

Maximum tension = T 1 -\-T s — 202+14 b, 

6x1x200 = 202+146, 

6 = 3-31 in. 


§ 157, Maximum Power for a Belt. The greatest tension 
T to which a given belt may be subjected is a fixed amount, 
and when the belt is used to its maximum capacity this 
tension will be equal to Ti+TJ,. The centrifugal tension T s 
increases with the square of the linear speed and the available 
value of T x thus decreases, since T x — T—T s . The horse¬ 
power transmitted increases with increase of linear speed, 
but the available value of T x and consequently of (T x —T 2 ) 
diminishes. Hence, the horse-power transmitted increases 
with the increase of speed up to a certain point, after which 
it decreases. There is thus a certain velocity for a belt at 
which maximum horse-power may be transmitted. 
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Let T = maximum permissible tension in a given belt, 
T x = tension on tight side, 

T 2 = tension on slack side,, 

T 3 = centrifugal tension, 
v — linear speed in feet per second. 


H.P. = 


(?i ~T 2 )v 


550 


and 5 


where 


H.P. = 

1 — \ 
550 


% 

i T '-, 




.21 


550 


c.T ± v, 


= c — constant. 


Now, T = 31+3! when the belt is transmitting maximum 
horse-power. 

H.P. = c.v(T-T a ) = 

Differentiating this expression with respect to v, 


d(H.P.) _ 


dv 


T- 


3itw 2 


T 


3 urn 2 

~1T 


9 


)- 


0 for a maximum, 


= 3 5P„ 


and 31 = 3 1 —3! == 331—31 = 231. 

The velocity at which maximum horse-power is transmitted 

is given by v — J . Maximum horse-power is transmitted 

when one-third of the maximum tension allowed in a belt is 
utilized as centrifugal tension, or conversely when the tight 
side tension is equal to twice the centrifugal tension. 

Example 7. Find the speed at which a belt 3 in. wide weighing 
1'2 lb. per sq. ft. will transmit maximum horse-power, if the 
safe permissible tension is 70 lb. per in. of width. If the ratio of 
3\ to T 2 is 2 d, find the magnitude of the maximum horse-power 
that can be transmitted by this belt. 

Weight per foot length = l'2Xj| = 0-3 lb. 

wv 2 


T, 


0-3 x 


9 

v 2 


\T, 

70 


32-2 


X 3. 
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® 2 = 7,520, 
v = 86-7 ft. per sec. 
T x = \T = |x210 = 140, 


^ = ^= 66 - 7 . 


Ti-T t 
maximum H.P. 


= 73-3, 

73-3 x 86-7 


= 11-55. 


§ 158. Rope Drives. Ropes of cotton, hemp, or manilla 
may be used in place of belts where a constant drive is 
required, as from an engine to a main shaft. The ropes run 
in grooves formed on the rims of the pulleys, and for this 
reason are not suitable for use on stepped pulleys. Cotton 
ropes are more generally used on account of their better 
characteristics. Ropes are very suitable for the transmission 
of large powers, especially when several main shafts on 
different floors of a factory are driven from the same engine. 
For cases of this nature as many as 50 or 60 ropes may be 
used, and the pulley on the crank-shaft contains as many 
grooves as there are ropes. For cotton, hemp, or manilla 
ropes the groove is tapered, as shown in Fig. 129 (a), and the 
rope is gripped by the sides of the groove. The angle of the 
groove is about 45°, and owing to the wedging action it is 
unnecessary to give the ropes a large initial tension as in 
the case of belts. Wire ropes, built up of twisted strands of 
wire, may be used at comparatively low speeds where great 
tension is required. A wire rope should run on the bottom 
of the groove, as the gripping action of the sides would soon 
cause serious wear. 

In Fig. 129 (a), let 2a be the angle of the groove on a rope 
pulley and R x the total normal reaction of the sides of the 
groove on the rope. If the groove is symmetrical, this is 
equivalent to \R l at each inclined surface. The reaction of 
the pulley in the plane of the groove is found by taking the 
components of the two normal reactions \R 1 in the plane of 
the groove. From Fig. 129 ( b ) it is seen that R, the reaction 
in the plane of the groove, is equal to the components of IF] 
in that direction: ^ x sin a = ^ 
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R — R t sin a. 

The friction force is or ^ and the investigation for 


sm a 


finding the ratio of T x to T 2 is on similar lines to that for 
a belt. Referring to Pig. 127, and using the same notation, 

R = TS8, 

and fiR 1 = S T. 




(b) 


IxR _ 


Substituting for R lt -f 

sin « 

. fi.Tse 


ST, 


or 


sina 

ST 

T 


- ST 

fj,.89 

sina’ 


Integrating this expression as before, 

T, 


al 

pSina 


% 


or log ^ = 0-4343 

T 2 sin a 

T 

This expression gives the value of —1 for each rope. The 

-*2 

horse-power transmitted by a number of ropes is 

Hp_ n ■ (^i 

33,000 ’ 

where n is the number of ropes. 
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Example 8. A rope pulley having a mean diameter of 5 ft. 
centre to centre of the ropes rotates at 90 revs, per min. The 
angle of lap of the ropes is 190° and the angle of the groove is 
45°. The safe tension per rope is 150 lb. and the coefficient of 
friction between the rope and the sides of the groove is 0-25. Find 
the number of ropes required to transmit 170 horse-power. 



0-4343 4^- 
sm a 


0-4343 X 0-25 x 


190 w 7T 
180 X 0-38268' 


S- 

T, 

T t = 150, . 


8-726. 


, _ 150 

2 ’ 8-726* 


T x -T t = 160 
H.P. 


150 


8-726 

33,000 
170x33,000 


132-8. 


132-8 XirX5x 90 


29-9, say 30. 


EXERCISES. IX 

1. A horizontal shaft running at 200 revs, per min. is to drive a 
parallel shaft at 300 revs, per min. The pulley on the driving shaft 
is 18 in. diameter. If the belt is J in. thick, find the diameter of the 
driven pulley: (a) neglecting belt thickness,- (6) taking belt thickness 
into account; (c) assuming in the latter case a slip of 4 per cent. 

2. A shaft running at 100 revs, per min. is to drive another shaft 
at 280 revs, per min. The distance between the shaft centres is 10 ft, 
Find the length of open belt required, if the smaller pulley is 12 in. 
diameter. 

3. Find the horse-power transmitted by the belt in Question 2 if the 
width of the belt is 6 in. and the allowable stress per inch width is 
70 lb. Coefficient of friction = 0-3. 

4. A belt 6 in. by in. connects two pulleys 4 ft. in diameter run¬ 
ning at 300 revs, per min. Find the centrifugal tension per square 
inch and per inch width. The belt weighs 72 lb. per cub. ft. 

6. Two parallel shafts, 10 ft. apart, are to have a velooity ratio of 6, 
and are to be connected by belting. The pulley on the quick-running 
shaft is 8 in. in diameter. 

Determine the length of belting required and also the pulley 
diameter necessary for giving a velocity ratio of unity when using the 
same length of belting: (a) if the belt is open; (b) if the belt is crossed. 

[I. Mech. E.] 
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6. Leather belting 3 in. wide is used to transmit power between two 
parallel shafts which run at the same speed. The pulleys are 24 in. in 
diameter. At slow speeds the tension in the slack side is half the 
tension in the driving side, and the angle of lap on the pulley is 180°. 
The maximum load on the belting must not exceed 80 lb. per in. of 
width. Neglecting the effect of centrifugal force, estimate the maxi¬ 
mum horse-power which can be transmitted at 550 revs, per min. 

Show that, owing to centrifugal action, the actual power trans¬ 
mitted will he less than this estimate, and calculate this actual power 
if the weight of the belting is 0-25 lb. per ft. and the angle of lap at 
this speed is observed to be 140°. [I. Meek. E.] 

7. A belt running on a pulley with a Vee groove is required to 
transmit power. The groove contains an angle of 60°, and the radiuB 
of the centre line of the belt as it passes over the pulley is 3 in., and 
the angle of lap is 120°. 

Determine the least possible driving tensions in the belt when 
transmitting 4 horse-power at 1,600 revs, per min., assuming a 
coefficient of friction of 0-26. [7. Mech. E.~\ 

8. A shaft running at 200 revs, per min, is required to drive another 
shaft parallel to it and distant 9 ft. from it. The drive is to be made 
by an open belt, and the speed cones so proportioned that the driven 
shaft can be run at 100, 140, or 180 revs, per min. If the minimum 
speed cone diameter is 9 in., determine the other speed cone diameters. 

[7. Mech. £?.] 

9. Design a set of speed pulleys for driving a lathe at 60, 70, and 90 
revs, per mi n, from a countershaft running at 110 revs, per min. The 
belt is to be 3 in. wide and crossed, and the distance between the axes 
of countershaft and lathe spindle is 9 ft. The smallest pulley diameter 
is to be 4£ in. 

Make a sketch showing in longitudinal section the stepped cone 
pulley for the lathe spindle. [7. Mech. E.~\ 

10. Two horizontal shafts, 40 ft. apart, arc required to run at 250 
and 200 revs, per min. and are to be connected by a rope drive. The 
rope is to be 1£ in. in diameter, the grooves on the pulleys are to 
have an angle of 60°, the angle of lap may be taken as 180°, and the 
coefficient of friction between rope and pulley as O'2. 

If the linear speed of the rope is 80 ft. per sec., and the tension 
on a rope is limited to 400 lb., how many ropes will be required to 
transmit 150 horse-power ? 

Sketch the pulley for the slower running shaft. [7. Mech. E.~[ 

11. A band brake is to be provided for a winch. The diameter of 
the barrel of the winch is 18 in. and the maximum loading for the 
winch is 2 tons. The angle of lap for the brake strap is 270°, the brake 
wheel diameter 24 in., and the coefficient of friction can be taken as 
0T5. Assuming a working stress of 5 tons per sq. in,, determine the 
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width of brake strap r 0 - in. thick necessary to hold the load, and 
sketch the arrangement of brake and brake handle. [I. Mech. E.] 

12. Power has to be transmitted by means of leather belting 
between two horizontal shafts which are at right angles to each other 
and separated by a vertical distance of 15 ft. The upper shaft, which 
is the driving shaft, makes 180 revs, per min., and the driven shaft 
is required to make 300 revs, per min. 

Obtain suitable diameters for the pulleys, and also the width of 
belting for the transmission of 5 horse-power. The load in the belting 
must not exceed 80 lb. per in. of width. 

Clearly show by sketches how the pulleys should be placed. 

[I. Mech. E.] 

13. Stepped pulleys are required for a leather belting drive connect, 

ing two parallel shafts 12 ft. apart, and running in opposite directions. 
The driving shaft has a speed of 160 revs, per min., and the driven 
shaft is required to run at 140, 200, and 200 revs, per min. The maxi¬ 
mum horse-power to be transmitted is 4, and the load in tho belting 
must not exceed 80 lb. per in. of width. Design suitable stepped 
pulleys for the two shafts, and specify tho length and width of belting 
required. [I. Mach. E.} 

14. Power is transmitted from a small turbine pulley to a counter¬ 
shaft by means of an open leather belt. The pulley on tho turbine 
shaft is 6J in. in diameter, and the pulley on the countershaft is 42 in, 
in diameter, and the axes of tho shafts are parallel and 0 ft. apart. If 
the coefficient of friction between belt and pulloy is 0-2, what is the 
maximum torque which can be given to the countershaft wlion tho 
turbine is starting up, so that the tension in the belt shall not exceed 
150 lb. ? 

When the turbine pulley is running at 2,800 revs, per min. it is 
found that the belt begins to slip whon transmitting 4-7 horse-powor. 
Find the corresponding torque on the countershaft, and explain why 
it is less than the starting torque. [I. Mech. E.] 

15. Find the number of times a hauling-rope must be wound round 

a rotating capstan in ordor to haul 10 trucks, each weighing 30 tons. 
Rolling resistance, 12 lb. per ton. Pull on free end of rope, 20 lb.; 
coefficient of friction 04. [Inst. C. E.] 

16. The tup of a drop-forging plant is sometimes lifted by means 
of a belt passed over a revolving pulloy on a main shaft running above 
the hammers. The belt over the pulley is arranged so that one end is 
attached to the tup, whilst the other end hangs free and within reach 
of the smith operating the hammer. 

Suppose the arc of contact between the belt and the pulloy is 
180°, and that the coefficient of friction between the leather and the 
pulley is 05, find what weight of tup could be lifted when the smith 
exerts a pull of 60 lb. on the free end of the belt. [hist. G. E.) 
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17. Prove that the ratio between the tensions on the tight and slack 
sides of a belt transmitting power between two pulleys is eP°, where 

p, = coefficient of friction between belt and pulley, and 

Q = minimum arc of contact between belt and pulley. 

Explain clearly why the belt is re-tightened when it has stretched 
unduly after service. [Inst. C. E.] 

18. Calculate the width of belt required to transmit 5 horse-power 
under the following conditions: 


Revolutions per minute of pulley . 

. = 300 

Diameter of pulley .... 

= 18 in. 

Angle of contact of shaft 

. -= 160° 

Coefficient of friction .... 

. = 0-3 

Maximum tension per inch width of belt. 

. .= 70 lb. 


19. Determine the length of a crossed belt to connect the pulleys 
on two shafts which are 18 ft. apart, when the diameters of the 
pulleys are 41 ft. and 2 J ft. respectively. Prove any formula you use. 

Show by sketches how motion may be transmitted by a belt 
passing over two pulleys only on two shafts which are at right angles 
but in different planes. Distinguish between the driving and the 
driven shafts. [Inst. C. -Eh] 


20. Find the horso-power transmitted by a belt when running 


under the following conditions; 

Diameter of pulley . . . = 2 ft. 

Revolutions per minute . . , = 150 

Angle embraced by belt . . . = 150° 

Coefficient of friction . . — 0-36 

Maximum pull on belt . . = 700 lb. 


21. Determine the width of a belt \ in, thick for the transmission 
of 20 horse-power, when the following assumptions are made: 

Peripheral velocity of belt . . = 3,000 ft, per min. 

Angle of contact of belt on pulley . . = 180° 

Coefficient of friction between belt and pulley = 0-5 
Minimum value of A+J/ 2 . . . = 240 lb. per sq. in. 

where A = tensile stress on tight side of belt, and 

/ 2 = tensile stress on slack side of belt. 

Assuming that the initial tension in a belt is equal to the mean of 
the tensions on the tight and slack sides, determine also the minimum 
and maximum values of the initial tension to which this belt should 
be subjected if the maximum value of A+iA is not to exceed 320 lb. 
per sq. in. [Inst. C. E.] 


22. Find the number of times a hauling rope must be wound round 
a rotating capstan in order to haul 10 trucks, each weighing 30 tons, 
up a gradient of 1 in 30. Roiling resistance, 10 lb. per ton. Pull on 
free end of rope, 40 lb.; coefficient of friction between rope and 
drum = 0-4. [Land. B.So .] 
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23. Sketch and describe an arrangement of pulleys and belts for 
driving a shaft from another shaft parallel to it so as to give a quick 
return motion. 

A shaft running at 150 revs, per min. drives a parallel shaft at 
300 revs, per min., the pulley on the first shaft being 3 ft. in diameter. 
It is required to drive the second shaft at 100 revs, per min., using 
the same belt. What should be the diameters of the pulleys if the belt 
is open and the distance between the shafts is 8 ft. ? [Land. B.Sc,] 

24. A shaft running at 100 revs, per min. has to drive by a belt 

another shaft at 260 revs, per min., the pulloy on the first shaft being 
30 in. in diameter. The shafts are 8 ft. apart, and the belt is crossed. 
If the belt has to transmit 16 horse-power, and if the coefficient of 
friction is 0-20, find the necessary width of belt if the maximum 
permissible tension is 80 lb. per in. of width. [Lond. R.iSc.] 

26. A motor drives a pump by means of a belt on a 5-ft. diameter 
pulley. The pump runs at 150 revs, per min. and delivers COO gal. per 
min. against a head of 125 ft. The contact between the belt and the 
pulley is 180°, and the coefficient of friction 0-26. The pull on the belt 
is not to exceed 80 lb. per in. of width. Assuming that the overall 
efficiency of the pump is 60 per cent., determine the dimensions of the 
belt and the horse-power of the motor. [Lond. B.Sc.] 

26. Calculate the centrifugal tension in a belt which runs over two 
pulleys at a speed of 6,500 ft. per min. The belt is 8 in. wide, ,% in. 
thick, and weighs 0'036 lb. per cub. in. 

If c Mfl = 2, and the maximum permissible tonsion on the belt is 
260 lb. per sq. in., find the horse-power that can be transmitted at 
the above speed. [Lond. B.Sc.] 

27. A belt 4 inches wide running at 2,500 feet per minute connects 
two pulleys, the minimum angle of lap being 170 degrees. If the 
coefficient of friction between the belt and the surfaces of the pulleys 
is 0-2 find the greatest horse-power that can be transmitted when the 
safe tension in the belt is 80 lb. per inch of width. 

If, by the application of belt dressing, the coefficient of friction 
is increased to 0-25 find the percentage increase in speed to transmit 
20 per cent, more power whon the safe stress is reduced to 70 lb. per 
inch of width. [Lond. B.Sc.] 

28. The driving pulley on a main shaft running at 250 r.p.m. is 3 
feet in diameter and drives by moans of a belt a countershaft whose 
speed is 700 r.p.m. The minimum angle of lap may be taken as 170°, 
the coefficient of friction between the bolt and the pulloy surfaces as 
0-25, the weight per cubic inch of belt 0-04 lb., the safe tension in the 
belt, including centrifugal tension, 300 lb. per square inoh of oross 
section. 

Find the width of belt i inch thick to transmit 8 horse-power. 

f Lond. B.Sc,] 
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29. In a rope-drive transmitting 1,200 horse-power, the flywheel 
has an effective diameter of 12 feet and a speed of 7 5 revolutions per 
minute. There are 32 ropes running in grooves which have an angle 
of 45 degrees. If the limiting coefficient of friction between the ropes 
and the sides of the grooves is 0-25, the angle of lap of the ropes is 
180 degrees and the weight per foot length of rope is T08 lb., find the 
greatest tension in each rope. 

Eind the inereaso in speed to transmit 20 per cent, more power 
if the greatest tension is to remain unaltered. \Lond. B.iSc.] 



CHAPTER X 


FLY-WHEELS AND TURNING-MOMENT 
DIAGRAMS 

§ 159. Function of Fly-wheel. In an ordinary direct- 
acting steam engine, the steam is usually admitted for a por¬ 
tion of each stroke, and the pressure of the steam on the piston 
is not constant throughout the stroke. Neglecting for the 
moment inertia effects, and considering a horizontal engine 
as in Fig. 116, the force available at the crosshead is equal to 
the pressure on the piston. In § 139 it was shown that the 
turning-moment on the crank-shaft is equal to Px CD, CD 
being the intercept, on the vertical through the crank-shaft 
centre, cut off by the connecting-rod produced and the 
crank-shaft centre C. It will be readily seen that for 
different crank angles the intercept CD will vary in magni¬ 
tude from zero, when the crank is on the inner dead centre, 
to a maximum when the crank and connecting-rod are 
approximately at right angles to each other. Since both 
P and CD vary, the turning-moment varies considerably 
during each stroke. 

This variation of turning-moment means a variation of the 
rate at which work is done by the engine, with a consequent 
variation of speed throughout the stroke. In many eases it 
is essential that the speed of the engine is constant within 
small limits, and in these circumstances it is usual to fit a fly¬ 
wheel to keep the speed within the prescribed limits. The 
rate at which work is taken from the engine is usually constant 
for such short intervals of time as that required for a stroke, 
and at certain periods of the stroke the engine is developing 
more power than is being taken from it, while at other periods 
the engine is developing less power. The fly-wheel acts as 
a reservoir which can give up and absorb energy as required 
When a fly-wheel gives up energy its speed decreases, and 
conversely, when energy is absorbed the speed increases. This 
alternate taking in and giving out of energy is continuous, 
and occurs at least once during each stroke. The fly-wheel 
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thus tends to keep the speed of the engine within the required 
limits from revolution to revolution. 

If the load on the engine alters, the speed of the engine will 
decrease or increase according to whether the load is greater 
or less than the mean load. This means a definite alteration 
of speed unless the quantity of steam or the pressure is altered 
in such a manner as to equalize the work done by the engine 
and the work taken from the engine. This equalization is 
made possible by the use of a governor. The governor and 
the fly-wheel are each used for the purpose of keeping the 
speed within certain limits, but the function of each is quite 
different. The action of the fly-wheel is continuous and 
regulates the speed over exceedingly short intervals of time, 
while the governor is called into action for variation of load 
or of steam pressure, and is, to some extent, intermittent. 

§ 160. The Indicator Diagram. An indicator diagram 
is an autographic representation of the variation of the fluid 
pressure in an engine cylinder throughout the stroke. In 
Fig. 130 (a) the diagrams illustrate typical indicator diagrams 
for a horizontal double-acting steam engine. In Fig. 130 ( b) 
a piston is shown in its cylinder. For convenience of definition, 
the outstroke is regarded as that in which the piston rod 
moves out of the cylinder, and the instroke as that in which 
the piston rod moves into the cylinder. When the piston is 
moving to the left it is moving on the outstroke, and the cycle 
of operations which takes place on the side of the piston 
marked A is known as the outstroke cycle; when the piston 
is moving to the right the piston is moving on the instroke, 
and the cycle of operations which takes place on the side B 
is the instroke cycle. The indicator diagram for the outstroke 
cycle is abed in Fig. 130 (a) and for the instroke cycle is efgh. 

Consider the piston in the position shown in Fig. 130 (6), 
and assume that it is moving to the left. The pressure per 
square inch on the side A is represented by mb, and the 
pressure on side B by mh. The net pressure on the piston for 
this position when moving to the left is mb—mb, — hb. When 
the piston is in the same position and moving to the right, the 



246 


PRINCIPLES OF MECHANISM 


pressure on the side B is mf and on the side A. md. The net 
pressure for this position is mf—md ~ df. 

§161. Diagram of Effective Steam Pressure. The 

ordinates hb and df, Fig. 130 (a), represent the net or effective 



OUTSTROKE 



(b) 

Pig. 130. 


pressure in pounds per square inch on the two sides of the 
piston for the given position. If these ordinates are plotted 
on a new base line MN, Fig. 131 (a) and ( b ), for the correspond- 
ing piston position, points are obtained which lie on a dia¬ 
gram of effective pressure. By plotting similar ordinates for 
other piston positions the complete diagram is obtained. In 
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Fig, 131 (a) the diagram for the outstroke is NabcMN and in 
Fig. 131 ( b) the diagram for the instroke is MafbNM. 

§ 162. Correction, of Vertical Engine. In a vertical 
engine the weight of the reciprocating parts assists the steam 
pressure on the down or outstroke and opposes the steam 
pressure on the up or instroke. 

Let W — total weight of reciprocating parts in pounds, 

A — area of piston in square inches; 

W 

then — = weight of reciprocating parts per square inch of 


piston area. 

The correction for the weight of the reciprocating parts is 
made by increasing the effective steam pressure on the piston 


W 

by — for the outstroke and decreasing it by the same 
A 


amount for the instroke. In Fig. 131 (a) and ( b ) a new base 

W 

line M 1 N 1 is drawn parallel to MN, and MM 1 — NN X = —. 

A 

The effective pressure is now measured from the new base line 
M 1 N v The net pressures for the given position of the piston 
are represented by bd and fe respectively. For a vertical engine 
the base line is M X N X and for a horizontal engine it is MN. 


§ 163. Correction for Accelerating Forces. Theaccelera- 
tion of the reciprocating parts may be found either by cal¬ 
culation or by one of the geometrical constructions described 
in Chapter V. For any crank angle 9 from the inner dead 
centre, the acceleration is given by 


w s r |cos 0 -f ^ cos 20 j. 

The accelerating force required to produce this acceleration 

is —aA'(cos0-f-cos 201 pounds, and the accelerating force 

W l r \ 

per square inch of piston area is — a> a rlcos 0-f- cos 201. 

Since the acceleration is positive for the earlier part of the 
stroke, the accelerating force opposes the pistoneffort, andfor 
the latter part assists the piston effort when the acceleration 
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is negative. The curve of accelerating force is exactly similar 
to the acceleration diagram, Fig. 51, and we proceed to apply 
this correction to the effective-pressure diagram. 

When 9 — 0°, accelerating force per square inch of piston 
W ( r\ 

area = —- t aPr\ 1 + A. When 6 — 180°, accelerating force per 

W 


gA 


square inch of piston area = — ai 2 r| 


■1 + 


^j. In Fig. 131 (a) 


and 


W / r\ 

the ordinate N x e is made proportional to — toMl-f-j 
W ( r\ 

M l f proportional to —wVI — 1 + -j, the base line N L being 

the corrected base for a vertical engine. For a horizontal 
engine the ordinates are measured from N and M respectively. 
The curve egf is drawn to represent the curve of accelerating 
force per square inch of piston area for all positions of the 
piston on the outstroke. The diagram of available pressure 
per square inch is the net diagram eabcfge, and the ordinate 
gb is the net pressure per square inch for the given piston 
position. 

For the instroke, Fig. 131 ( b ), the ordinate M x c is made 


proportional to — 


and the ordinate N x h pro- 


W I r\ 

portional to —jcoV^l-f-1, and the curve cgh is the complete 

curve representing the accelerating force per square inch of 
piston area. The diagram of available pressure per square inch 
is cafbhgc, and for the given piston position the ordinate is fg. 
The total force available at the crosshead is the piston area 
A multiplied by the ordinate for the corresponding position 
of the piston. 


§ 164. Turning-moment on Crank-shaft. In Fig. 132, 
let A represent the crosshead, AB the connecting-rod, and 
BC the crank of a steam engine. The stroke is EF, and a 
diagram of available pressure per square inch is drawn im¬ 
mediately above EF, showing the variation of available 
pressure per square inch of piston area for the outstroke. 
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Let p = available pressure per square inch, 

A = area of piston, 

P = total available pressure at crosshead; 
then P — Axp, 

turning-moment (from § 139) — Px CD. 



Example 1. A double-acting vertical steam engine has the 
following particulars: 

Diameter of cylinder . . . , = 16 in. 

Stroke.= 20 in. 

Length of conneoting-rod . . = 45 in, 

Revolutions per minute . . . = 80 

Weight of reciprocating parts . . 300 lb. 

What is the effective pressure on the piston at the end of the 
down stroke, and its direction, if the force on the crank pin is 
zero at that instant ? [Imt. C. E .J 

Available force at crosshead = 0. 


Available force = effective steam pressure on piston-(-weight 
of reciprocating parts—accelerating force. 
0 = effective steam pressure 




/80 


10 , 


10\ 


Effective steam pressure = —300—424 == —724 lb. 
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The effective steam pressure is —724 lb., the negative sign 
indicating that the pressure must act on the underside of the 

724 

piston, or upwards. This corresponds to or 3-6 lb. 

per sq m. 

Example 2. It is found that when an engine crank has turned 
through an angle of 30° from the inner dead centre, the accelera¬ 
tion of the piston is 120 ft. per sec. per sec., the difference of steam 
pressure on the two sides of the piston is 70 lb. per sq. in., and the 
frictional resistance is equivalent to a force of 125 lb. If the area 
of the piston is 95 sq. in., the weight of the reciprocating parts 
400 lb., the crank radius 11 in., and the length of the connecting- 
rod 48 in., determine the turning-moment on the crank-shaft at 
that instant. [Inst. C. E.] 

Assuming the engine to be horizontal, 

available force = effective steam pressure—frictional 

resistance—accelerating force 

= 70x95-125- —X120 
9 

= 5,035 lb. 

By construction (similar to Fig. 132) CD = 6-7 in., 

6'7 

,\ turning-moment = 5,035 X yw = 2,810 lb.-ft, 

lit 

For a vertical engine the available pressure is increased by 

£» H 

400 lb. and turning-moment — 5,435 X = 3,030 lb.-ft. 

§ 165. Crank Effort. When the turning-moment on a 
crank-shaft is known for a given crank position, the effort 
required at crank radius and acting perpendicular to the 
crank to give the same turning-moment is known as the crank 
effort. 

Let It = crank effort, 
r = radius of crank. 

From Fig. 132, turning-moment == PxCD — Exr. Since 
r is constant the crank effort is directly proportional to the 
magnitude of the turning-moment. 

§ 166. Turning-moment Diagram. The method of 
finding the turning-moment on the crank-shaft for any piston 
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position or for the corresponding crank angle has already been 
described. If values of the turning-moment obtained in this 
manner are plotted against corresponding crank positions, the 
diagram thus obtained is known as a turning-moment dia¬ 
gram, and since the crank effort is directly proportional to the 
turning-moment, a turning-moment diagram is identical in 
shape with a crank-effort diagram; the scales to which the 
two diagrams are drawn will, of course, be different. 



Fig. 133. 

A turning-moment diagram for a single-cylinder double¬ 
acting steam engine is shown in Mg. 133. The horizontal 
ordinates represent crank angle and the vertical ordinates 
turning-moment. Mom the diagram it is seen that the 
turning-moment is zero when the crank angle is zero, rises to 
a maximum value when the crank angle is rather less than 
90°, and is again zero at 180°. This part of the curve is 
represented by a be and is tho turning-moment diagram for 
the outstroke. For the instroke the turning-moment diagram 
is somewhat similar, as shown at cde. 

Since the product of a turning-moment and the angle 
turned through is the work done, the area of the turning- 
moment diagram is proportioual to the work done per revolu¬ 
tion. The mean resisting torque against which the engine is 
working is usually assumed constant and may be represented 
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by a horizontal line fg. The height of the ordinate af is the 
mean height of the turning-moment diagram, since it is 
assumed that the work done by the turning-moment per 
revolution is equal to the work done against the mean 
resisting torque per revolution, and the area of the rectangle 
afge is proportional to the work done against the mean 
resisting torque. 

§ 167. Fluctuation of Energy. The horizontal line fg 
cuts the turning-moment diagram in the points h, k, l, m. The 
ordinates hn , kp, Iq, and mr are shown perpendicular to ae. 
When the crank moves from the position represented by n to 
position p, the work done by the engine is proportional to the 
area nhbkp , and the work done against the resisting torque is 
proportional to the area of the rectangle nhkp. The engine 
has thus done more work than has been taken from it, and 
this excess of work is represented by the area hbk. This 
excess work is stored in the fly-wheel and hence the speed of 
the fly-wheel increases while the crank moves from n to p. 

Similarly, while the crank is moving from p to q more work 
is taken from the engine than is developed, and this loss of 
work is represented by the area kcl. To supply this loss, the 
fly-wheel gives up some of its energy and the speed decreases 
during this interval. As the crank moves from q to r, excess 
work.is again developed proportional to the area Idm, and 
the speed again increases. As the crank moves from r to 
n (n being a corresponding position for the next revolution), 
loss of work, proportional to meg-\-fah, occurs, and the speed 
decreases. The areas hbk, kcl, Idm, etc., represent fluctuations 
of energy. 

When the crank is at p, the engine has a maximum speed, 
since the fly-wheel has absorbed energy while the crank has 
moved from n to p. At q the engine has a minimum speed, 
since the fly-wheel has given out energy while the crank has 
moved from p to q. Similarly, at r and n the engine will 
have maximum and minimum speeds respectively. For the 
given turning-moment diagram there are thus two maximum 
speeds and two minimum speeds. The two maximum speeds 
are not necessarily equal. The speeds are maximum from the 
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mathematical point of view that the speed up to that point 
is increasing and after that point is decreasing. The greatest 
speed is the greater of the two maxima, and the least speed is 
the lesser of the two minima. 

§168. Maximum Fluctuation of Energy. The turning- 
moment diagram for a single-cylinder engine varies consider¬ 
ably throughout the stroke. For engines with two cylinders, 
the resultant turning-moment diagram is the sum of the 
turning-moment diagrams for the two cylinders, and by hav¬ 
ing the cranks 90° apart the resultant turning-moment, dia¬ 
gram has a less variation than that for a single cylinder. In 



a three-cylinder engine with cranks at 120° the variation is 
still less. 

In Fig. 134, let be represent the constant resisting torque 
on the crank-shaft and the wavy line nfghklmp the turning- 
moment diagram for a given engine. The area under the 
wavy diagram is equal to the area of the rectangle heed. As 
already explained, when the crank is in positions correspond¬ 
ing to g, k, and m the speed of the engine at each of these 
positions is a maximum, and when the crank is in positions 
corresponding to/, h, and l the speed in each of these positions 
is a minimum. 

Let a x , « 3 , and a 5 be the areas of the portions of the turning- 
moment diagram above be, and a 2> a 4 , and a 0 the areas of the 
portions below. Each of these areas represents some quantity 
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of energy which is either added to or taken away from the 
energy of the moving parts of the engine. The energy stored in 
a rotating fly-wlieel is usually much greater than that stored 
in the other moving parts of an engine, and it is customary to 
assume that the fluctuations of energy (corresponding to the 
areas a v a 2 , a 3 , etc.) are absorbed by or added to the fly-wheel. 

Let E — energy in the fly-wheel when the crank is in the 
position represented by/. 

Then E-\-a 1 = energy in the fly-wheel for crank position g\ 

LZ-f tq—a 2 = energy in the fly-wheel for crank 
position h; 

E-fa^—a 2 -{-a 3 = energy in the fly-wheel for crank 
position h; 

Ef-a 1 —a 2 f-a s —a 4t — energy in the fly-wheel for crank 
position Z; 

J?-t-aq—a 2 +et 3 —a 4 -(-a 5 = energy in the fly-wheel for 
crank position m ; 

.0-f-cq— a z +a s — u 4 -(-a 6 — a G — E = energy in the fly¬ 
wheel for crank position f. 

The curve is continued to fin the next revolution, and since 
the area under the curve is equal to the area of the rectangle 
bced, cq—a 2 -{-a 3 —a 4 -|-a 5 —a 6 = 0. 

The greatest of these energies is the greatest energy stored 
in the fly-wheel, and for the crank position in which this occurs 
the engine has its greatest speed. The least of these energies 
is the least energy stored in the fly-wheel, and for the crank 
position in which this occurs the engine has its least speed. 
The difference between the kinetic energy in the fly-wheel at 
the greatest speed and the kinetic energy at the least speed 
is the maximum fluctuation of energy. The difference between 
the greatest speed and the least speed is the maximum 
fluctuation of speed. The ratio of the fluctuation of speed to 
the mean speed is the coefficient of fluctuation of speed. 

Suppose the greatest of these energies occurs when the 
crank is at m and the least when the crank is at h. 

eq+caq—cq+aq = energy in fly-wheel for crank 
position m. 

Ef- eq— a 2 — energy in fly-wheel for crank position h. 
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Maximum fluctuation of energy 

= — a 2~i” a 3— a i~\~ a 5) — a 2 ) 

= a 8 -a 4 H-a 8 . 

The ratio of the maximum fluctuation of energy to the work 
done per cycle is the coefficient of the fluctuation of energy. 

Work done per cycle = area under curve = area of rect¬ 
angle bced. 

Coefficient of fluctuation of energy 

__ g 3 — a i J r a & a 3 — a 4 a fi 

work done per cycle area bced ' 

§ 169. Fly-wheels. The rim of a fly-wheol is usually 
heavy in comparison with the boss and the spokes, and, since 
the radius of gyration of the rim is much greater than that of 
the boss and of the spokes, the moment of inertia of the rim is 
greatly in excess of the combined moment of inertia of the boss 
and spokes. In a preliminary estimation for the size of a fly¬ 
wheel it is usual, therefore, to neglect the effect of the boss 
and spokes and to assume that the whole of the energy of the 
fly-wheel is contained in the heavy rim. In many cases an 
allowance factor is used to take into account the boss and 
spokes. 

Let E ~ kinetic energy of fly-wheel at moan speed, 

W = weight of fly-wheel, 
k = radius of gyration, 
w = mean speed in radians per second, 
ojj = greatest speed, 
co^ = least speed, 

e == maximum fluctuation of energy. 

E = £/« 2 . 

Fluctuation of kinetic energy in fly-wheel = ^/(aij 3 —u> 2 2 ) = e. 
Since w is the mean speed, u> — ^(co a -j- toa). 

Substituting for a> 1 +w 2J 

e = Iw(ui^ —cu 2 ). 

Thus for a given maximum fluctuation of energy the 
moment of inertia / may be calculated for a given fluctuation 
of speed. 
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An alternative expression may he found incorporating the 
percentage fluctuation of speed. 

Let q = total percentage fluctuation of speed; 

then q = x 100. 

OJ 

Now 

e = \I(w 1 —ui 2 )(<o 1 +u} 2 ) = X2aj = lIco 2 x 

or e — Ex . 

100 

Example 3. The rim of an engine fly-wheel weighs 6-5 tons and 
the mean radius is 6 ft. It is found from a erank-effort diagram 
that the fluctuation of energy is 20 ft.-tons. Calculate the maxi¬ 
mum speed of the wheel, and the minimum speed when the mean 
speed is 120 revs, per min. [Inst. C. E.] 

e = /<o(wi— co 2 ), 

20 = y X 6 2 X ~ X 27r(to 1 —« a ), 

.'. toj—<o 2 = 0-219. 

N a = 0-219 X = 2-09. 

2*09 

Maximum speed = 120 d—= 121-04 revs, per min. 

2-09 

Minimum speed = 120-= 118-96 revs, per min. 

u 

Example 4. In a turning-moment diagram the areas above and 
below the i._,ean torque line taken in order are 0-9, 0-5, 0-6, 0-8, 
0-3, 0-6, 0-4, and 0-3 sq. in. respectively. The scales of the turning- 
moment diagram are 

Turning-moment . . . 1 in. = 5,000 lb.-fb. 

Crank angle . . . . 1 in. = 60°. 

The mean speed of the engine is 120 revs, per min. and the 
variation of speed must not exceed ±3 per cent, of the mean 
speed. Ass umin g the radius of gyration of the fly-wheel to be 
3| ft., find the weight of fly-wheel to keep the speed within the 
given limits. 
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1 sq. in. on turning-moment diagram = 5,000 x 2n x 


60 

360 


=- 5,240 ft.-lb. 


Area representing the maximum fluctuation of energy 
= -|-0-4-0-3+0'9-0-5+0'6 = M sq. in. 

Maximum fluctuation of energy == 5,240 X 1*1 = 5,760 ft.-lb. 
Total percentage fluctuation of speed = 2x3 = 6 = q, 

6,760 = fxl, 

E = 48,000 ft.-lb. 

E = \I<»* = (3i)*(^ X 2tt)* = 48,000; 


W = 1,600 lb. 


EXERCISES. X 

1. A fly-wheel weighs 44-4 tons. Its radius of gyration is 11J ft. 

Find how much energy it stores at 60 revs, per min. If the variation 
of torquo on the crank-shaft is suoh that 55 ft.-tons of energy are 
alternately added to and subtracted from the mean energy stored 
in tho wheel, calculate the corresponding maximum and minimum 
number of revolutions of the wheel per minute. [Inst, 0. E.) 

2. The fly-wheel of an engine has a moment of inertia about the axis 

of the shaft of 8,000 ft.-lb. units. If the moan spood of tho wheel is 
60 revs, per min., calculate tho fluctuation of energy per stroke if the 
maximum speed is at tho rate of 52 and its minimum 48 revs, per 
min. [Inst. O. E.] 

3. The following data refer to a singlo-oylinder vertical engine! 


Diametor of cylinder 

. = 8 in. 

Stroke ..... 

. = 24 in. 

_ .. connecting-rod 
ornnk 

. == 4£ 

Revolutions per minute 

. = 70 

Weight of reciprocating parts . 

. = 50 lb. 


Find, by graphical or other moans, the turning offort when the 
crank has turned through an angle of 136° from the inner dead contro, 
assuming that the effective steam pressure on tho piston is 25 lb. per 
sq. in. [Inst. C. E.] 

4. Explain how the turning-moment diagram for a steam engine is 
used to determine tho weight of fly-wheel necessary. Such a diagram 
is drawn to scales of 1 in. = 5,000 ft.-lb. and I in, = 60°, and the 
maximum energy fluctuation is shown by an area of 0-96 square in. 
The mean speed of revolution is 130 per min.> and the moan rim 
velocity of the fly-wheel is to be about 80 ft. por seo. If the coefficient 
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of speed fluctuation allowable is 0-02, determine the necessary weight 
of the fly-wheel rim if the energy in the arms is j^th of the energy 
in the rim. [T. Mech. 2?.] 

5. A fly-wheel when running at 90 revs, per min. has a stored 

energy of 3,000,000 ft.-lb. By reason of additional load it is slowed 
down to 86 revs, per min. in two seconds. By how much will the 
stored energy be reduced, and what is the average horse-power pro¬ 
duced by the slowing-down of the fly-wheel ? [Inst. C. 2?.] 

6. Fmd the force acting on the piston rod at each end of the stroke 
in a double-acting horizontal steam engine when running under the 


following conditions: 




Weight of piston and rod . 

• 

. 

= 275 lb. 

Radius of crank 

. 


= 15 in. 

Length of connecting-rod . 

. 

, 

— 60 in. 

Revolutions per minute 

. 


= 150 

Steam pressure—constant throughout stroke 

= 100 lb. sq. in. 

Back „ „ 

»» 

>> 

= 3 lb. sq. in. 

Diameter of cylinder 

. 

, . 

= 16 in. 




[Inal. O. 25.] 


7. The reciprocating parts of a steam engine weigh 8 J tons; the con¬ 
necting-rod is 17£ ft. long and the crank radius is 3 ft. Calculate the 
force required to accelerate the reciprocating masses at the beginning 
and end of the stroke when the speed is 60 revs, per min. [Inst. C. 25.] 

8. In a horizontal engine the effective pressure on the piston is 
65 lb. per sq. in. and the acceleration is 110 ft. per sec. per sec. when 
the crank has turned through an angle of 30° from the inner dead 
centre. The friction of the reciprocating parts is equivalent to a force 
of 200 lb. The piston diameter is 9 in., crank radius 10 in., weight of 
reciprocating parts 360 lb., and length of connecting-rod 40 in. Deter¬ 
mine the turning-moment on the crank-shaft for this position of the 
crank. 

9. The rim of an engine fly-wheel weighs 7 tons and the mean radius 
is 6 ft. This fly-wheel is on a crank-shaft, and it is found that the 
maximum fluctuation of energy is 22 ft.-tons. If the mean speed is 
120 revs, per min., find the greatest and least speeds. 

10. The crank and connecting-rod of an engine are 1 ft. and 4 ft. 

long respectively. When the crank has turned through an angle of 
30° from the inner dead centre, the pressure on the piston is 20,000 lb. 
There is a fly-wheel weighing 2 tons and having a radius of gyration 
of 3 ft. fixed to the crank-shaft. Neglecting all resistances and inertia 
of all parts except the fly-wheel, find: (a) the thrust along the connect¬ 
ing-rod; ( b ) the turning effect in the crank-shaft; (c) the angular 
acceleration of the fly-wheel. [I. Mech. 25.] 

11. A gas engine has a stroke of 10 in. and a piston diameter of 6 in., 
and a ratio of connecting-rod to crank of 4£ to 1. Find the acceleration 
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of the piston at three-quarters of the compression stroke and at dead 
centre at the end of that stroke if the engine is running at 400 revs, 
per min. 

Ass umin g the weight of the accelerated parts to be 36 lb., find 
the force required to give the piston its necessary acceleration when at 
dead centre at the end of the compression stroke, and find the mini¬ 
mum pressure in lb. per eq. in. of the gas in the cylinder in order that 
this force shall be provided by the compressed charge. [/. Meek. E.] 

12. A steel fly-wheel, 4 ft. outside diameter, has a rim 4 in. sq. in 
section, a web 1 in, thick connecting the rim to the boss, and a boss 
8 in. diameter and 8 in. long. Determine: (a) the moment of inertia 
of the wheel; (6) the kinetic energy of the wheel when rotating at 
300 revs, per min. 

Weight of 1 cu. in. of steel = 0-28 lb. [I. Mech. E.] 

13. The crank of a steam engine is 1 ft. radius, and the connecting- 
rod is 4 ft. long. The fly-whoel woiglis 4 tons, and the rim has a mean 
radius of 4 ft. (The mass of the fly-wheel may bo assumed concentrated 
at the mean radius.) 

When the crank makes 45° -with the position at the inner dead 
centre, tho pressure on the piston is 26,000 lb. 

The resisting torque at this instant is 17,000 lb.-ft. 

Find tho angular acceleration of tho fly-wheel in sign and magni¬ 
tude. [I- Mech. E.] 

14. Tho fluctuation of energy of a double-acting engine of 100 
horse-power when making 100 revs, per min. is ± 2 per cent, of the 
energy developed per stroke. Find the weight of fly-wheel, of 6 ft. 
diameter, necessary to keep down the fluctuation of speed within 
± 1 per cent. 

16. The fly-wheel of a steam engine has a mass of 60 tons, and ita 
radius of gyration is 12 ft. The other moving parts are comparatively 
light. 

When the engine is running unloaded at 62 revs, per min., the 
steam is shut off suddenly, and the engine comes to rest in 4 min. 
10 sec. 

Assume that the frictional resistances are constant during this 
period, and find the hoxse-powor required to drive the engine when 
rupning unloaded at 62 revs, per min. [ Lond . JS.dc.] 

16. The turning-moment diagram for a four-stroke gas engine may 
be assumed for simplicity to be represented by four triangles, the 
areas of which measured from the line of zero pressure are aa follows: 
Expansion stroke . . . => 8*60 sq. in. 

Exhaust ,, . . => 0'80 „ 

Suction „ . . = 0-66 „ 

Compression „ . = 2-14 „ 

Each square inch represents 1,000 Ib.-ft. 

Assuming the resisting torque to be uniform, find the weight of 
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the rim of a fly-wheel required, to keep the speed between 98 and 102 
revs, per min.; the mean radius of the rim is 3 ft. [Land. B.So.] 

17. The centre line of the cylinder of a single-acting horizontal 
steam engine is designed to be 6 in. below the axis of the crank-shaft. 
The crank is 6 in. long, the connecting-rod 18 in., and the piston 
diameter 7 in. 

The steam pressure is constant throughout the working stroke at 
80 lb. pressure by gauge, and the exhaust is direct to the atmosphere 
with no compression at the end. 

If the engine runs at 180 revs, per min. and is completely balanced, 
find the moment of inertia of the fly-wheel necessary to limit the fluc¬ 
tuation of speed to 1-J per cent, of the mean speed. [ Lond. B.iSc.] 

18. Write a short essay on the method of finding the weight of 

fly-wheel for a single-cylinder gas engine so as to maintain the speed 
fluctuation within given limits. Take into account the inertia of the 
moving parts. [Lond. R.Sc.] 

19. A double-acting steam engine develops 48 horse-power; the 
stroke of the piston is 14 in., and the crank makes 120 revs, per min. 
The fly-wheel has a mean diameter of 5 ft. 8 in. 

The maximum fluctuation of energy during a revolution is 30 per 
cent, of the work done per stroke. 

Determine the weight of the fly-wheel rim if the total fluctuation 
of velocity is not to be more than 2 per cent, of the mean velocity. 
Prove the formula you use. [Lond. B.Sc .] 

20. A high speed vertical inverted engine runs at 450 revs, per min., 
the stroke is 8 in., the reciprocating parts weigh 0-93 lb. per sq. in. of 
piston area, and the connecting-rod is 16 in. long. Determine the 
acceleration pressure per square inch of piston area at each end of the 
stroke. 

Show by a sketch how the acceleration pressure varies during one 
stroke. [Lond. B.Sc.J 

21. An engine developing 1,000 horse-power at 240 revs, per min. 

has a wire-wound fly-wheel weighing 60 tons and having a radius of 
gyration of 9 ft. Express the energy stored in the fly-wheel in terms 
of the work done by the engine per revolution. If steam were shut off, 
what moment of resistance would reduce the speed from 200 to 100 
revs, per min. in 1J min ? [Lond. R.iSc.] 

22. The following particulars are taken from a horizontal steam 
engine: 

Revolutions per minute . . . — 250 

Length of connecting-rod . . = 7 ft. 

Length of stroke . . . . = 26 in. 

Diameter of cylinder , . . = 19 in. 

Weight of reciprocating parts , . = 550 ib. 

When the crank angle is at an angle of 30° after the inner dead 
centre, the net steam pressure per square inch on the piston is 85 lb. 
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Determine, for this position of the crank, the thrust along the 
connecting-rod, the turning-moment on tho crank-shaft, and the rate 
at -which work is being ilono on the cranlc-shaft. [j bond,. B.Sc.] 

23. In the turning-moment diagram for one revolution of a steam 

engine the areas above and below tho curvo of resistance, taken in 
order, are +0-53, —0-33, -J-0-38, —0-4:7, —0-36, +0-35, and 

— 0-28 sq. in. The scales of the diagram are: 

Turning-moment . . . 1 in. = 8,000 lb.-ft. 

Crank angle , . . . 1 in. = 00°. 

The mean revolutions per minute are 150, and the total fluctua¬ 
tion of speed must not exceed 3 por cent, of tho moan. Determine a 
suitable cross-sectional area of the x-im of tho fly-wheel, assuming the 
total energy of the fly-wheel to bo that of tho rim. Tho peripheral 
velocity of the fly-wheel is to bo CO ft. per boc. Take the weight of the 
material as 0-25 lb. per cu. in. [Land. B.Sc.] 

24. Find the weight of fly-wheel required for a steam engine in 

which it is desired to limit the cyclical variation of speed to 0-6 per 
cent, on either side of tho moan. Tho ratio of tho excess energy during 
any one stroke to the total work done por stroko is 0-28. Tho engine 
is designed to indicate 480 horso-powor at 110 rovs. por min. The 
radius of gyration of tho wheel is 6-4 ft. [Land. B.Sc.] 

25. A horizontal stcam-engino cylinder is 20 in. diameter, stroke 
18 in., connecting-rod 3£ ft. between centres, mass of reciprocating 
parts 280 lb. Find how much tho pressure por square inch of cushion 
steam must exceed that on the other side of tho piston, at each end 
of tho stroke, so as to relieve tho crank-pin brasses of all pressure 
when tho engino ia running at 350 rovs. per min. 

26. A steam engine develops 80 indicated liorse-powor at 100 revs, 
per min. against a steady load. Tho fly-wheel weighs 3 tons and has 
a radius of gyration of 5 ft. If tho load suddonly changes to J of the 
initial value, and tho steam supply does not change for the next 
two revolutions, ealculato tho ohango of speed during this period. 

27. The indicated horso-powor of an engine is 100; mean speed 
200 revs, per min. Tho energy to be absorbed by the fly-wheel is 
10 por cent, of the work dono in tho cylinder per revolution. If the 
radius of gyration of the fly-wliocl is 30 in., determine its weight in 
order that tho total fluctuation of speed may not oxceed 2 per cent, 
of the mean speed. 

28. Explain tho functions of a fly-whoel, and show how its size 
and mass may be calculated by the aid of a turning-moment diagram. 

An engine develops 400 indicated horse-power at 120 revs, per 
nun,, and tho energy fluctuation is shown by the turaing-moment 
diagram to bo 0-12 of tho work dono por revolution. Calculate the 
mass of the fly-wheel necessary to keep tho speed fluctuation within 
1-5 per cent, of the mean speed. Assume the radius of gyration of 
the wheel to be 5 ft- [I. Mech. E.] 
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GOVERNORS 

§ 170. Function of a Governor. The function of a gover¬ 
nor as applied to engines is to keep the speed of the engine 
within prescribed limits for variations of load upon the engine. 
The speed of an engine may vary during each revolution, and 
this variation is known as a cyclical variation; also it may 
vary due to a variation of load upon the engine or due to a 
variation of the pressure or quantity of steam supply in the 
case of a steam engine. The regulation of speed in the former 
ease is accomplished by the use of a suitable fly-wheel. If 
the boiler is functioning correctly, the quantity and pressure 
of steam will be maintained, and any variation of speed will 
be due to an alteration of the load; the governor thus regu¬ 
lates the speed of the engine, within certain limits, for altera¬ 
tions of load upon the engine. The regulation of the speed by 
the governor is accomplished by automatically regulating the 
power developed by the engine so that it is approximately 
equal to the power taken from the engine. The operation of 
the fly-wheel is continuous, whereas the operation of the 
governor is usually more or less intermittent. 

For steam engines the governor may regulate the power 
developed in two ways: (1) by reducing the pressure of the 
steam before it is admitted to the cylinder—this method is 
known as throttling, and the governor is called a throttle valve 
governor; (2) by varying the quantity of steam admitted to 
the cylinder per stroke—usually by manipulation of the valve 
so as to alter the point of cut-off. This latter type is obviously 
more economical since the steam is always used at the supply 
pressure. Throttle valve governors are limited in their 
application in that they can reduce the pressure of steam 
but cannot increase the pressure. 

For gas and oil engines the regulation of the speed is 
usually accomplished by the control of the amount of gas or 
oil admitted per cycle. Another method is that of varying 
the ratio of air and gas or oil as the case may be. 
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§ 171. Action of Simple Governor. A simple governor 
of the Watt type is shown in Fig. 135. A vertical spindle Sis 
driven through gearing from the crank-shaft of the engine, so 
that the spindle always rotates either at the same speed as the 
crank-shaft or some definite fraction of the speed. At the top 



of the vertical spindle 3 two swinging arms A are pinned, and 
at the free extremity of each arm is a heavy mass W. The 
arms rotate with the spindle. A sleeve V is connected to the 
arms A by links B. The sleeve V is free to slide up and 
down the spindle S but rotates with the spindle. Stops I\ 
and P 2 fixed to the spindle limit the movement of the sleeve. 
A bell crank lever L is forked at one end and partially 
embraces the recess in the sleeve; the other end of the bell 
crank lever is pinned to a rod R which can operate, say, a 
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throttle valve. A vertical movement of the sleeve moves the 
rod R which actuates the regulating gear. 

When a mass is rotating in a circular path there is a centri¬ 
petal acceleration of cob towards the centre of rotation, and if 
the weight of the mass is W the centripetal or radial force 


W 

acting towards the centre to cause this acceleration is —c ub. 


In the simple Watt governor shown in Fig. 135, this force is 
supplied by the weight of the sleeve, the weight of the rotat¬ 
ing mass, and the resistance of the regulating gear. Acting 
outwards on each of the masses W is a centrifugal force of 


—cob lb. These centrifugal forces balance the radial inward 
0 

force due to the weight of the sleeve, etc. If the speed of the 
engine increases, due to a reduction of load, the centrifugal 
force increases, and if the weight of the sleeve, etc., is insuffi¬ 
cient to balance this increased force the masses W move out 
to a larger radius. This causes the sleeve to rise on the 
spindle, thereby actuating the rod R which is instrumental 
in decreasing the power of the engine to meet the decreased 
load. If the load on the engine is increased, with a consequent 
reduction of speed, the centrifugal force is less and the weight 
of the sleeve, etc., is in excess of this force. The sleeve thus 
falls on the spindle, again actuating the rod R and regulating 
the power to suit the inorease of load. 

§ 172. Simple Conical Governor. The simplest form of 
conical governor consists of two rotating masses diametrically 
opposed. In Fig. 136 (a), (b), and (c), one rotating mass is 
shown attached to the end of an arm which rotates with the 
vertical spindle. The mass is connected directly to the sleeve 
by another arm which is not shown. The upper arm may 
be suspended from the vertical spindle in three ways: (1) from 
the axis of the spindle, (2) from a point attached to a collar 
on the spindle so that the arm produced intersects the spindle, 
(3) from a point attached to a collar so that the arm crosses 
the spindle. The three methods are shown at (a), ( b ), and (c). 
The height of the governor is the distance from the centre of 
the mass to the point of intersection between the arm and the 
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axis of the spindle. The arms are usually light in comparison 
with the rotating masses, and it is usual to neglect the effect of 
the arms when considering the forces acting on the masses. 

Tor a preliminary investigation let the weight of the sleeve 
and resistance of regulating gear be neglected. Then the 




Pig. 136. 

forces acting on each mass are, W acting vertically down- 

W 

wards, the centrifugal force — co 2 r acting radially outwards, 

and the tension in the arm. 

Let W — weight of each rotating mass, 
r — radius of circular path, 
h = height of governor, 
oj = angular speed, 

T — tension in upper arm. 

Let 0 be the point of intersection of the arm and the axis 

of the spindle, then taking moments about 0 for all three cases, 
W 

— cu 2 rxh -= WXT, 

9 

* = 4 

CO 1 * 

^he height h is thus independent of W and varies inversely 
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as the square of the speed. Take a simple governor of this 
type rotating at 150 revs, per min. 


150 . 

01== ~go x27t ’ 
h = = 0-1305 ft - = 

257 A 


1-566 in. 


For a height of 1-566 in. the arms are nearly horizontal and 
any alteration of speed would only cause a very small altera¬ 
tion of h, with a consequent movement of the sleeve of about 
twice this quantity, since for equal upper and lower arms the 
sleeve has twice the vertical movement of the mass W. This 
small movement of the sleeve would be insufficient to affect 
the alteration of power and consequently this type of gover¬ 
nor is unsuitable, even for moderate speeds. 



§173. Graphical Solution. In the form of Watt governor 
shown in Fig. 137 (a), A is a point on the sleeve and B is 
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a point on a collar fixed to the vertical spindle. Governor 
problems of this nature may be conveniently solved by apply, 
ing the principle of work, and to apply the principle of work 
it is necessary to know the relative velocities or displacements 
which take place between the various parts of the mechanism. 
The rate at which work is done by the centrifugal force is the 
magnitude of the centrifugal force multiplied by its velocity in 
the direction of that force, and this work is balanced by the rate 
at which work is done in lifting the rotating masses, sleeve, etc. 

Let W[ = weight of sleeve, the frictional resistance of the 
sleeve and regulating gear being neglected. 

The, relative velocities between points on the mechanism are 
obtained by drawing a velocity diagram as in Fig. 137 ( b ). 

Velocity of A relative to B — velocity of A relative to C 

-f-velocity of C relative to B. 
ba = ca-{-bc — bc-\-ca. 

Assuming the sleeve is moving upwards, the velocity of A 
relative to B is parallel to the vertical spindle and ba is drawn 
vertical, of any convenient length, to represent this velocity, 
The velocity of A relative to C is perpendicular to A C, and 
the vector ac is thus drawn perpendicular to A C. The velocity 
of C relative to B is perpendicular to CB, and the vector be is 
drawn perpendicular to CB. The intersection of ac and be 
locates c. The point d is located by producing be to d such 

that r= —^. The vector bd represents the velocity of D 

relative to B. If dd L is drawn horizontal, then d x d is the 
horizontal component of the velocity of D relative to B, and 
bd x is the vertical component, 

W 

Work done by centrifugal force = — <x>"r x d. d. 

<7 

Work done in lifting the mass W — W X vertical velocity 

= Wxbd v 

Work done in lifting the sleeve 

= \W X x vertical velocity of sleeve 
= \W x xba. 

The weight of sleeve per mass 11" is ,VTtj. 
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Equating the work done by the centrifugal force to the 
work done in lifting the rotating mass and the sleeve, 

— toVxdjd = W X x ba. 

From this equation the weight of the mass W 1 can be 
calculated for a given radius r, a given speed a>, and a given 
rotating mass W. 

§ 174. The Friction at the Sleeve. The resistance of the 
sleeve and regulating gear affects the speed of the governor 
for a given mass W. This resistance is usually expressed as 
a friction force at the sleeve, i.e. the force required to over¬ 
come the friction of the sleeve, and the resistance of the 
regulating gear may be expressed as an equivalent force 
acting at the sleeve. Since friction always opposes motion, 
the friction may be regarded as an additional load at the 
sleeve when the speed is increasing and the sleeve is being 
lifted. When the speed is decreasing, the friction force 
opposes the motion of the sleeve, which is downwards, and 
may be regarded as a reduction in the weight of the sleeve. 
In Eig. 137 let / be the equivalent friction at the sleeve, i.e. 

for each rotating mass. 

When the speed is increasing, the work done in overcoming 
friction is +i/X velocity of sleeve = +£/x ba. 

When the speed is decreasing, the work done in overcoming 
friction is —\fxba. 

These two expressions for friction may be combined as one, 
and work done in overcoming fription at the sleeve = ±£/X ba, 
the positive sign to be used when the speed is increasing and 
the negative sign when the speed is decreasing. 

The complete equation for equilibrium is 
W 

— o) 2 rxd 1 d= W xbdx+lWxXba^fxba. 

g 

For a given rotating mass W and a given radius r there are 
thus two speeds of the governor, and between these speeds 
the governor will not alter its configuration, and hence will 
net function. 
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Example 1. In a Watt governor similar to that shown in 
Fig. 137 (a), B is H in. and A is 2 in. from the axis of the vertical 
spindle, AC is 6 in., BC 7 in., and BD 12 in. Find the speeds of 
the governor for the given configuration: 

(а) neglecting the weight of the sleeve; 

(б) if the sleeve weighs 2 lb.; 

(c) if the friction at the sleeve is 14 lb. 

Tho rotating mass W weighs G lb. and its radius is 6 in. 

Tho velocity diagram is drawn in Fig. 137 ( b ) and on tho original 
diagram ba = 1-23 in., bd L = 1-1 in., and d x d ~ 2-09 in. 

W oArxd 1 d?=. W x bd v 


(a) 


and 

( 6 ) 


0 

I-l X 32-2 _ 

" - 2033 ' 

co = 0-14 radians per sec. 

N = 5-14 x^ = 49 revs, per min. 
hr 

— orr y.d x d -- W X W x X ba. 


(6xM)+gXl*23 


X 32-2 - 31 - 25 , 


and 

(«) 

—— 


W 


Gx j n 2 x2-G9 
m == 5-59 radians per see. 

N — 5-59 53-4 revs, por min. 

MT 

m 2 r Xd 1 d — W Xbd 1 -\-\Wx'XbaAzlf .ba. 


G3 X M) +(1X1-23) ± X1-23) 

6 X &X 2-69 
Let o>j = maximum speed, 
in % = minimum spood, 


7 - 83 + 0-923 0 

Xf 7 =*—- g ^ 7 - X 32 - 2 . 




7 - 83 + 0-923 


X 32-2 = 34 - 9 . 


8-07 

w x — 5-91 radians por hoc. 
fin 

Nx = 5 - 91 X — 5 ( 1-5 revs, per min. 
„ 7 - 83 - 0-923 


8-07 


- X 32-2 -■= 27 - 55 , 
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co 2 = 5-25 radians per sec. 

60 

No, = 5-25 Xj- = 50-1 revs, per min. 
Ztt 


§ 175. Porter Governor. The addition of a central weight 
or load to a governor of the Watt type increases the speed at 
which it may be run. The rotating masses W are suspended 



(a) Fig. 138. (6) 


by links such as BG (Fig. 138 (a)) and are attached to the 
sleeve by links such as CA. The central load W x is in one 
piece with the sleeve. 

The velocity diagram is shown in Fig. 138 { b ), in which ba is 
drawn of any convenient length parallel to the vertical spindle, 
be is perpendicular to BG, and ac perpendicular to AG. The 
line cc 1 is drawn perpendicular to ab. c x e represents the 
horizontal velocity of the rotating mass W, bc l the vertical 
velocity, and ba the vertical velocity of the sleeve. 
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Equating the work done by the centrifugal force in the 
direction of its motion to the work done in lifting the mass 
and the central load W v 

— oi 2 r X c x c — W X bc x -|- \W x xba, 


or 


r, c 


W 

— oj -r. 
g be, 


= F-i-nt;. 


ba 
be , 


-x ,yL -i 

In the usual type of Porter governor, the arms BC and C'A 
are equal and B and A are at equal distances from the axis 
of the vertical spindle. In this case bc x — c x a and ba = 2bc 1 . 
The triangles GDE and bc x c are similar, and 

c, c ED , ba 


also 


bc x CD’ 

. W a ED 
" g W } ' CD 

hut CD — r and 


2 


bc x 

= W+WiX^ 
DE = h, 


or 


— a>*r- = W+W lt 
g r 

_ W+Wx <J 
W ‘ h' 


In the more general case where the arms are not equal, 

let ~ = q ~ ratio of vertical movement of sleeve to vertical 
bc x 

movement of the rotating mass, Then 


£ w 2 rX ^= W+WxX 

g boj. 


ba 

bc x 


But 


c x c _ DE _ h 

bc 1 ~GD~r’ 

W 7i 

-m 2 rx- = W+Wi-B 

g r 

l 

W ' ii 


The effect of friction at the sleeve is readily taken into 
account as before. 
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Let/ == friction at the sleeve: 

^2 = Wj rWi9±yq 9 
W ' l ‘ 


Example 2. A loaded governor of the Porter type has equal 
links 10 in. long pivoted at the axis; the weight of each ball is 
6 lb. and the weight of the central load is 28 lb. The ball radius 
is 6 in. when the governor begins to lift and 8 in. when at maxi¬ 
mum speed. Determine the maximum speed and range of speed. 

[Inst. C. E.] 

For maximum speed r = 8 in., h — ^/(10 2 —8 2 ) = 6 in. 


2 _ W+\W x q g 6 + 14x2 
1 W ‘ h 6 


*H = 365 - 


= 19-1 radians per sec., 

60 

N x = 19-1X ~— = 182-5 revs, per min 

2j7T 


When the governor begins to lift, r = 6 in., 
/. h=<J( 10 2 - 6 2 ) = 8 in. 


CO 


2 

2 


_ 6+28 32-2 

" 6 X ft 


273-5, 


« 2 = 16-53 radians per sec., 

N 2 — 158 revs, per min. 

Range of speed = 182-5—158 = 24-5 revs, per min. 


Example 3. If the friction at the sleeve of the Porter governor 
in Example 2 is equivalent to 3 lb., find the maximum and mini¬ 
mum speeds and the range of speed. 

For maximum speed, h = 6 in., and 


6+28+3^,32-2 

6 X +5 


co 3 = 19-93, 

N 3 = 190-6 revs, per min. 
For minimum speed, h = 8 in., and 


6+28- 

6 


-3 32-2 

X q 


249-5, 


= 15-8, 

— 151 revs, per min. 

Range of speed = 190-6—151 = 39-6 revs, per min. 
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§ 176. Proell Governor. Another form of governor 
known as the Proell governor is shown in Fig. 139 (a). The 
lower link AC is continued to D at the end of which the 
rotating mass is carried. The link DG71 is in one piece, bent 
at C. In the usual type of Proell governor the arms AC and 
BC are equal and the points A and B are at equal distances 



from the axis of the vertical spindle. The velocity diagram 
is shown in Fig. 139 (6), in which abc is constructed as for the 
Porter governor. The velocity of D relative to A is perpen¬ 
dicular to a lino joining A and D, and the velocity of D 
relative to 0 is perpendicular to CD. The vectors ad and c d 
are accordingly drawn perpendicular to AD and CD respec¬ 
tively. Joining bd gives the velocity of D relative to B. dd 1 
is drawn perpendicular to ab, and bd } represents the vertical 
velocity of the rotating mass W and d x d the horizontal 
velocity. 

Equating the work done, as before, 

W 

— w l r'Xd 1 d — W y.bd 1 -\-\W,'Xba. 
g ii-i 
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If the friction at the sleeve is equivalent to/lb., 
IF 

-—uj 2 r X dy d = W X bdy-\- JJI^ X ba ± \fx ba. 

g 


§ 177. Alternative Method of Solution. Problems in 
connexion with governors of the Porter and Proell type may 
be solved alternatively by considering the forces acting on the 
lower link. Considering the Porter governor (Fig. 138 (a)), the 
forces acting on the lower link AC are: (1) the centrifugal 
W 

force — a> 2 >‘ acting radially outwards at C, (2) the vertical 
0 

force IF at C, (3) the tension in the upper link GB acting at 
C, (4) a vertical force IWy at A, (5) a horizontal force at A 
equal to the horizontal component of the tension in A C. Of 
these forces (3) and (5) are unknown, and if moments be taken 
about the intersection of these unknown forces, the moments 
of these unknown forces become zero and the moments of the 
other known forces must balance. 

The lower link AC 1 is reproduced in Pig. 140 and the point 
of intersection of the upper link CB and the horizontal 
through A is at O. 

W 

Let x — perpendicular distance of force w~r from O 

y = „ „ „ W „ O 

2 === ,, t > >> 2^1 si 

Taking moments about O and equating clockwise to coun¬ 
ter-clockwise moments 


— aj 2 rxx = IF xy+UVyXs 

g 

or — ofVx- = W+iWyX-. 

g y v 

Comparing the triangles abc (Fig. 138 {b)) and OAC (Fig. 
140), it will be seen that these triangles are similar since ba 
is perpendicular to OA , ca is perpendicular to CA, and cb 
perpendicular to CO. 


x _ h 

y ~ r 


z _ ba 
y~~bcy 


= 9- 


Hence 


and 
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Substituting these values 

W h 

—co 2 r.- = W+Wx<b 
g r 


or 


w‘ 


w+Wxq 9 

W T 



Taking friction at the sleevo into account the load at A 
is depending whether the sleeve tends to move up 

or down, hence 

W+lW iq ±Mq g 
W ' h' 

This method may be applied equally well to the Proell 
governor (Fig. 139 (a)), and considering the forces acting on the 
lower link j DC A. The unknown forces are tho tension in the 
upper link GJB and tho horizontal force at A. By taking 
moments about the intersection of GB and the horizontal 
through A, moments of these unknown forces become zero, 
and the moments of the other forces about this point of 
intersection must balance. 

This method is similar to the well-known method of sections 
used in structures for finding the load in a given member. In 
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Pig. 140, DE may be regarded as a cutting plane, cutting 
the unknown forces acting at C and A and moments about 
the intersection of these unknown forces become zero; the 
moments of the other known forces must balance. 



§ 178. Hartnell Governor. A compressed spring provides 
a ready means of causing a load on the sleeve and a common 
form of governor in which a compressed spring is used is 
the Hartnell governor, shown in Pig. 141. The sleeve V can 
move up and down on the vertical spindle and the movement 
is limited by stops (not shown). Pixed to the spindle is a 
casing A, inside which a compressed spring G presses against 
the top of the casing and on adjustable collars G, the latter 
being fixed to the sleeve. The lower end of the casing is 
extended to carry the hell crank levers L. Each vertical arm 
carries a mass W and the horizontal arm a roller which can 
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press on the underside of a collar on the sleeve. The axis of 
the bell crank lever is at 0. 

Let W = weight of mass at end of bell crank lover, 
a = length of vertical arm, 
b = length of horizontal arm, 

r 1 — radius to centre of mass when sleeve is in top 
position, 

r a = radius to centre of mass when sleeve is in bottom 
position, 

co 1 — speed of governor when sleeve is in top position, 
oj 2 — speed of governor when sleeve is in bottom posi¬ 
tion, 

P x = force exerted by compressed spring at speed w lt 
P 2 — force exerted by compressed spring at speed w a . 
Taking moments about 0 and neglecting the weight of the 
arms of the bell crank lever and the moment of the weight 

Of the ball, yr 

X h —“umr-i Xct» 

g 

w 

£P a X& = —aijVjXO. 

These are two simultaneous equations from which P x and 
P 2 can bo found for given valuos of a, b , r, aq, and a> 2 . 

The movement of the sleeve is directly proportional to the 
horizontal movement of the mass W, and in magnitude is 

b. X 

—r„). 
cs v 1 2/ 

The difference in the forces exerted by the compressed spring 

in the two positions is P x —P 2 , therefore the force per inch of 

compression is p p 

Pt *8 


~(ri-r 2 ) 

to 


This is known as the stiffness of the spring. 

The effect of the moment of the ball may be taken into 
account as shown in Pig. 142 (a) and (b), in which the bell 
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crank lever is shown for the top and bottom positions of the 
sleeve respectively. 

Taking moments about 0, 


1 2 P 1 xb 1 = --~aj 1 2 r 1 xa 1 +l'F Xc v 
W 

\P 2 X i> 2 == —JV X ^2* 

u 



Again these are two simultaneous equations for finding P x 
and P 2 . The stiffness of the spring is found in the manner 
indicated above. 

Example 4. In a spring governor of the Hartnell type the 
weight of each ball is 12 lb. and the lift of the sleeve is 2-1- in. 
The speed at which the governor begins to float is 250 revs, per 
min., and at this speed the radius of the ball path is 5J in. The 
mean working speed of the governor is 18 times the range of 
speed when the effects of friction are neglected. Calculate the 
stiffness of the spring, i.e. the load per inch compression. The 
governor is similar to Fig. 141, and a = 6, b = 5, and the centre 
0 is 7 in. from the axis of the vertical spindle. [ Lond . B.Sc.] 

(1) Approximate solution. 

Let o> = mean speed, 
o)+8 — maximum speed = w lt 
w— S = minimum speed = a> 2 . 
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Range of speed — (to+ 8) — (m —8) = 28, 

u = 18x28 = 368, 

<o x = to-J-S = 378, 

<o a = <o—S = 358 = X 'in ; 

*«>i = 11^2 = fl XX 27r. 

-(r a —fi) = lift of sleeve = 2|in., 
ct 


r i—r 3 = 2|xg = 3 in., 
r t = 3+5£ = in. 
Taking moments about 0 (Fig. 141), 
12 /37 250 


1T> 5 12 /37 250 _ 84 6 

* Pl X 12 g X l35' 60' • 27r ) X 12 X 12’ 

/. P 1 = 486 lb.; 


also 


JkP 2 X 


12 /250 


12 


X X 


g \ 60 




_6 

12 ’ 


281 lb. 


Stiffness 


486-281 205 


= 82 lb. per in. 


21 21 

(2) More exact solution. 

Referring to Fig. 142 (a) and (6), 

a x = a 2 = 5-81 in., 
b.y — b 2 = 4-84 in., 

Cj = C 3 = 1-5 in. 

Taking moments about 0, 

. _ 4-84 12 /37 250 _ \* 8fc 5-81 

^ PlX 12' g X \3G ‘ 60 ‘ / X 12 X 12 ' 

P t = 493 lb.; 


12x1-5 
12 ’ 


, 4-84 12 /250 n \a 5-5 

also 1 P aX-i 2 - = 7 x( ro -.2 w ) XlI X 


12 

9 


250 


5-5 5-81 12x1-5 


12 


12 


/. P 2 = 274 lb. 


Stiffness 


493-274 219 otT , . , 

! — ^6— = 2^5 “ 87 ‘ 6 lb ’ per mch< 


§ 179. Effort of a Governor. A governor running at con¬ 
stant speed is in equilibrium and the resultant force acting 
on the sleeve is zero. If the speed of the governor increases, 
there is a force exerted on the sleeve which tends to lift the 
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sleeve. The mean force acting on the sleeve for a given 
change of speed is the effort of the governor. The usual 
change of speed is 1 per cent., and since the force acting at 
the sleeve changes gradually from zero, when the governor is 
in its position of equilibrium, to a value, say E, for a 1 per 

E 

cent, increase of speed, the mean force or effort is —. 

Mi 

For a Porter governor, Fig. 138, with equal arms and equal 
inclinations with the axis, 

_ W+W, g 
W 'm 2 ' 

Let E — the force acting at the sleeve when the speed has 
increased 1 per cent., the governor height remaining the same, 

7 . _ W+Wi+E g 

W • (l-Olo,) 2 ' 

. W+W t +E (1-Olce) 2 _ 

•' JF-flPi «j 2 

W+W t = °' 02 ' 

.-. E = 0‘02(W+Wj). 

The effort, therefore, is —fj—* = 0*01(TP+ Wi)« 

L 


For the general case of the Porter governor 


h = 


m, +t« , 


W co* 

Also for a 1 per cent, increase in speed, 


h = 


W 


(l'Ola )) 2 


(HM- . 
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fj-0-02 (f+5,), 

"■»•>( »'+f 4 


E = 


2 


Effort of governor = ^±- = — + 


2 9 \ 

Eor the Hartnell governor when in a position of equilibrium 
and neglecting the moment of the weight of the rotating mass 

If 


?**■ 


-c uh-Xa. 


Let E = the force acting at the sleeve when the speed has 
increased 1 per cent, before the configuration of the governor 
alters. /d m ff 

9 

P+E _ (l-01tw)“ 

•' P ~ 'to* ' 

E = 0-02P. 




■ (l’OlwJVXd. 
1 - 02 , 


The effort, therefore, is ~~ — 0-01 P- 

z 


§180. Sensitiveness of a Governor. A governor is said 
to be sensitive when it readily responds to a small alteration 
of speed, or, for purposes of comparison, when the change 
of speed is small for a given displacement of the sleeve. A 
governor only operates between certain speeds corresponding 
to the positions of the sleeve when up against the top stop 
and when resting on the bottom stop. Above and below 
these speeds the governor does not function. The difference 
between these speeds is the range of speed and the sensitive¬ 
ness is sometimes measured by the ratio of the mean speed 
of the governor and the range of speed. 


c ... mean speed 

(Sensitiveness =- -- - 3 . 

range of speed 

While sensitiveness is a desirable quality in certain types of 
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engines, a governor that is too sensitive will not necessarily 
be effective in keeping the speed of the engine more or less 
constant. If a governor is too sensitive a slight alteration 
of load upon the engine will cause a large displacement of 
the sleeve with a consequent alteration of speed, and again 
the governor operates causing another alteration of speed. 
These fluctuations of speed are known as hunting. 

A governor in which the range of speed is zero is termed 
an isochronous governor. Since the range of speed is zero, 
an isochronous governor is infinitely sensitive and the gover¬ 
nor has the same speed for all positions of the sleeve. In 
practice an isochronous governor is an impossibility on 
account of the friction at the sleeve. 

Neglecting friction, for a Porter governor running at a 


speed cu lt 





For the condition of isochronism a/ 1 — w 2 , and therefore 
hi ~ /t 2 ; but this is impossible for the configuration of a 
Porter governor, hence a Porter governor cannot possibly be 
isochronous. 

For a Hartnell governor, at speed io lt 

P W 

~Xb — —wyVjXa; 

2 9 

P W 

and for speed u> 2 , ~ x b = — ca 2 V 2 X a. 

2 g 

For a condition of isochronism, cu 1 = a> 2 . 

■ 


Example 5. In a spring-controlled governor the radial force 
acting on the balls was 900 lb. when the centre of the balls was 
8 in. from the axis, and 1,500 lb. when at 12 in. Assuming that 
the force varies directly as the radius, find the radius of the ball 
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path when the governor runs at 270 revs. per min. Also find 
what alteration in tho spring load is required in order to make 
the governor isochronous, and the speed at which it would then 
run. Weight of each ball — (50 lb. [Land. B.Sc ] 

Let the law connecting radial force and radius bo of the form 

F = ar-\-b, 

900 = 

l,f>00 = \-b. 

ooo — jv*. 

a = 1,800, 


whence b •= - 
F » 1,800?'—300 =•= 


-300. 
W 


cob, 


1,800?'-300 « y. ( 2 ™ x 2w)*f, 
whence r — (MK>7 ft. 


(J 

11-6 in. 

For tho governor to ho isochronous F must vary directly as r, 
P T 8 

since ■ = -1 ^ —. This is accomplished by making 6 = 0 in 
i „ r 2 12 

tho relation F — ar-\-b. Thus tho load in tho Bpring must be 
increased swell that the radial force is increased by 300 lb., i.e 
the load in tho spring at 8 in. radius must bo increased by J of 
the original load. 

For the governor to bo isochronous F — 1,200 lb. at 8 in. 
radius; hence 

••*- 1 , 200 , 


00 8 
— X 775 W 
V 12 


and 


oi = 31d radians per sec. 
N — 297 revs, per min. 


§ 181. Over-compression of Spring. The initial com¬ 
pression of tho spring affects not only the moan speed at which 
a Hartnell governor will run but also affects the range of 
speed over which the governor will operate. As the initial 
compression of the spring increases, the mean speed of the 
governor also increases but the range of speed decreases until 
with a given-initial compression the governor becomes iso¬ 
chronous and runs at the same speed for all positions of the 
sleeve. In this case the range of speed becomes zero. Further 
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initial compression of the spring causes the governor to run 
at a higher speed with the sleeve in the lower position than 
the speed corresponding to the higher position of the sleeve. 

To illustrate these points still further, consider a Hartnell 
governor similar to that shown in Tig. 141. 

Let a = 6 in.; 6 = 4 in.; W = 12 lb.; 
radius of 0 = 5 in.; lift of sleeve = 2 in. 


Stiffness of spring = 80 lb. per inch of compression. 


The arms of the bell-crank lever are assumed vertical and 
horizontal when the sleeve is in its mid position. 

Alteration of radius = fx 2 = 3 in. 


Hence r x = 5+f = 61 in.; r 2 = 5—jj = in. 

The extreme positions of the arms are as shown in Fig. 142. 

Using the same notation as in § 178 and neglecting the 
small correction for the moment of the weight of the ball and 
also neglecting friction, the following equations are found by 
taking moments about 0: 

W P 

— oj, 2 r, X a = -2x6, 

g 2 • 

IV P 

— w 2 z r 2 xa = ~X6. 

Q 2 


Substituting values 


and 

Hence 

and 


12 - 61, 6 P, 4 

32*2 X a>1 X 12 X 12 ~ 2 X 12’ 
12 . 31 6 P 2 4 

31T2 X " 2 x Tl x T2 = ir x T2- 

oj- 2 = 1-6 5P 1 
co 2 2 = 3-07P a . 


For isochronism 



fj 

V 


Hence , where x = initial compression, from 

*80 3J’ 

which x = 2-33 in. 

Values of P x and P 2 depend upon the initial compression of 
the spring and by taking a series of values of the initial 
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compression corresponding values of to x 2 and oj 2 2 can be 
found. The results can be conveniently summarized in the 
form of a table as follows: 


Initial 

CompresBimv 

in. 

Px 

lb. 

P* 

lb. 

w, a = 1-C5P, 

cnJ = 307P a 

*7 

N* 

Range, 0 / 
speed 
Xx-N, 

i 

240 

80 

396 

245 

190 

149 

41 

n 

280 

120 

462 

368 

206 

183-6 

22 6 

2 

320 

100 

629 

491 

220 

212 

8 

2-33 

346 

186 

57J 

571 

228-5 

228 5 

0 

21 

300 

200 

594 

614 

233 

237 

— 4 

3 

400 

240 

660 

737 

246 

260 

-14 


In the above table values of P 1 and P 2 are found from the 


initial compression and the lift of the sleeve; when the initial 
compression is 2 in. P 2 — 2 x 80 = 160 lb. and since the lift 
of the sleeve is 2 in. the compression is 4 in. when the sleeve 
is in the top position and P x = 4 x 80 = 320 lb. Columns 6 


and 7 are found from values of a^ 2 and m 2 2 , thus N x — w x x —. 


In the last column the range of speed over which the governor 
operates is shown as the difference between N x and N t . 

Considering the results in the last column it will bo seen 
that the range of speed decreases with the increase of initial 
compression culminating in a condition of isochronism when 
the initial compression is 2-33 in. Further initial compression 
gives a greater speed for the bottom position of the sleeve and 
the range of speed becomes negative; in this condition the 
governor is said to be unstable. Values of N x and N t are 
shown plotted against the initial compression in Fig. 143. The 
vertical distance between the two curves gives the range of 
speed over which the governor operates for any given initial 
compression, end the point of intersection gives the speed and 
initial compression for isochronism. 

The curve ab shows the relation between values of N x , the 
speed corresponding to the top position of the sleeve, and the 
initial compression; the curve cd shows the relation between 
N 2! the speed corresponding to the bottom position of the 
sleeve, and the initial compression. The vertical distance ef 
shows the range of speed when the initial compression is 
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li in. and the point of intersection of the two curves at g 
gives the initial compression when the range of speed is zero, 
i.e. when the governor is isochronous. 

*70 


£50 

230 


210 

a 

Id 
U1 

£ ' 9 ° 

f70 

150 

INITIAL, COMPRESSION 

Fig. 143. 

§ 182. Controlling Force. The force acting radially 
inwards upon each rotating mass is known as the con¬ 
trolling force. The controlling force is supplied by the 
weight of the rotating mass, weight of sleeve, and central 
load in the case of Watt and Porter governors, and by the 
compressed spring in the case of governors of the Hartnell 
type. 

By constructing a diagram on which lines are drawn repre¬ 
senting the centrifugal force for all radii of the revolving ball 
at various speeds and superimposing on this diagram a line 
representing controlling force for all radii, more complete 
information can be obtained than is possible with a mathe¬ 
matical analysis for one or two positions of the sleeve. 
Further, by adding controlling force lines representing friction 
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at the sleeve, the effect of this friction can he readily seen at 
all speeds and radii. Since the controlling force is the force 
acting radially inwards on each rotating ball it becomes 
exactly equal in magnitude but opposite in direction to the 
centrifugal force on each ball. The controlling force depends 
upon the weight of the rotating ball, the central load, and the 
configuration of the governor. The centrifugal force depends 
upon the rotating -weight, the speed, and configuration, 
Diagrams constructed in the above manner are known as 
controlling force diagrams. 


§ 183. Controlling Force Diagram for Porter Gover¬ 
nor. For the Porter governor shown in Fig. 138 (a), and con¬ 
sidering the case when the "arms are equal and equally 
inclined to the axis of the vortical spindle, 


W+W t _ 
W li 


Hence 



w W+W, g 

g W li 


W 

The expression —w 
9 


~r is the centrifugal force acting on each 


T 

rotating ball and consequently (JF+WJW represents the 

li 

controlling force. If the effect of friction is considered it has 
been seen that W x is modified to Hid:/, where / represents 
the friction at the sleeve. Thus 


controlling force — {W 

fh 

To illustrate the construction of a controlling force diagram 
consider the Porter governor in Examples 2 and 3 at the end 
of §175. 

Lines representing the centrifugal force on each hall are 
first drawn for various speeds and radii: 

W 

centrifugal force = —cuV. 
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Since the centrifugal force depends upon the radius, for a 
given speed the line will be a straight line between the limits 
of radii. Thus at 6 in. radius 

centrifugal force = ,oj 2 x ~ = 0-0932to 2 

6 8 

at 8 in. radius centrifugal force = —— .w a x— = 0-1242oi 2 . 

o Z m Z 1Z 

Taking a series of values of a> corresponding to speeds varying 
from 150 to 190 revolutions per minute, values of centrifugal 
force are readily calculated and for convenience are shown 
in tabular form, thus 


N 

revs, per min. 

(Xi 

a>‘ 

Cent. Force 
r = 6 in. 

Cent, jF orce 
r — 8 in . 

160 

15-7 

216 

22-9 

30-6 

165 

16-22 

264 

24-6 

32-8 

160 

16-76 

281 

20-2 

34-9 

165 

17-28 

299 

27-9 

37-2 

170 

17-8 

317 

29-6 

39-4 

176 

18-32 

336 

31-3 

41-7 

180 

18-86 

366 

33-1 

44-1 

185 

19-37 

376 

34-9 

40-6 

190 

19-90 

396 

; 

30-9 

49-1 


These results are shown plotted against radius in Fig. 144 
by straight diverging lines. 

Controlling force = 

h 

Taking values of r from 6 in. to 8 in. and calculating 
the value of h, the controlling force is readily tabulated 
thus: 


r in. 

h = <J(10Q-r t ) 
in. 

Controlling force 

Neglecting friction 

= (^+^4 

Taking friction into account 

{W+Wl +f)^ 

(TF-t-Wi—/>J 

6 

8 

26-6 

27-8 

23-2 

8-5 

7-6 

29-1 

31'7 

26-6 

7 

7-14 

33-4 

36-3 

30-4 

7-6 

6-61 

38-0 

42-0 

36'2 

8 

0 

46-4 

49-4 

41-4 
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These results arc also shown plotted against radius in 
Fig. 144 in which acb represents the controlling force neglect¬ 
ing friction. When the controlling force has the value at a, 
the corresponding centrifugal force is at a speed of about 
158 revolutions per minute; at c where the radius is 7-2 in. 



Radius 
F ig. 144. 


the controlling force line cuts the centrifugal force line corre¬ 
sponding to a speed of 170 revolutions per minute; at b the 
speed is 182-5 revolutions per minute. 

Taking friction at the sleeve into account, when the sleeve 
tends to move up, friction acts downwards and is thus 
equivalent to an additional central load. The line def repre¬ 
sents controlling force when the sleeve tends to move up; 
similarly him represents the controlling force when the sleeve 
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tends to move down. The range of speed is now represented 
by the points / and l corresponding to speeds of 191 and 151 
revolutions per minute. 

The vertical intercept em represents the change of control¬ 
ling force for a radius of 7-2 in.; the corresponding centrifugal 
forces are at speeds of 178 and 162 revolutions per minute and 
the range of speed over which the governor does not alter 
its configuration is thus 16 revolutions per minute. 

§ 184. Controlling Force Diagram for Hartnell Gover¬ 
nor, The controlling force for a spring-controlled Hartnell 
governor is supplied by the compression of the central spring. 
Referring to the governor shown in Fig. 141 

W „ P . 

— oj 2 rXa — — x6. 

£7 3 

o W a P b 

Hence — cu 2 r = — x-. 

(j 2 a 

Thus ~ X - is the controlling force and the diagram is 

Z CL 

constructed in a manner similar to that described in § 183. 
Fig. 145 is constructed from data to the governor in § 181. 
Values of centrifugal force are shown in tabular form thus: 





Centrifugal force 

Speed 

(1) 


r l = 6J in. 

r ] = 3£ in. 

140 

14 66 

215 

43-4 

23-4 

160 

16-75 

281 

56-7 

30-6 

180 

18-85 

355 

71-7 

38-6 

200 

20 95 

440 

88-9 

47-8 

220 

23 05 

531 

107-2 

67-7 

240 

25-1 

630 

127-2 

68-5 

260 

27-2 

740 

149-4 

80-4 


These results are shown plotted in Fig. 145 by thin diverging 
lines. 

Controlling force lines for different initial compressions of 
the spring can now be found and plotted on the same diagram. 

p b P 4 P 

Controlling force =wX- = -rX« = T- 
Z CL Z O tJ 

When the initial compression is 1 in,, the controlling force for 
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bottom position of the sleeve is — or 26-7 lb. For top position 

u 1 

when the left of the sleeve is 2 in. and the compression is 

80 X 3 

therefore 3 in., the controlling force is —— or 80 lb. Taking 



RADIUS 
Fig. 145. 

additional values of the initial compression of 2, 2*33, and 
3 in. the tabulated results are as follows: 


Initial compression 
in. 


1 

2 

2-33 


3 


Controlling force 

3 1 in. r x — 0J in. 

26'7 80 

53-3 100-7 

02-1 115-0 

80 133 


These values of controlling forces are shown in thick lines 
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in Fig. 145. Considering the case when the initial compression 
is 1 inch, the controlling force line cuts lines of centrifugal 
force at points corresponding to speeds 160 and 180 revolu¬ 
tions per minute in the points e and /. The point e signifies 
equilibrium between the controlling force and centrifugal 
force when the speed is 160 revolutions per minute and the 
radius of the ball is almost 4 inches. Similarly, the ball radius 
for a speed of 180 revolutions per minute is at / representing 
5-2 inches radius. The points c and d represent the range of 
speed of the governor when the effect of friction at the sleeve 
is neglected, and the limiting speeds are 190 and 149 revolu¬ 
tions per minute giving a range of speed of 41 revolutions per 
minute. 

The line of controlling force for an initial compression of 
2 in. is represented by hk, and it will be readily seen that the 
slope of this line nearly coincides with the slope of the centri¬ 
fugal force line, indicating that the range of speed is less and 
that the governor is nearing the point of isochronism. When 
the initial compression is 2-33 in., the controlling force line 
is Im, and the slope coincides with the centrifugal force line 
for a speed of about 228-5 revolutions per minute. For an 
initial compression of 3 in. the line np has a slope less than 
that of the corresponding centrifugal force and this is a clear 
indication of initial over-compression of the spring. From 
the diagram it is thus seen that when the line of controlling 
force cuts lines of centrifugal force at points corresponding to 
higher speeds with increase of radius, the governor is stable; 
when the line of controlling force is parallel to the centrifugal 
force line a condition of isochronism is implied, and when the 
line of controlling force cuts a line of centrifugal force at a 
lower speed for an increase of radius, the spring is initially 
compressed too much for stable equilibrium. 

The effect of friction at tho sleeve can also be shown by 
drawing additional lines of controlling force to take into 
account this friction. Two additional lines are shown dotted 
for an initial compression of 1 inch and for friction equivalent 
to a force of 5 lb. at the sleeve. The speed corresponding to a 
radius of 6£ in. is increased to 192 and the speed corresponding 
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to a radius of 3| in. is decreased to 145, giving a range of 
speed of 47 revolutions per minute. 

Neglecting the effect of friction a governor has a position 
of equilibrium for any given speed and this position deter¬ 
mines the position of the sleeve. Taking friction into account, 
for any given position of the sleove there are two extreme 
speeds at which the governor will run and over this range of 
speed the position of the sloovo is not altered. This applies 
to both top and bottom positions of the sleove and conse¬ 
quently, taking the upper limit wlion the sleove is in its top 
position and the lower limit when the sloovo is in its bottom 
position, the effect is to increase the range of speed over 
which the governor can operate. 

EXERCISES. XI 

1. In a Porter governor tho arras are equal and 15 in. long; the 
points of suspension aro at oqual distances of 3 in. from the axis of 
the governor. Each of tho rotating balls weighs 4 lb. Determine the 
central load in order that tho spued may ho 200 revs, per rain, when 
the arms aro at right angles. 

If tho friction at the sloovo is equivalent to a force of 10 lb. acting 
at the sleeve, find tho spood at which the governor will begin to move 
(a) up, (6) down. 

2. In a Proell governor similar to Fig. 139 (a), AO •= BO = 8 in.; 
CD — 3 in., and tho points A and B aro 1J in. from the axis of the 
governor. When tho sleeve is on tho bottom stop, tho vortical distance 
AB — 13 in. and GD is vortical. Each ball weighs 6 lb. Determine 
the central load W so that the sloovo just loaves tho bottom stop at 
120 revs, per min., and find the spood whon tho sloovo is 1-Jin. above 
the bottom stop. 

3. In Question 2, if tho arm CD is oliminatod and tho ball is at 0, 
the governor beoomes a Portor governor. Solve for the same quanti¬ 
ties as in Question 2. 

4. A Watt governor has crossed arms 10 in. long, and each arm is 
pivoted 1J in. from the axis of revolution. Neglooting the weight of 
the arms and assuming each ball to weigh JO lb., draw tho controlling 
force diagram of the governor for radii between 5 in. and 7 in. 

[Inst, O. E,] 

C. Obtain an expression for the height of a simple governor of the 
Watt type in terms of the speed of revolution in radians per second. 

What are the effects of friation and of adding a central weight 
to the Bleove of a Watt governor 1 
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6. Find the maximum and minimum speeds for a crossed arm 

governor. The apex angle is 60° at its lowest and 120° at its highest 
position. Length of arms 10 in. The suspension pins are 1-5 in. from 
the axis of revolution. [Inst. O. E.] 

7. A Watt type of governor has balls weighing 29 lb. each, their 
centres being 14 in. from the suspension pin. Two helical springs 
connect the ends of two pins which pass through the centres of the 
balls and are parallel to the suspension pin. The unstretched length 
of the springs is 10 in., and when the balls are in their lowest position 
the springs are 14 in. long and 16 in. when the balls are right out. 
The sprmg stretches 1-5 in. per 100 lb. Find the speed when the 
governor begins to lift and when at its extreme outer position. 

[. Inst. G. E.~\ 

8. In a spring governor of the Hartnell type (Fig. 141) the lengths 

of the arms a and b are 6 in. and 5 in. respectively. When in mid 
position the centres of the balls are at 7 in. radius, and the speed of 
the governor is 300 revs, per min. Each hall weighs 12 lb., and the 
force necessary to compress the spring is 120 lb. per in. Determine 
the speeds of the governor in revolutions per minute when the ball 
radius is 8 in. and 8 in. respectively. The weight and obliquity of the 
arms may he neglected. [Inst. O. E.] 

9. In a spring-controlled governor of the Hartnell type (Fig. 141) 
the radius of revolution in mid position is 7 in., a = 6 in., b — 5 in. 
Each ball weighs 12 lb., and the total lift of the sleeve is 2 J in. If the 
stiffness of the spring is 88 lb. per in., find the speeds for the top and 
bottom stops when the initial compression is (a) 4T in.; (6) 4-6 in.; 
(c) 4-92 in. 

10. Calculate the stiffness and compression of a spring for the 
Hartnell governor in Question 9, with which a variation of 1 per cent, 
in the speed will cause a change of radius from 6 } to in., the mean 
spoed being 300 revs, per min. 

11. A Hartnell governor (Fig, 141) is required to revolve at the 

speeds 297 and 303 revs, per min. when the radius of revolution of 
the centres of the balls is 5 in. and 8 in. respectively; the radius of 
the balls in mid position is 6J in. and a — 5} in., b = 4-J in. Find the 
mean change m the force on the spring per inch of its compression 
between the given limits, allowing for the effect of gravity on the 
balls. Also allowing 2 per cent, extra for frictional resistance, find 
the speeds when (a) the sleeve is rising, (&) the sleeve is falling. The 
weight of each ball is 9 lb. [Land. B.Sc.] 

12. What is the object of loading a governor ? In a governor of the 

Porter type, the governor balls each weigh 4 lb., and the loading 
carried by tho sleeve is 40 lb. The links form an equal-sided parallelo¬ 
gram in all positions, and each link is 10 in. long. At what speed must 
the governor be driven so that the balls revolve in a circle of 8 in. 
radius ? [Lond. B.Sc.] 
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13. A loaded governor of the Porter typo has equal arms and links 
each 12 in. long. The rotating balls each weigh 4 lb. and the central 
weight is 60 lb. The drag on tho el cove due to friction, valve resis- 
tance, otc., is 3 lb. If tho limits to tho movement of the arms are 
4S° and 30° respectively to tho vortical, calculate tho revolutions per 
minute between which this governor is operative. 

Also find tho rango of speed for a half-way position of the arms 
viz. 37 jr° to tho vortical. [Land. B.Sc\ 

14. A Porter governor carries a central load of 50 lb., and each ball 
weighs 8 lb. Tho upper links aro each 8 in. long and the lower links 
12 in. The points of suspension of the uppor and lower links are 21 in. 
from tho axis of tho vertical spindlo. Calculate tho speed of the gover¬ 
nor in revolutions per minute if tho radius of revolution of the governor 
balls is 6 in. At what speed would tho balls bogin to move outward if 
the frictional resistance at tho sloovo is equivalent to 10 lb. ? 

[Lond. B,Sc.] 

16. Find tho maximum and minimum speeds of a simple governor 

in which tho maximum and minimum radii of tho ball paths are 9 in. 
and 6 in. respectively, and in which tho arms, 24 in. long, aro pivoted 
at points 2 in. from tho axis of rotation: (a) for an open armed 
governor, (6) for a crossed arm governor. [ Lond . B.Sc.] 

10. A Porter governor has equal arms each 14 in. long. Tho points 
of suspension of tho arms aro 1-J in. from tho vortical axis, and tile 
upfjer and lower arms aro at 90" to each other. Neglecting friction, 
determine tho central load for a speed of 200 revs, per min. Each 
ball weighs 4 lb. If tho force required to overcome frictional resis¬ 
tances at the sloovo is 8 lb., find tho speeds at which tho governor will 
rise and fall respectively. f Lond. B.Sc,] 

17. In a Porter governor tho balls oaeh weigh 4 lb., tho central 

weight is 48 lb., and tho links arc equal in length. Tho governor is 
running at 200 revs, per min. If tho frictional resistance to tho move¬ 
ment of tho sloovo in tho direction of i(s motion is equal to a force of 
4 lb., determine tho maximum and minimum speeds of tho governor 
before tho sloovo begins to move up or down. [Lond. B.Sc.] 

18. Provo that tho height in inches of a loaded governor of the 
Porter typo with equal arms is given by tho formula 

y , tf-'+w 0'7D 

II «=*-X — r . 

w n 3 

II — hoight of governor in inches, 

W — weight of tho added load, 

to = weight of ono ot tho bulls, 

n = revolutions of tho governor per second. 

Given that w ~ 3 lb., W 45 lb., and that the speed of the 
governor rises suddenly from 240 to 245 revs, por min., find the mean 
lifting force on tho sloovo. \Lond. B.Sc.] 
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19. In a loaded governor of the type in which the load is supported 
directly by the revolving halls, see Fig. 146 (a), the arms are 12 in. 
long. Each ball weighs 5 lb., and the central load is 86 lb. In then- 
lowest position the arms are inclined at 26° to the axis of the central 
spindle. The friotional resistance of the governor is equivalent to a 
vertical force of 6 lb. on the sleeve. Determine the lift of the sleeve 
in order that the maximum descending speed shall be equal to the 
minimum ascending speed. What will then be the range of speed for 
this governor ? [Land. B.So,] 



20. When running at its normal speed of 180 revs, per min. the 
height of a Porter govornor is 8 in. If the arms and links are equal, 
what is the ratio between the weight of the load and that of one 
ball ? 

What will be the percentage increaso of speed of this governor, 
before the balls begin to rise, if the frictional resistance acting at the 
sleeve is taken as ^ of the load ? [ Lond . B.So.] 

21. The Hartnell typo spring-loaded governor shown in Fig. 146 (6) 
lias two balls of 10 lb. each, which revolve in a circle of 10 in. diameter 
when the sleeve is at mid-travel. The total movement of the sleeve is 
1 in,, which is the same as that of the balls. An adjustable load is 
applied to the sleeve by means of the spring B attached to the centre 
of a lever moving about a fixed centre C in the manner shown; the 
tension in B being adjusted by hand. When there is no tension in the 
spring B, the sleeve just commences to riso from its lowest position 
at ft speed of 200 revs, por min., and reaches tho upper limit of its 
travel at 208 revs, per min. Find the load-extension scale of the 
spring A , and also for the spring B, which will make those two limiting 
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speeds 220 and 232 revs, per min. Neglect the effect of gravity on 
the balls. [Lond. B.Sc.] 

22. A Porter governor has equal links 10 in. long; each ball weighs 

6 lb., and the load is 25 lb. When the ball radius is 6 in. the valve is 
f ull open, and when the radius is 7J in. the valve is closed. Find the 
maximum speed and the range of speed. If the maximum speed is to 
be increased 20 per cent, by an addition to the load, find what addition 
is required. [Lond. B.Sc.] 

23. In a Porter governor the upper and lower arms are each 10 
inches long and the points of attachment to the top collar and the 
sleeve are on the axis of the vertical spindle. If the central load is 
}V 1 lb., and each of the weights attaohed to the arms is W lb., find 
the ratio of W! to IF when the speed of the governor is 200 revolutions 
per minute and the arms are inclined at 30 degrees to the vertical 
axis. 

If the friction of the governor is equivalent to a force of ~ lb, 

4 

at the sleeve, find the range of speed before the sleeve begins to move, 

[Lond. B.Sc.] 

24. Derive an expression for the height of a Porter governor with 
a central load. 

In such a governor tho upper and lower arms are each 10 in, 
long and they are attached at points on the central spindle. In the 
bottom position of tho sloove the arms make an angle of 36 degrees 
with the vertical spindle and in the top position an angle of 45 degrees, 
Assuming that the speed of the governor for mid-poaition of the 
sleeve is the arithmetical mean of the speeds for top and bottom 
positions of the sleeve, find the ratio of the range of speed to the mean 
speed. 

If the weight of the central load is 8 times the weight of each 
of the rotating masses find the moan speed of the governor. 

[Lond. B.Sc .] 

25. In a spring-controlled governor of tho Hartnoll type the arms 
are at right angles. The vertical arm is 61 inches long and the 
horizontal arm 6J- inches. Tho masses attached to tho ends of the 
vertical arms weigh 7 lb. each and tho radius of these masses is 61- 
inches when the sleeve is in its mid-position, the arms then being 
vertical and horizontal. Find tho strength and initial compression of 
tho central spring when tho speed fluctuates from 180 to 200 revolu¬ 
tions per minute for a sleeve lift of 1 inch. 

If friction is equivalent to a load of 6 lb. at the sleeve, find the 
total alteration in speed that may ocour bofore the sleeve begins to 
move from its mid-position. [Lond. B.So.] 



CHAPTER XII 


BALANCING 

§ 185. Forces due to a Revolving Mass. It has already 
been explained, § 12, that a particle or mass moving in a 
circular path has a centripetal or radial acceleration of adr. 

W 

The force required to produce this acceleration is— <x> 2 r and is 

9 

known as the centripetal force. The reaction of this force on 
the centre of rotation is the centrifugal force, which is equal 



in magnitude to the centripetal force. In Fig. 147, let W x be 
a mass rotating in a circular path of radius r x at a constant 
speed of u> radians per second. The disturbing force on the 

W 

centre of rotation 0 is — uh\. The magnitude of this force 

9 

remains constant for all positions of W x , but the direction 
alters as W x moves round in its circular path. The direction 
is always away from the centre of rotation and on a line 
joining the centre and the mass centre of W x . For the centre 
of rotation to be in equilibrium a force equal and opposite to 
W 

~ca 2 r 1 must be applied, and this may be accomplished by 
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placing a mass of weight W z at & radius r 2 , diametrically 
opposite to W 1 and rotating at the same speed as W x , such that 
W w 

= — co 2 r r The mass W 2 at radius r 2 ia then said to 
0 9 

balance the mass W x at radius r x and the centre of rotation 
is in equilibrium. Since each of the masses is rotating at 

constant speed w, the term — is common to both masses, 


and the condition for equilibrium is W 2 r 2 = W x r v 



In any given system of rotating masses, each is rotating at 

CO 2 

a speed to and the term — is common to all; hence it is 

0 

W 

usual to employ the term Wr in place of — tub when finding 

9 

a balancing mass; in the evolution of the disturbing force the 

o «. 

Ct)* 

term — must be included. 

9 


§ 186. Several Masses revolving in One Plane. In 
Fig. 148 (a), let W v W 2 , W a , and W d be masses rotating about 
the centre 0 with constant angular speed. Let the radii be 
r 1} r 2 , r 3 , and r 4 respectively. The forces acting on the centre 
0 arc proportional to W x r x , I^r 3 , and W x r x respectively, 
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and the resultant of these forces is obtained by drawing 
a vector diagram as in Fig. 148 ( b ). The vector ab is drawn 
parallel to 0W 1 to represent i^r l5 be parallel to 0W 2 to repre¬ 
sent W 2 r 2 , cd parallel to W 3 r 3 to represent W 3 r z , and W i r l 
parallel to OWi to represent W i r i . The sum of these vectors 
is ae, and hence the vector ea is the equilibrant and repre¬ 
sents a force, which, acting in a direction from e to a and of 
magnitude proportional to ea, would balance the forces W 1 r l3 
W 2 r 2 , W 3 r 3 , and W t r 4 . A mass W 5 at radius r B placed in such 
a position that W 5 r 5 is represented by ea would balance the 
masses W V W 2 ,W S , and W 4 in the positions given. The position of 
W 5 is shown in Fig. 148 (a) in which OW B is drawn parallel to ea. 

Since ea represents the equilibrant of the four forces, the 
five forces represented by ab, be , cd, de, and ea are in equili¬ 
bri um and their sum is zero, i.e. ab+bc+cd-\~de-\-ea = 0. 
or, vector sum of W 1 r 1 -\-W 2 r 2 A-W 3 r 3 +'W i r i -\-W B r B = 0. 

In a general case, the condition for equilibrium of a number 
of masses rotating in one plane is that the sum of the product 
Wxr (for each mass) shall be equal to zero. Stated mathe¬ 
matically, S Wr = 0. 


§187. Reference Plane. When several masses are rotat¬ 
ing in different planes a further disturbing influence is 



experienced due to the formation of couples. In Fig. 149 (a), 
let OA represent the axis of a shaft and B a mass of weight W 
attached to the shaft at a radius r, Let F be the centrifugal 
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force acting on the shaft when rotating at oj radians per 

W 1 

second, F being equal to—cuV. If B is the only mass attached 


to the shaft, the tendency of the force F is to displace the shaft 
in the direction of the force F , which is, of course, changing 
in direction as the shaft rotates. The shaft may be balanced 
by placing a mass at A diametrically opposite to B and of 
magnitude such that its centrifugal force is equal to that of B. 
In many cases, however, it is not convenient to place the 
balance mass in the plane of rotation of the rotating mass B. 

If the shaft is assumed to be merely supported at anyjooint 
such as 0, the disturbing effect of F acting at A is not affected 
in any way by two equal and opposite forces, F x and F 2 , act¬ 
ing at 0 as in big. 14-9 (b ). These two equal and opposite forces 
F x and can be conveniently applied by attaching masses G 
and D to the shaft such that their respective cenLrifugal forces 
arc each equal to F. The two forces F y and F together form 
a couple of magnitude F x a or F t x a, where a is the distance 
between. 0 and A. This couple tends to roclc the shaft in a 
plane which contains F x and F. Tho force F 2 acting on 0 
tends to displace the shaft in tho direction of I<\ or F. 

A plane, porpcndicular to the axis of tho shaft passing 
through a point such as 0, is called a reference plane, and by 
applying forces F 1 and Id, at 0, the mass B is said to be 
transferred to the roferenoo plane. Tho effect of transferring 
a rotating mass in one plane to a reference plane is to cause a 
force of magnitude equal to the centrifugal force of the rotat¬ 
ing mass to act in the reference piano together with a couple 
of magnitude F X a, where a is the distance between the plane 
of rotation and the reference plane. 

Similarly, other masses acting in different planes can be 
transferred to the reference plane, thereby inducing forces in 
the reference plane and couples about tho reference plane. 
Tor complete equilibrium of a number of rotating masses in 
different planes the forces in tho reference plane must balance 
and the couples about the reference plane must balance. 

§ 188. Representation of a Couple by a Vector, In 
big. 150, let OA represent a shaft, and let a plane through 0 
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perpendicular to the shaft he the reference plane. A mass B 
is rotating in a plane through A and perpendicular to the 
shaft. It has been seen that two equal and opposite forces 
F 1 and F v due to rotation of masses G and D, may be applied 
at 0 without altering the force F already acting on the shaft 
due to the rotation of B. The forces F and F 1 together form a 
couple of magnitude Fxa. This couple tends to rotate the 
shaft about the point 0 in a plane containing the shaft and 
the forces F and F^\ a line drawn through 0 perpendicular to 



the shaft OA and perpendicular to F l is thus an axis of rotation 
of the couple. This line is represented by EOQ. Now a rota¬ 
tion can either be clockwise or counter-clockwise and a couple 
may be conveniently represented by means of a vector drawn 
along the axis of the couple. The vector can be drawn in one 
direction along the axis to represent a clockwise couple and 
in the opposite direction for a counter-clockwise couple. Thus 
the couple due to F and F lt which is clockwise, may be repre¬ 
sented by a vector OF drawn along an axis of the couple; 
the length of OB can represent the magnitude of the couple. 
To represent a counter-clockwise couple a vector 00, opposite 
in direction to OF, could be drawn. The vector OF is drawn 
in the plane through 0 and perpendicular to the shaft. 

Looking on an end view of the shaft the vector OF, repre¬ 
senting the couple due to F and F v is drawn perpendicular to 
F and F v Similarly, a couple tending to cause counter-clock¬ 
wise movement about 0 could be represented by a vector 
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along OQ. In balancing problems it is usual, for convenience 
of drawing, to turn these vectors through 90 degrees. Hence 
the vector representing the couple due to F t and F can be 
drawn parallel to F but in the plane through O. 

§ 189, Several Masses In Different Planes. In Pig. isi 
let OA represent a shaft; W v W 2 , and IF, masses attached to 
the shaft at radii r v r 2 , and r a respectively. The masses W h 



Fig. 151. 

W 2 , and W a rotate in planes I, II, and III respectively. Let 
a reference piano bo chosen at O and the distances of the planes 
from 0 be a v a 2 , and a 3 . The forces acting on the shaft are 
proportional to W 1 r 1 in plane I, W 2 r z in plane II, and W 3 r s in 
plane III. The force proportional to W x r x acts in a direction 
from O x to W v W 3 r z from O x to W 2 , and W 3 r a from O x to W 3 . 
If the masses are transferred to the reference plane, these 
forces act in the reference plane, and by drawing a vector 
diagram the unbalanced force can be found. In Pig. 162 (a), 
be is drawn parallel to O r W x (Fig. 161) and proportional to 
W x r x , cd parallel to O x W % and proportional to and de 
parallel to O x W 3 and proportional to W g r a . The vector be is 
the sum of the vectors and is proportional to the unbalanced 
force acting on the shaft. 

The couples introduced by transferring the masses to the 
reference plane are proportional to W x r x a x , W 2 r 2 a 2 , and 

r 8 a s . A couple may be represented by a vector drawn per¬ 
pendicular to the plane of the couple. The couple introduced 
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by transferring W 1 to the reference plane through 0 is pro¬ 
portional to and acts in a plane through 0 1 W 1 and 

perpendicular to the paper. The vector representing this 
couple should be drawn in the plane of the paper and per¬ 
pendicular to O t W v Similarly the vectors representing the 
couples W 2 r 2 a 2 and W 3 r 3 a 3 should be drawn perpendicular to 
0 W 2 and O x W 3 respectively and in the plane of the paper. It 

k. 


d 


(a) Fig. 162. (b) 

is usual, however, to turn these vectors through a right angle 
for convenience of drawing. The relative inclinations are not 
affected if each is turned through a right angle. Actually, 
then, the vectors representing the couples are drawn parallel 
to 0 X W V 0 1 W 2 , and O x W 3 respectively. In Fig. 152 (b), fg is 
drawn parallel to O x W x (Fig. 151) and proportional to II \r x a v 
gh is drawn parallel to O x W 2 and proportional to lb, r 2 o 2 , and 
hk is drawn parallel to 0 1 W 3 and proportional to W 3 r 3 a 3 . 
The vector fk is the sum of the vectors and is proportional to 
the unbalanced couple acting about 0. In Fig. 152 (a), be is 
proportional to the resultant force, hence eb is proportional to 
the equilibrant; similarly fk represents the resultant couple 
and kf the equilibrant couple. 

For complete equilibrium of the shaft the resultant force 
and resultant couple must be each equal to zero. Expressed 
mathematically, ^ Wr ~ 0 

and £ Wra = 0. 
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A mass placed in the reference plane such that its Wr J s 
proportional to eb will balance all the forces in the reference 
plane, but the couples are not balancod. Hence, in general 
two planes are required to balance a system of revolving 
masses. 

The formation of a table showing values of Wr and of Wra 
and the judicious choice of reference plane facilitate the 
solution of problems on balancing. 

Example 1. Four masses A, B, C, and D, weighing 80, 100 
120, and IE lb. respectively, are rigidly connected to a shaft at 
radii 15, 12, 14, and 12 in. respectively from the axis. The shaft 
revolves about its axis and tho planes of revolution of the masses 
are at equal intervals apart. Determine W and the angular posi- 
tions of B, C, and D in relation to that of A, in order that the 
masses may completely balance one another. [Bond. B.Sc,] 

The planes in which the masses A, B, C, and D are rotating 
may be represented by tho letters A, B, C, and D. Let a = dis¬ 
tance between two consecutive planes. Forming a table to show 
the values of Wr and Wra, these values enable tho vector diagrams 


Plane 

Maes W 

Radius r 

Wr 

a 

Wra 


A 

so 

1(5 

1,200 

3 a 

3,000a 


B 

100 

12 

1,200 

2a , 

2, -100a 


G 

120 

1-1 

1,080 

a 

1,680a 


JD 

w 

12 

12TE 

0 

0 

D iH ohosen as refer- 





___ 


once plane 


of forces and couples to bo drawn. Ip many cases it will be found 
advisable to draw the vector diagram of couples first. Thus, in 
the table, if D is chosen aH tho reference plane tho couple due to 
the unknown mass IE is zero and tho other couples arc respectively 
3,(300a, 2,400a, and 1,080a lor the masses A, B, and C respectively, 
Tho vector diagram thus bocomos a triangle, In Fig. 153 (a), ab 
is drawn to represent 3,000a, and circular arcs are drawn with radii 
proportional to 2,400a and 1,680a, giving a point c, The vector 
be represents the couple due to the mass B and ca the couple due 
to tho mass C . Tho triangle is closed sinco tho resultant couple 
must he zero. These vectors indicate tho relative positions A , if, 
and C may occupy, In Fig. 154, O x A is drawn parallel to a6, O x B 
parallel to be, and O x O parallel to ca , These arc the relative angular 
positions the masses A, B, and O occupy. 
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In Fig. 153 ( b) the vector diagram of the forces in the reference 
plane is drawn. The vector de is parallel to ab and proportional 
to 1,200, ef is parallel to be and proportional to 1,200, j fg is parallel 
to ca and proportional to 1,680. The closing vector gd represents 



(a) Fig. 153. (6) 


0 C 8 A 



Fig. 164. 


the force necessary for equilibrium and to scale represents 1,395, 
which is proportional to 12 IF in the table. 


W = = 116 lb. 

la 


In Fig. 154, O t D is drawn parallel to gd and is the position the 
mass W occupies. The relative angular positions of B, C, and 
D measured from A in a counter-clockwise direction are 157-5°, 
213-2°, and 19-5° respectively. 


§ 190. Reciprocating Masses. In an ordinary recipro¬ 
cating engine, the acceleration of the reciprocating parts is 

very approximately ceV^aas #-f- j cos 2$j, as shown in §66, 

and the force required to accelerate them is 

^■m 3 ?-|cos 6- f- ~ cos 2 

This expression may be split up into two expressions, viz. 
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W W o> 2 r 2 

— ui 2 raoad and---cos2 9. The former is the 

g g l 


primary 


accelerating force and the latter the secondary accelerating 
force. The secondary force is smaller than the primary, 
and for modorato speeds it is usual to neglect the secondary 
effects. The secondary force has, however, twice the fre¬ 
quency of the primary force, and in high-speed engines this 
is of considerable importance. To keep the problems in their 
simplest form, only primary forces will be dealt with. 



In Fig. 155, let GB represent tho crank and BA the connect¬ 
ing-rod. Assume the reoiprocating parts are concentrated at 
A and of weight W. For the given configuration the accelera¬ 
tion of A is positive, that is the speed is increasing and the 


W 

primary force — cuVeos# required to accelerate W must act 


in a direction from A to C. The reaction of this force upon 
the frame of the engine is in the opposite direction and this 
reaction tends to move the frame in a direction from C to A. 
Any attempt at balance must be to balance this reaction. 
Suppose a mass of weight W is placed at crank radius 
diametrically opposite the crank pin. This mass iB shown at 
D, The disturbing effect of this mass upon the frame of the 


. . W 

engine is — w 

9 


V. 


This can be split up into two components 
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acting through the centre of the crank-shaft of — aiVcosd 

9 

W 

acting horizontally and — mV sin 0 acting vertically. The 

horizontal component balances the primary force ~u> 2 r cos 6 

Q 

acting on the frame in the opposite direction, and the mass W 
placed diametrically opposite the crank pin has thus effected 
primary balance in a horizontal direction. There is, however, 

W 

due to W at D, a vertical component of —w 2 r which in 

9 

w 

magnitude is —o> 2 )‘ ein 9, and this is unbalanced. The maxi- 

W 

mum value of this comppnent is —oA- and occurs when 

i/ 

sin 9 — 1, or when 9 = 90°. The introduction of the mass W 
at D balances the horizontal forces but induces a vertical 
unbalanced force equal in magnitude to the original hori¬ 
zontal unbalanced force. 

In practice a compromise is made by placing f W at crank 

1 W 

radius. The unbalanced horizontal force is then- to 2 r cos 9 

3 9 

2 W 

and the unbalanced vertical force is - — to 2 r sin 9. The usual 

3 9 

practical method is to consider f of the reciprocating mass 
transferred to the crank pin and balance in the usual manner. 
Let W x — weight of revolving masses at crank pin, 

W 2 = weight of .reciprocating masses. 

Equivalent mass at crank pin W — Wi+fW£. 


Example 2. A single-cylinder horizontal engine runs at 120 
revs, per min. The stroke is 1| ft., mass of revolving parts as¬ 
sumed concentrated at the crank-pin is 200 lb., and the mass of 
the reciprocating parts is 300 lb. Determine the magnitude of the 
balance weights required, assuming that their centres of gravity 
are 7 in. from the centre of the crank-shaft, Calculate the maxi¬ 
mum value of the unbalanced horizontal force introduced by the 
balance weight. 

Equivalent mass at crank pin W — 200+§x 300 = 400 lb. 
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Let W a = balance weight required: 

TK 7 _ 400 9 

16n 7 X !2 W => x l2 XaJ - 

W a = 514 lb. 

Maximum unbalanced horizontal force 
lffi 9 
=^7 x l2 xw2 


1 300 9 /120 „ \a 

3 ‘32-2 X 12 X ( 60 X “ 7T ) 


308 lb. 


§191. Locomotive Engines. The usual type of locomo¬ 
tive in this country lias two cylinders. These may be placed 
either inside or outside the front bogie wheels. The engines 
are known as inside and outside cylinder locomotives respec¬ 
tively. The two cranks arc usually placed at right angles to 
each other and balance weights are placed in the driving- 
wheels. To increase the adhesion between the locomotive and 
the rails, two or throe pairs of driving-wheels may be coupled 
together and the engine is known as a coupled locomotive. 
An uncoupled locomotive has one pair of driving-wheels, and 
as far as the balancing problem is concerned there are four 
planes in which masses aro rotating, viz. the two planes of 
the driving-wheels and the two planes containing the crank 
pins. In a coupled locomotivo the number of planes is six, 
since the coupling rods are rotating in planes outside the 
driving-wheels. It is not desirable here to entor into a com¬ 
plete discussion of the balancing of coupled locomotives, and 
to keep the problem in its simplest form the balance of 
uncoupled locomotives only will be dealt with, although this 
type of locomotive is rarely seen in modern railway stock. 

The revolving masses at the crank pin may be completely 
balanced, but the reciprocating masses cannot be balanced 
completely—only partially. The unbalanced horizontal force 
causes a variation of the tractive force, in addition to a sway¬ 
ing couple. The unbalanced vertical forces cause the pressure 
between the driving-wheels and rails to vary; this variation is 
known as hammer blow. 
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Example 3. Find the balance weights required to balance all 
the revolving masses and two-thirds of the reciprocating masses 
of an inside-cylinder uncoupled locomotive. The cylinders are 
2 ft. apart and the balance planes 5 ft. apart. Maas of revolving 
parts per cylinder 700 lb., reciprocating parts per cylinder 500 lb. 
Crank radius is 1 ft., and the mass centres of the balance weights 
are at a radius of 30 in. 

Equivalent mass at crank radius = 700-|-§x500 = 1,033 lb. 
The table is compiled to assist the drawing of the vector diagrams. 



In Fig. 156 the distances apart of the planes is shown and the 
position of the cranks in end view. Plane I is chosen as reference 
plane and the vector sum of the Wra column must be zero. In 
Fig. 157 (a), ah is drawn parallel to the crank in plane III and 


Plane 

Mass W 

r 

Wr 

a l 

Wra 


I 

■■ 

n 

■■ 

0 

0 

Plano I chosen as 
reference plane 

II 

1,033 

i 

1,033 

u 

1,550 


III 

1,033 

i 

1,033 

31 

3,620 


IV 

W 

21 

2\W 

6 

1211V 



proportional to 3,620; be is drawn parallel to the crank in plane 
II and proportional to 1,550. The closing vector ca represents the 
Wra for plane IV. ca scales 3,940, 

12£W = 3,940, 

W = 315 lb. 

In Fig. 157 (b), de is drawn parallel to ab and proportional to 
1,033, ef is parallel to be and proportional to 1,033, fg is parallel 
to ca and proportional to 2or 788. The closing vector is the 
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Wr for piano I and this scales 778, giving the balance mass in 
piano I as 315 lb. The angular positions of the balance masses 
relative to the cranks is shown in Fig. 150, in which a line parallel 



(,o ca (Fig. 157) gives the angular position of the balance mass in 
plane 1V and a lino parallel to gd gives the angular position of the 
balance mass in piano I. Tho inclination of those two planes with 
their adjacont cranks is the same and the two balance masses are 
equal. 

§192. Unbalanced Forces of Partially Balanced Loco¬ 
motives . As already explained, for two-cylinder locomotive 
engines with cranks at right angles, the nsual practice is 
to balance completely the revolving masses and to balance 
partially the reciprocating masses. 

Lot W x = weight of revolving parts per cylinder, 

W 2 = weight of reciprocating parts per cylinder, 

Iff = weight of each balancing mass at crank radius, 
w 1 = portion of the balancing mass due to W v 
w 2 = portion of the balancing mass due to W 2 - 

Then, W 3 = w t +w 2 , 


w , 




.xf 3l 


Wl xw a . 


and w 1 - ^r Wi 

Now, w x is the portion of the balancing mass required 
to balance the revolving parts, and as these are completely 
balanced, there are no unbalanced forces due to w v Since i» 2 
only partially balances the reciprocating masses W 2> the 
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unbalanced forces are due to the unbalanced part of W 2 acting 
horizontally and the vertical component of w 2 . 

For each cylinder the unbalanced horizontal force due to 
W W 

unbalanced is —2a> 2 r cos 0. If the leading crank makes 

3 3 g e 

an angle 0 with the inner dead centre, the other crank makes 
an angle of (9 —90°) and the two unbalanced forces are 


W, 


w, 


— cuVcos0 and ~aiVcos(0— 90°). The total unbalanced 
3 g 3g 

force is the sum of these two quantities, viz. 

W 

•^-?aj 2 r[cos 0-J-cos(0—90°)] 


or 


3 g 


ai 2 r(c oa 9-{-sin 8). 


This is a maximum when 8 = 45° or 22' °, and the maximum 

J‘2W 

unbalanced horizontal force is This maximum un- 

3g 

balanced force causes a variation of draw-bar pull. 

W 

The two unbalanced horizontal forces of -- w- r cos 6 and 
W 

— 2 w 2 r cos( 6 —90), for crank angles of d and (0—90) respec¬ 
ts? 

tively, vary in magnitude and direction according to the 
value of 6. For values of 0 between 0° and 90° these two 
forces are in the same direction, but except when 0=45°, they 
differ in magnitude. For values of 9 between 90° and 180° 
they are in opposite directions and their resultant, except 
when 0 = 135°, is an unbalanced horizontal force which has 
an unbalanced moment about the centre line between the 
two cylinders. When 0 = 135°, and also when 0=315°, this 
effect reduces to an unbalanced pure couple, the forces 

W 1 

being equal, each of magnitude— X— =, and in opposite 

og v 2 

directions. This couple has a swaying effect about a vertical 
axis and tends to sway the engine alternately in clockwise 
and counter-clockwise directions; it is consequently referred 
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v — r-yio —■ 3^x47’7 = 155 ft. per sec. 

= 105-7 miles por hour. 

EXERCISES. XII 

1. Two masses, of 20 lb. and 40 lb. respectively, are attached tea 
balanced disk at an angular distance apart of 90°, and at radii 2 and 
3 ft. respectively. Find the resultant force on the axis when the ap&ed 
of the disk is 200 revs, por min., and determine the angular position, 
and magnitude of a mass placed at 2 J ft, radius which will make the 
force on the axis zero at all speeds. 

2. Four masses of magnitude 10,12, and 14 lb. and W lb. revolve in 
planes A, B, O, and D respectively. The planes are Bpaced A'to B 
2 ft., A to O 3 ft., A to I 5 ft. The masses tiro all at the same radius. 
Find the magnitude of W and the relative angular positions of the 
masses for complete balance. 

3. In a throe-orank vertical engine the weight of the moving parts 
on each crank is equal. Show that it is balanced for the vertical 
components of the inertia forces, but not for tho couple. 

4. A singlo-oylinder vertical engine with a stroke of 18 in. runs at 
250 revs, per min. The reoiproeabing parts weigh 120 lb. and may be 
assumed to have simple harmonic motion; the revolving parts are 
equivalent to a mass of 70 lb. at a radius of 9 in. Determine the 
balancing mass, to be placed opposite the orank and at a radius of 
15 in., which is equivalent to all tho revolving and two-thirds of the 
reciprocating masses. 

Find also the magnitude of the remaining unbalanced force when 
the orank has turned through an angle of 30° from a dead centre. 

[Inst. C. E.} 

6. Three masses A, B, and O, weighing 2 lb., 6 lb., and 5 lb. respec¬ 
tively, are rigidly attaohed to a disk at radii of 10 in., 5 in., and 9 in. 
respoctivoly. The angles between A and B, B and O, and G and A are 
60°, 166°, and 136° respectively. A fourth mass, D, is attached to the 
disk at a radius of 4 in. Determine the magnitude and angular posi¬ 
tion. of D so that the four masses may completely balance one another 
when the disk is rotated. 

Explain, why, for complete balance, mass D must be placed in 
the same plane as the masses A, B, and (7, [hist, G. 2?.] 

6. What is meant by the ‘hammer blow’ of a locomotive ? When 
the revolving parts of a locomotive are completely balanced, show 
how the magnitude of the hammer blow at a given speed can be 
varied by an alteration in the proportion of the weight of the recipro¬ 
cating parts treated as a revolving mass, when the requisite balancing 
masses have been added. 
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7. Find the balance weights required for an inside-cylinder un¬ 
coupled locomotive when running under the following conditions: 

Weight of reciprocating parte (per cylinder) . . = 550 lb. 

Weight of rotating parts (per cylinder) . . . = 650 lb. 

Stroke . . . . . . . . = 24 in. 

Cylinder centres . . . . . . = 26 in. 

Wheel centres . . . . . , . = 60 in. 

Radius of balance weights . . . . . = 30 in. 

Balance the whole of the rotating and two-thirds of the reciprocating 
parts. [Inst. 0. E.] 

8. The cylinders of a four-cylinder vertical marine engine are 

pitched at equal distances apart, The reciprocating masses belonging 
to each of the two middle lines of parts weigh 1 ton. The cranks of 
the middle pair of cylinders are set at an angle of 100°. Find the angle 
between each outside crank and its neighbour, and the weight of each 
of the outer reciprocating lines of parts so that the engine shall be in 
balance for primary forces and couples. [Lond. B.Sc.) 

9. The horizontal distance between the centre lines of the cylinders 
of a locomotive is 2 ft., and the horizontal distance between the planes 
in which the mass centres of the balance weights in the wheels revolve 
is 5 ft. The cranks are at right angles and are each Z ft. radius. The 
reciprocating masses weigh 600 lb. per cylinder, two-thirds of which 
is balanced by balance weights placed in the driving-wheels. The 
load on each driving-wheel is 7-5 tons. Calculate the maximum and 
minimum pressure between the wheel and the rail when the engine 
runs at 80 miles per hour. Diameter of driving-wheels 7 ft. 

[Inst. O. E.] 

10. An outside-cylinder uncoupled locomotive has reciprocating 

parts which weigh 500 lb. per cylinder, revolving parts which weigh 
600 lb. per cylinder, a stroke of 24 in., and driving-wheels 7 ft. in 
diameter. When the whole of the rotating parts and two-thirds of 
the reoiprocating parts are balanced, the equivalent balancing weight 
at crank radius in each wheel is 1,022 lb. Determine the maximum 
variation in wheel pressure and the maximum variation in tractive 
effort due to the unbalanced masses when the locomotive has a speed 
of 80 miles per hour. [Inst. G. E.] 

11. A shaft oarriea four revolving masses, A, B, O, and D, in this 

order along the axis. The mass A may be assumed concentrated at 
a radius of 12 in., B at 15 in., 0 at 14 in., and D at 18 in. The weights 
of A, O, and D are 15 lb., 10 lb., and 8 lb. respectively. The planes 
of revolution of A and B are 15 in. apart, and of B and G 18 in. apart. 
The angle between the masses A and 0 is 90°. Determine (a) the 
angles between the masses A, B, and D, (6) the distance between 
the planes of revolution of G and D, and (c) the weight of the mass B, 
so that the shaft may be in perfect balance. [Inst. O. E.] 

12. What are the necessary conditions for the complete balance of 
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a system of mosses revolving about a common axis T Carefully explain 
how you would balance a number of masses revolving about the same 
axis but in different planes. [j. Mec'h, E ] 

13. A system of revolving massos rotato in three planes 1, 2, and 3 
placed in this ordor. Masses of 200 lb. revolve in planes 1 and 3 at a 
crank radius of 18 in., the cranks being at right angles, and a mass of 
300 lb. revolves in plane 2 at a radius of 18 in., and the crank w 
inolinod 135° to cranks 1 and 2. Two planes A and B are between 
planes 1 and 2 and betwoon 2 and 3 respectively. The distances 
between the planes are 1 A = 1 ft., A 2 = 2 ft., 2B = 2 ft., BS = 1 ft. 
Find the magnitude of tho unbalanced couple when the system 
revolvos at 300 rovs. per mm. 

Determine the magnitude and position of masses which must be 
introduced in planes A and Bata radius of 2 ft. so as to give perfect 
balance to this revolving system. [7. Meek. E.] 

14. A twin-cylinder Voo engine has oylindera at 90° which drive on 

bo a single crank. Tho weight of tho rooiprooating parts of each 
cylinder, including ono-third of the weight of tho conneoting-rod, is 
16 lb. The weight of tho crank pin and wobs plus two-thirds of the 
weight of tho conneoting-rod is equivalent to 30 lb. at the crank pin. 
The stroke is 0 in. Determine the primary unbalanced force at 1,000 
rovs. per min. f Lend. B.Sc.] 

16. Five pulleys 2 ft. apart are mounted on a shaft 12 ft. between 
bearings. These aro out of balanoo to the following extent: 


No. 1, 

2‘0 lb. at 2-5 ft. radius. 

No. 2. 

4-0 lb. at 3 0 ft. 

99 

No. 3, 

3-6 lb. at 2-0 ft. 

99 

No. 4, 

2-0 lb. at 2-0 ft. 

99 

No. 5, 

2-0 lb. at 3’0 ft. 

ft 


If 6 X = 0°. 8 t = 45°, 9, = 90°, 9t ~ 120°, 0 5 = 240° define the 
angular positions of the radii of the centre of gravity, determine the 
two mosses whioh will balanoo the system when placed on Nos. 2 and 
4 pulleys, at 3 ft. radius in No, 2 and 2 ft. radius in No. 4. 

ILond. B.Sc.] 

16. A costing under prooess of machining weighs 460 lb. and is 
bolted to the face plate of a lathe. Its centre of gravity O (Fig. 168) is 
9 in. from tho lathe axis and 14 in. from the face plate. 

The workman obtains static balanoe by means of two weights 
bolted to the face plate; one of these weighs 90 lb. and is fixed in the 
position shown in the end elevation (Fig. 168); its centre of gravity 
is 6 in. from the face plate. The other weighs 80 lb. and has its centre 
of gravity 4 in. from the face plate. 

Find the position of the centre of gravity of the seoond balance 
weight. Find also the magnitude of the rooking couple when, the 
lathe is run at 80 revs, per min, [Land. B.Sc.] 

17. From the data given below, determine the magnitude and 
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position of the balance weights to balance the whole of the rotating 
masses and two-thirda of the reciprocating masses of an outside- 


cylinder uncoupled locomotive. 

Weight of reciprocating masses for each cylinder . = 480 lb. 

Weight of rotating masses for each cylinder . . = 600 lb. 

Distance between cylinder centres . . . . = 66 in. 

Distance between planes in which the mass centres of 

the balance weights rotate . . . . . «= 66 in. 

Stroke . . . . . . . . = 24 in. 

Radius of mass centres of balance weights . . = 30 in. 


[Land. B.Sc.] 

18. A four-crank marine engine (Fig. 169) runs at 86 revs, per min. 
and has a stroke of 42 in. The weights of the reciprocating parts are: 
H.P. = 900 lb., I.P.j = 1,060 lb., and I.P. a = 1,260 lb. Determine 
the weight of the L.P. reciprocating parts, and the crank angles so 
that the reciprocating parts are in complete primary balance. 

[Land, B.Sc.] 


HP L P IP, IP, 



Fig. 169. 


19. A two-cylinder inside engine has its cylinders 23 in. apart, and 
the balance weights are in planes 60 in. apart, the planes being 
symmetrically placed about the engine centre line. For each cylinder 
the revolving masses are 600 lb. at the crank-pin radius (13 in.), and 
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the reciprocating parts aro 070 lb. All tho revolving and two-thuds 
of the reciprocating masses aro balanced. The driving-wheels are 6 ft. 
in diameter. When, tho engine runs at 40 inilea per hour, find (a) tho 
hammer blow; ( b ) tho variation in trnotivo force; (o) the swaying 
couple. [Land. B.Sc.] 

20. In a four-crankod engine tho distances between the cylinders 

aro all equal. Three reciprocating masses reckoned in succession from 
tho right are 12, and 21 tons. Kind tho fourth reciprocating mass, 
and tho crank angles so that tho reciprocating masses mutually 
balance. [Lond. B.£c.] 

21. Four masses A, II, O', and 1), m different planes, arc to bo 
arranged in this order along a shaft to give complote balance when 
rotating. Tho planes containing the masses B and C are 1 ft. apart. 
Tho masses B and V are at right angles to each other and the mass!) 
is at an angle of 135 degrees to both B and O. Find where the planes 
containing tho masses A and I) should bo placed and the magnitude 
and angular position of the muss A. 


Mass 

Weight (lb.) 

Radius (in.) 

A 

W 

1-5 

B 

4 

2-6 

O 

6 

1-0 

D 

G 

1-25 


[Bond. B.Sc.] 

22. Masses of 10, 12, and 8 lb. rotato respectively in planes A, B, 
and G spaced 1 ft. apart; tho centres of gravity of these masses are 
3, 4, and 6 in. respectively from the axis of rotation. Find the angular 
positions of these masses so that tho dynamic forces balance. What 
is tho magnitude of the unbalanced couple when the speed of rotation 
is 250 revolutions per minute ! 

Find tho magnitudes of weights to be placed in two planes 
situated 1| ft. on either aide of piano B to balance this couple and 
also to maintain dynamic balance whon the centre of gravity of each 
woight is 3 in. from the axis. [Lond. B.Sc.] 

23. Details of masses oarriod by a rotating shaft are as follows: 


Plane 

Mass (IK) 
lb. 

Radius (r) 

ft- 

A 

20 

1 

B 

W 

1 

0 

15 

1 

D 

12 

1 


The planes A and C are 1J- ft. on either side of tho plane B. Find 
the position of the plane D, the magnitude of W and its angular 
position relative to the other masses when the angle between the 
masses in planes A and G is 120° and the masses are balanced. 

[Lond. B.Sc.] 






CHAPTER XIII 


CAMS 

§ 193. Simple Rotating Cam. Cams are uBed to impart 
motion to a follower; the motion is usually of an intermittent 
nature and may be reciprocating or oscillating. Cams usually 


I 



have a rotary motion at constant speed, but occasionally have 
rectilinear motion. A simple type of rotating cam is shown 
in Fig. 160 in which F is the follower whose line of motion 
passes through the centre of the cam, and for simplicity the 
contact between the cam and follower is point or line contact 
at B. In practice it is usual to round off the end of the 
follower or to provide a roller to reduce the wear of the cam 
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surface. The ell eel, of a roller will bo considered later. The 
follower F is constrained by guides to move in a vertical 
direction, either up or down. Assuming the cam to rotate in 
a clockwise direction, the follower is lifting while the cam. 
moves through the angle A OC and it is at rest while the 
cam moves through the angle COD , and it falls while the cam 
moves through the angle DOE. 

The angle AO0 is the angle of lift. 

The angle DOE is the angle of fall. 

The angle AGE is the anglo of cam action. 

The radius of the cam shaft is 00, OA is the least thickness 
of metal of the cam, and OA ia the least radius. 

The lift of tho follower = cC = dD in this particular case. 
The distance cC or dD is also known as the height of the cam, 
but the height of tho cam is only equal to the lift of the 
follower when tho lino of stroke passes through the centre of 
the cam. To determine whether tho outline of cam is suitable 
for produoing a given lift of tho follower while the cam moves 
through the angle AOG, it is necessary to construct a dis¬ 
placement diagram, and from this to doduco tho velocity and 
acceleration of tho follower. The acceleration of the follower 
determines the accelerating force required to accelerate it, 
and this should either bo fairly uniform for each half of the 
lift or should vary in a gradual manner. In general, the 
accelerating force should bo kept as small as possible. A 
further point to be noted is that the lateral pressure of the 
cam on the follower should be within reasonable limits. 
Neglecting the small amount of friction between the follower 
and the cam, the pressure which the cam exerts on the fol¬ 
lower is normal to the surface of the earn at the point of 
contact. Let P = normal pressure. This has two components, 
V vertical and H horizontal; tho vertical component is the 
force available for lifting and accelerating the follower, 
the horizontal component morely causes a side pressure on 
the guides with consequent loss due to friction. Excessive 
side pressure will result in wear, and in time the follower be¬ 
comes slack in the guides and objectionable noise and rattle 
occurs. 
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§194. Displacement Diagram. When the cam is in the 
position shown in Fig. 160, the displacement of the follower 
is bB. Radial distances measured from the least radius 



AbcdE give the displacements for corresponding cam angular 
movements. The outline ACDEdcbA may be regarded as 
a polar diagram of displacements. To construct a rectangular 
diagram of displacements, values of the displacement are 
plotted vertically against the angular movement of the cam 
plotted horizontally. In Fig, 161 (a), AE is proportional to 
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the angle of earn action, Ab is proportional to the angle AOB 
(Fig. 160). Tho ordinate bB, Fig. 161 (a), is made equal to 
or proportional to tho displacement bB in Fig, 160. Plotting 
other values and drawing a smooth curve through the points 
obtained, tho displacement ourvo ABODE, Fig. 161 (a), !s 
obtained. 

§195. Velocity Diagram. If the cam rotates at constant 

angular speed, the angular movement of the cam is pro- 

ds 

portional to the time, and since — or rate of change of dis- 

tit 

placement is velocity, the slope of tho displacement curve at 
any point is proportional to tho velocity of the follower corre¬ 
sponding to that position of tiro cam. Taking the point B on 
the displacement ourvo, Fig. 161 (a), tho tangent fd is drawn, 

the slope of tho curve is which is proportional to the 

velocity of the follower. On Fig. 161 (b), b t B L is drawn pro- 
dc 

portional to -A for the given angular position of the cam. 

Taking other points on the displacement curve and drawing 
tangents to find the slope, and plotting those values, tho 
velocity diagram A x B x C\ is obtained; this is the velocity 
diagram while the follower is being lifted. The diagram for 
the fall of the follower is obtained in a similar manner but is 
not shown. 


§ 196. Acceleration Diagram. Acceleration is rate of 

change of velocity with respect to time or —, and an acce- 

at 


leration diagram is deduced from the velocity diagram in 
the same way that the velocity diagram is deduced from the 
displacement diagram. The tangent Jqdj at B v Fig. 161 (6), 
is drawn and the slope of the velocity curve at this point is 
d * 

AA, This quantity is proportional to the acceleration of 

e i/i 

the follower for this position of the cam. In Fig. 161 (c), 

j 

6 a 5 2 is plotted proportional to -l? 1 , and repeating the 

e tfi 
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process for other points, the acceleration curve B 2 C 2 D Z is 
obtained. This represents the acceleration of the follower 
while it is being lifted; the acceleration diagram while falling 
is obtained in a similar manner. The acceleration diagram is 
not of good shape and the given cam profile would cause 
irregular accelerating force. 

§ 197. Simple Harmonic Motion of Follower. The 
acceleration of a follower having simple harmonic motion 
varies as the distance from the centre position, hence the 
accelerating force is a maximum when the follower com¬ 
mences its lift and is a maximum negative value at the end 



of the lift. The acceleration diagram consists of two triangles 
and the acceleration changes uniformly. The displacement 
diagram for the lift of the follower is a double sine curve as 
shown in Fig. 162, in which AD corresponds to the angle of 
lift of the cam and CD is equal to or proportional to the 
lift of the follower. The displacement curve is obtained by 
dividing the angle of lift into a number of equal parts, six in 
this case, and on A B, which is equal to DC, a semicircle is 
drawn and divided into an equal number of parts around the 
circumference. By projecting corresponding points along to 
meet the verticals through the equal divisions, points on the 
curve AEG are obtained. 

Another form of displacement curve sometimes used is that 
of a double parabola. This curve gives a uniform acceleration 
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for the first half of the lift and a uniform deceleration for 
the second half. In Fig. 103, AD is made proportional to the 
angle of lift, and DC — AB is equal to or proportional to the 
lift. AD is divided into a number of equal parts, the mid 
ordinate through the division 3 is also divided into the same 
number of equal parts. By joining A to a on the vertical 
through 3, the point at which this line cuts the vertical through 
division 1 gives a point on the parabola. Alternatively, if(j 
is the inid point of A B, A O is divided in the ratio of 1, 4, and 



9, which are the squares of 1, 2, and 3 respectively. Similarly 
CH is divided in the ratio of 1, 4, and 9. The curve drawn 
through the points obtained in either of these wayB is the 
displacement curve and in the figure is AEG. 

§ 198. Construction of Cam Profile. Having given the 
angle of lift, lift of follower, etc., the method of constructing 
the cam profile will now be given. To keep the problem in 
a simple form, point contact will bo assumed (i.o. no roller on 
follower) and the line of stroke of the follower assumed to 
pass through the centre of the cam. It will only bo necessary 
to describe the procedure for finding tho cam profile while 
lifting the follower, as the profile for determining the fall of 
the follower is constructed in exactly tho same way. Since 
the motion between the cam and tho follower is rolative, this 
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motion is not altered if the earn is assumed to be at rest and 
the follower to move round the cam in a direction opposite to 
the motion of the cam. To make a definite problem, let the 
angle of lift be 60° and the lift in., the least radius be 
1| in., and the motion of the follower be simple harmonic. 

In Fig. 164 a circle is drawn of radius OA which is equal 
to the least radius of the cam If in. AB is the lift of the 
follower 1J in. The angle AOG is set off equal to the angle 
of lift 60°, and is divided into, say, six equal angles by the 



radial lines Oa, Ob, etc. The lift AB is divided into six parts 
corresponding to the displacement diagram. This is con¬ 
veniently accomplished by drawing a semicircle on AB as 
diameter and dividing the semicirole into six equal parts. 
Projecting across on to AB, the points 1, 2, 3, etc,, are 
obtained which axe the successive positions of the follower 
for equiangular movements of the cam. The position 1 is the 
position the follower occupies when the cam has turned 
through the angle A Oa, position 2 when the cam has turned 
through the angle A Ob, and so on. Swinging round the 
distance Ol to meet Oa gives a point a on the cam profile. 
Similarly swinging round 02 to meet Ob, another point b on 
the cam profile is obtained. Proceeding in this manner the 
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points r, d, v, and 0 are obtained, and a smooth curve drawn 
through iho points gives tho required cam profile. 

§ 199. Effect of Roller. Tho wear of tho face of the cam 
and tho end of the follower may ho considerably reduced by 
placing a roller on tho end of the follower. Tho effect of the 
roller modifies slightly tho shape of tho cam, since the point 



Fig. 105. 


of contact between the cam and the roller is not. always on 
the line of stroke of the follower. The motion of the follower 
is the same as that of the centre of the roller, and before the 
actual cam profile oan be found it is necessary to construct 
a path which represents the path of the centre of the roller as 
it moves round the cam. This path is known as the pitch 
profile, and the method of obtaining the pitch profile is 
similar to that for finding the cam profile, as explained in 
§ 198, with the exception that the commencing radius is in¬ 
creased by the radius of the roller. Take the same problem 
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as in § 108, with tho exception that a roller of 1 in. diameter 
is fitted to the end of the follower. In Fig. 165 the com¬ 
mencing radius OA is the least radius plus the radius of tho 
roller, i.e. OA = 1 f -|- J = 2] in. A B is the lift of the follower 
and the points A and B represent tho extreme positions of 
the centre of the roller. The circles drawn with \ in. radius 
and centres at A and B represent the positions of the follower 
at the commencement and end of the lift respectively. The 
pitch profile AabcdeC is constructed as already explained, 
and represents the path over which the centre of the roller 
mores if tho follower is assumed to move round the cam in 
a direction opposite to that of rotation. The cam is assumed 
to be moving in a clockwise direction. The cam profile is 
obtained by striking off a series of circular arcs, with centres 
on the pitch profile, and the envelope of the arcs thus drawn 
gives the cam profile, which is fg. 

§ 200. Line of Stroke of Follower displaced from Cam 
Centre. When the line of stroke of the follower does not 
pass through the centre of the cam, but is displaced, the shape 
of the cam is further modified and the method of procedure 
is slightly different. Taking the same problem as in § 198 
but with a roller of 1 in. diameter and line of stroke displaced 
f in., the line of stroke is along BB, Fig. 166, where OD — | in. 
The lift of the follower is AB, and OA = least radius-f- 
radius of roller, i.e. l§+j = 2| in. The circles whose centres 
are at A and B, and whose diameters are 1 in,, represent the 
positions of the roller when at the bottom and top of the 
lift respectively. Assuming the follower to move round 
the cam, the line of stroke will occupy the positions BA, 
ha, kb, lc, md, ne, and pO respectively. The angle DOp is 
60° and the points h, k, l, etc., divide the circle of radius 
OD — l in. into, say, six equal parts. The lift AB is divided 
at 1, 2, 3, etc., for simple harmonic motion. Swinging round 
from centre 0 with radius 01 to cut ha in a, a, point a on the 
pitch profile is obtained. Similarly b is obtained by swinging 
round 02 to kb at b. Proceeding in this manner the points 
c, d , e, and O are obtained and a smooth curve through all the 
points gives the pitch profile. Circular arcs, of radius equal 
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to the radius of the roller, from the pitch profile give the cam 
profile j WfgH. 

An alternative method is to regard the cam as moving as 
it does in an actual oaso. It will bo noled that when the 
centre of the roller is at A, the line joining A and 0 is not 
coincident with the line joining 0 and B, where B is the 



Fig. 160 . 


centre of the roller in the top position. The angle AOB is 
the obliquity angle. When the centre of the roller is at A, 
H is a point on OA and on the least radius of the cam. 
Similarly / is a point on OB and on the least radius. Let 
HOG = 60°. For the full lift of the follower, G will have 
moved to H, but a point on OB is J, hence G has moved too 
far by the amount JH or by the angle J OH = angle A OB. 
The corrected position for the centre of the roller is along OF, 
where FG JH , or making the angle OOF equal to AOB, 
the position of the centre of the roller for the top position is 
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along OF produced. Swinging round from B with centre 0 
and cutting the line OF produced at 0 gives the point 0 on 
the pitch profile. Repeating this process for intermediate 
positions of the centre of the roller 1, 2, 3, etc., and taking 
account of the varying obliquity, the complete pitch profile is 
obtained. 



Another alternative method is shown in Fig. 167, in which 
AB represents the lift of the follower and OA is the least 
radius of the cam plus the radius of the roller. The lift A B is 
divided at the points 1, 2, 3, 4, and 5 for, say, simple harmonic 
motion. The angle A OP is the angle of lift and this is divided 
into six equal divisions, as previously described, by the radial 
lilies OP, OF, OF, 00, and Oil. When the centre of the roller 
moves from A to 1 the cam moves through the angle DO A 
and consequently D moves to d x and has moved too far by 
the length of the arc 1 d v Hence if the arc Dd is set back by 
an amount equal to ld v the point d will coincide with 1 when 
the cam has moved through the angle DO A. The point d is 
thus the centre of the roller when the follower moves round 
the cam. Proceeding in this manner the arcs Ee, Ff, Og, Hh, 
and Cc are set back by amounts equal to 2e v 3 f v 4 g v 5h lt 
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and Bc t respectively. A smooth curve drawn through the 
points ckgfed and A givos the pitch profile, and by drawing 
a series of circular arcs, of radius equal to the radius of the 
roller, the envelope of the earn profile is obtained. 

§201. Follower with Flat Plate. The follower may be 
fitted with a flat plate as in Fig. 1(58. The flat plate A is fixed 



to the follower F and the rotating cam 0 causes a recipro¬ 
cating motion of the follower. The line of motion of tire 
follower may pass through the oentre of the cam, or it may 
be displaced, as in Fig. 169. It will be noted that the point of 
contact B, Fig, 168, is not on the line of stroke. Taking a 
definite problem, let the angle of lift be 136°, the lift I in., 
the motion of the follower simple harmonic, the least radius 
If in., and the eccentricity of the follower f in. In Fig. 169, 
let OC — If in, represent the least radius, OD = § in. the 
eccentricity. Assuming the follower to move in a vertical 
line, so that the flat plate is horizontal, a horizontal line 
drawn through C to meet BD, the line of stroke, at A will 
give the position of the plate for the commencement of lift. 
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AB is made equal to 1 in., the lift ol the follower, and AB is 
divided for simple harmonic motion. Assuming that the line of 
stroke moves round the cam, the line of stroke is tangential 
to the circle of radius OB at the successive positions h , k, l, 



m, n, and p. The angle DOp is 135°. Swinging round from 
position 1, to cut ha at a, a line perpendicular to ha through 
a gives the position of the flat plate when the cam has moved 
through the angle DOh. The points b, c, d, e, and / are 
obtained in a similar manner, and lines drawn perpendicular 
to kb, lc, md, etc., give the respective positions of the flat 
plate. A smooth curve drawn tangential to these perpen¬ 
dicular lines gives the cam profile. 
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§202. Oscillating Lever with Roller. In Fig. 170, let 0 
be t-ho contra of a cam which in required to give an oscillating 
motion to a lever whoso centra is at 7). Lot A and B repre¬ 
sent tho limits of motion of tho centra of the roller which 
is fitted to the ond of tho lover. Tho circles at A and B 
represent tho roller in tho two extromo positions. Let the 
points 1, 2, 3, oto., divide tho circular arc AB for simple 



harmonic motion. Let tho angle 00A be the angle of lift. 
As before, it is necessary to construct tho pitch profile to 
represent the path of tho centre of the roller relative to the 
cam. The oscillation of the lever about D causes an obliquity 
angle which varies according to the angle turned through by 
the cam. Let the angle AOE be the angle which the cam 
turns through while the centre of tho roller moves to position 
2. When E has moved to A, it has moved too far by the 
distance AJ or by the angle A02. Making the angle EOb 
= angle A 02 and swinging round from 2, the point b is 
obtained on the pitch profile. The same result is obtained 
by making EF equal to A J and producing OF to meet the 
circular arc 62 at 6. The circle whose oentre is at 6 represents 
the roller and the oam profile is tangential to this circle. 
Similarly when G has moved to A, it has moved too far by 
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the amount AK, and the corrected position of the roller centre 
is found by making OH = AK and producing OH to C to cut 
the circular arc BG at O. Tho circle at O is the roller circle 
and the cam profile is tangential to this circle. The points 6 
and C are points on tho pitch profile, and by repeating the 
process for the points 1, 3, 4, and i> the complete pitch profile 
may be obtained. The construction for these other points is 
omitted for the sake of clearness of diagram. 



§ 203 . Interference of Cams . The profile of a cam must 
be a continuous curve without loops, if,the working face of tho 
cam is an external face; a cam with a slot or groove in a side 
face, in which a pin or roller can fit, may, if necessary, have 
loops. When the pitch profile of a cam has been determined 
it sometimes happens that the envelope of the curve forms 
a loop as in Fig. 171, in which ABO is the pitch profile. The 
cam profile is DEFOH and contains the loop EFG. The loop 
EFO cannot, of course, exist on the actual cam and must be 
cut away, leaving the cam profile as DEH. If the actual cam 
profile is DEH, the path moved over by the centre of the 
roller is AJC and does not conform with the original path 
ABQ. The action in a case like this is due to interference. 
Interference is likely to occur when the radius of the roller is 
too large and when an angle such ns ABC is too acute. Inter¬ 
ference frequently occurs on cams where the follower is fitted 
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•with a flat plate, and unless the lift is spread over a com¬ 
paratively large angle, as in Fig. 169, it is difficult to arrange 
for the follower to have simple harmonic motion. 



Fig. 172. 

§ 204. Cam with Straight Flank. Cams for operating 
the inlet and exhaust valves of internal combustion engines 
are frequently made with straight flanks and a nose consisting 
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of a circular arc. Expressions for displacement, velocity and 
acceleration of the follower can be found for such cams. 

In Fig. 172 let A represent the centre of the cam axis, r a 
the least radius of the cam and r L the radius of the roller. 
The roller in its lowest position has its centre at B and when 
the cam has turned through an angle 6 from the position in 
which lift is about to take place, the straight flank is repre¬ 
sented by EF. The position of the centre of the roller is then 
G and the displacement of the roller from its bottom position 
is BG. The dotted line GC is the pitch profile. 

Let x = displacement of roller, 

a; = BO= AC-AB 
= AD+DC-AB 


_ 


-fa+'s) 


COS 6' 008 0 


Differentiating with respeot to t to find velocity, 
dx 

Jt 

sind 


v 


. . .Bin 6 dd 




cos a 0' 


Differentiating again to find acceleration, 


dv , . . 

a = J t = w ( r 2+»i) 


/ cob*0 , cos 0 -f 2 cos 6 sin 6 . sin 6\ dd 
\ cos 4 0 ) dt' 




cos a d-f-2sin a 0 


oos 3 d 



2—cos a 0\ 
cos 3 0 /’ 


§205. Circular Nosed Cam. Expressions for displace¬ 
ment, velocity and acceleration for the follower as it moves 
over the circular nose of a cam can similarly be found. In 
Fig. 173 A is the centre of the cam shaft and r s the least 
radius of the cam. The centre of the circular nose is D and the 
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radius r 3 . The centre of the roller when in contact with the 
circular nose is at C which lies on the pitch profile. In this 
case it is more convenient to measure displacement from the 
top position of the roller, and the centre of the roller when in 



Fig, 173. 

this position is B. The angle turned through by the cam 
measured from the position when the roller is at the apex 
is 6, 

Let AD = r and DC = l = r x - )-r 3 , 

(Note that displacement is measured from top position.) 
x = BC = AB-AG = AB-AE-EO 
— l-\-r—r cos 9— r 2 sin 2 0). 
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Differentiating with respect to t to find velocity, 
dx . a dd , 1 2r 2 sin 8 cos 8 dd 
dt dt' 2 (P— r 2 ain 2 0)i dt 


I . q . r sin 2 8 

~“ r [‘ me+ 2 l fi^WS?l- 

Differentiating again with respect to t to find acceleration, 

dv ( a dd 
a = — = wrl cos 6 -p 


dt dt 

(P— r 2 sin 2 5) i 2r cos 26*-f r sin 28 


+ : , 


2r 2 sin cos 0 
2(Z 2 —r 2 8in 2 6 > )* d<9 


(2 2 -r 2 sin 2 0) 


and this reduces to 


a = ai 2 r| 


cosd 


rZ 2 cos 2#-f r 3 sin 4 fh 
(Z a -r>sin 2 0)« }' 


It will be noticed that these expressions for displacement, 
velocity and acceleration of the follower when in contact with 
a circular nose and measured from the top position of the 
follower are exactly the same as those given in Art. 67 for the 
motion of the piston in the slider crank chain. 


§206. Convex Flanks. Part of a cam with convex flanks 
is shown in Fig. 174 in which A is the centre of the cam shaft 
and r 2 the least radius of the cam. The centre of the roller 
when in its lowest position is B and when in contact with the 
convex flank the centre is C. The centre of the convex flank 
is at D and the radius r 3 . The radius of the roller is r v 
Let l = CD — 

r = AD = r 3 —r 2 . 

Displacement of centre of roller from lowest position is BG. 
The angle turned through by the cam measured from the 
position in which the roller is at its lowest is 8. 
x = BO *= EC—EA—AB 


= ^(P—r 2 sin 2 8)—rcosd—(l—r). 
dx / r sin 28 . A 

V ~~ dt ~~ a)r \2(l a —r 2 sin 2 0)* ]’ 
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a /r£ 2 cos 29-\-r 3 sin*0 
W \ (I s — r’sin 2 #) 1 


—cos 9 



§207. Concave Flanks. Part of a cam with, concave 
flanks is shown in Fig. 175 in which A is the centre of the cam 
shaft and r a the least radius of the cam. The centre of the 
roller when its lowest position is B and when in contact with 
concave flank is G. The centre of the concave surface is at 
D and its radius is r 8 . The radius of the roller is r v 
Let l — DC = r 3 — r lt 
r = AD — r 2 +r 3 , 

9 — angle turned through by cam from the position 
in which the roller is at its lowest. 
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Displacement of centre of roller — BC = % 
x = BO — AE—CE—AB 


= rooad-^-rhhx^-ir-l). 


dx 

v = — = —cur 


dt 


Ur, ft - \ 

l 2(P-rW0)*/’ 


a = — aj 2 r^cos0 


2(l 2 ~r 2 Bin 2 8)tJ 
rl 2 cos 2fl-f-r 3 sin 4 fl \ 
(l 2 ~ r*Bin a 0)* )' 
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Again it will be noticed that these expressions for displace¬ 
ment, velocity, and acceleration for concave flanks are similar 
to the expression for displacement, velocity, and acceleration 
of the piston in the slider crank chain. 

It is thus possible, though somewhat tedious, to calculate 
values and to plot curves of displacement, velocity, and 
acceleration against the cam angle for cams with either 
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straight, convex or concave flanks and with a circular nose. 
Since cams with straight flanks and circular noses are easier 
to manufacture than cams designed to give constant accelera¬ 
tion and constant deceleration or cams designed to give 
simple harmonic motion it will be found that in many prac¬ 
tical cases cams with straight flanks and circular noses are 
used. If the radii of the roller, nose, and least radius are 
judiciously chosen it is possible to design a cam with straight 
flanks and circular nose to give motion very nearly equivalent 
to that of constant acceleration and deceleration. 

§208. Straight Flanks with Circular Nose. In Arts. 
204 and 20S methods of calculating the displacement, velocity, 
and acceleration are given for straight flanks and circular 
nose respectively. To illustrate how these values approximate 
to those of constant acceleration and deceleration, the author 
has calculated values for the cam shown in Fig. 176 in which 
A is the centre of the cam shaft, C is the centre of the roller 
when in contact with the apex of the cam, C\ is the centre of 
the roller when contact with the straight flank is just chang¬ 
ing over to contact with the circular nose; the centre of the 
circular nose is D. 

In Fig. 176 let 

r 1 = radius of roller = 2| in. 

r 3 = least radius of cam = 2 in. 

r 3 = radius of circular nose = 0-3 in. 

8 1 = angle of lift = 50° 

0 2 — angle C 1 AG = angle through which the cam 
moves from the position when contact with the circular nose 
begins to the position when contact is at apex. 


r = AD = = ~ 

cos 8 l 0- 


= 2'6447 in. 


cos 9 1 0-6428 

l — CD — jq+r,, = 2-5+0-3 = 2-8 in. 

w„_a|= 

EA tcosfq+r 


2-8X0-766O 
2-8 X 0-6428+2-6447 


= 0-4826. 


6 Z = 26° 46'. 


Hence 
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Height of tip of nose above least radius 
= lift of follower = r+r 3 —r 2 

= 2-6447+0-3-2-0 
= 0-9447 in. 

Values of displacement, velocity, and acceleration have 
been calculated for values of 9 ranging from 0° to 25° in 
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intervals of 5° for contact with the straight flank, and for a 
cam speed of 1 radian per second. 

These values are tabulated below. 


Straight flank 


6 deg. 

Displacement 
in . 

Velocity 
in. per see. 

Acceleration 
in. per see. per sec. 

0 

O'O 

O 

4-60 

5 

00172 


4-69 

10 


0-806 

4-86 

16 


1-248 

6-33 

20 

0-289 

1-742 

0-06 

26 

0-406 

2-316 

7-12 


Values also have been calculated for values of 0 ranging 
from 0° to 25° in intervals of 5° for contact with the circular 
nose but in this case 6 is measured from the apex of the cam 
(see Art. 205), and for a cam speed of 1 radian per second. 
These values are tabulated below. 

Circular nose. 

(Note: 0 ia measured from npox of cam.) 


0 deg. 

Displacement 
from apex 
in. 

Displacement 
from lowest 
position 
in. 

Velocity 
in. per sec. 

Acceleration 
in. per sec. per sec. 

0 

0-0 

0-9447 

0 

6-16 

6 

0-0207 


0-448 

6-12 

10 

0-0777 

0-867 

0-892 

6-06 

16 

0-1767 

0-709 

1-320 

4-94 

20 

0-3087 


1-764 

4-78 

26 

0-4817 

0-483 

2-162 

4-68 


These values of displacement, velooity, and acceleration 
for both straight flank and circular nose are shown plotted 
in Fig. 177 against cam angle 0 for lift only. The full lines 
show the curves for the cam shown in Fig. 176 and the 
dotted lines are the curves for constant acceleration and 
constant deceleration, each over half the lift. On comparing 
the two sets of curves it will be noticed that for the dimensions 
of the cam shown in Fig. 176 a very close approximation to 
constant acceleration and deceleration is obtained. 
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EXERCISES. XIII 

1. Design a cam for lifting a valve to satisfy tho following conditions: 
The cam shall raise the valve during ono-sixth of a revolution, keep 
it fully open during one-quarter of a revolution, and close it during 
one-eighth of tho revolution, the opening and closing motion being 
simple harmonic. 

The lift of the valve is to bo 1J in., tho least radius of the cam 
1| in., and the roller on the spindlo is to bo 1 in. diameter. Tho cam 
shaft has uniform motion and the axis of tho spindlo cuts the cam-shaft 
axis. [I. Mach. E.] 

2. Design a cam which will give a lift of 11 in. to a, rod carrying a 
J-in. diameter roller and the axis of which passes through the cam 
centre. The smallest radius of tho oam is 2 in., the lifting of tho rod is 
to be simple harmonic and is offeoted in a quarter revolution, and the 
dropping is to be as quick as possible at hnlfrovolution. [7. Much, E.] 

3. Tho profile of a cam is elliptical in shape and the major and 
minor axes of the ellipse are 5 and 3 £ In. respectively. The cam is 
keyed on a shaft so that the axis of tho shaft passes through a point 
on tho major axis of tho ellipse and 1 in. from its centre. A tappet rod, 
tho axis of which also passes through the axis of tho shaft, is provided 
at its ond with a roller 1 in. diamolor, and tho cam operates tho 
tappob rod through this roller. 

Using rectangular coordinates, draw a curve of tappet rod dis¬ 
placement upon a shaft angle base for a complete revolution of tho 
shaft, and find the maximum velocity of tho i.appot rod if the shaft 
makes 200 revs, per min. [7. Mcch. E.] 

4. A rotating cam is roquired to impart simple harmonic motion to 

a follower during one half a revolution and to keep it at rest for the 

remaining half. Show how to construct tho cam and how to find the 

acceleration of tho follower during the time that it is being raised and 
lowered. [Inst. G. E.] 

5. The magnitude of tho maximum accelerating foroe for the valve 

of an internal-combustion engine is requirod. Tho lift in inches of tho 
valve is measured for various angles of rotation of the crank-shaft 
and a curve plotted. Givo, in general terms, tho remaining data that 
must be known, and show cloarly how tho maximum accelerating 
force may be determined. {Inst- C. E.] 

6. A circular cam is 4 in. in diametor and rotatos about an axis 
1 in. from the centre of the cam. A follower, fitted with a roller 1 in. 
in diameter, moves in a vertical line whioh is at a perpendicular dis¬ 
tance of in. from the axis of rotation of tho cam. Draw, full size, 
a diagram showing the displacement of tho follower from its lowest 
position for one revolution of tho earn. 

7. Design a cam whioh will lift a vortical spindle a distance of in. 
while the com makes £ rev., and allow the spindle to fall in | rev., with 
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equal intervals of rest between these movements. The cam-shaft 
diameter is 1£ in., the least metal is 1 in., and the diameter of the 
roller is 1 in. The spindle must rise and fall with simple harmonic 



Fig, 178. 


motion, and the lino of stroke of the spindle passes through the centre 

of the cam shaft. The cam rotates with uniform speed# 

e* 

8. OC is a straight lino 3 in. long sloping downwards from 0 to G 
at an angle of 45° to tlio horizontal. G is the axis of a shaft upon which 
a cam is mounted. The edge of the cam works against the lower edge 
of a bar hinged at O. The lower odgo of the bar is straight and passes 
through 0. When the shaft rotates uniformly the bar receives 
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harmonic angular motion from tho cam, tho angular awing being 30° 
and it make one complete oscillation for one revolution of the cam! 
The bottom edge of the bar is horizontal whon in the middle of ita 
swing. 

Make a full-size drawing of the outline of tho cam. [Lond. ft,Sc.] 

9. The axis of the valve spindle for a petrol engine is perpendicular 
to the axis of the cam shaft and distant £ in. from it at the nearest 
place. The driving face of the cam is an involuto drawn to a circle of 
1} in. diameter. The minimum radius of tho cam is f in., and the 
lift of the valve is £ in. Tho face of tho cam works in contact with a 
roller If in. diameter. 

Determine tho maximum radius of tho cam and the angle of cam 
action for the valve to receive its full lift. [Lond. B.Sc.] 

10. A cam profile and tappet are shown in Fig. 178. Make a full- 

size drawing of tho profile and roller, and obtain a diagram of the 
tappet’s motion on a base-line along whioh 6 Jin. = 110°. The tappet 
operates a valve, and at the bottom of tho movoment there is fa in. 
clearance between tho top of tho tappet and tho valve stem. Deter¬ 
mine tho angular movomont of tho cam during whioh the valve is 
open. [Lond. B.Sc.] 

11. A cam, rotating in tho direction shown in Fig. 179, has to move 
the centre of the tappot roller from A to B and baok again while it 
rotates through an angle of 110° with uniform spood. In the diagram 
given tho ordinates represent displacement of A along AB, drawn 
half-size, and the absoissao represent tho oorrosponding angles turned 
through by tho cam. Draw, full size, tho outlino of tho cam, its 
minimum radius being If in. and tho roller diainotor If in. 

[Lond. B.Sc.] 

12. Design tho profilo of a cam which will give a lift of If in. to a 

follower oarrying a rollor 1 in. in diameter. Tho centre lino of the 
follower posses through tho oontro of rotation of the earn, whioh rotates 
at 120 revs, per minuto. Tho motion of the rod is to bo simplo har¬ 
monic and is raised its full amount in <M second, remains at rest for 
0-026 second and falls in 0-08 second. Tho earn rotates at constant 
Bpeod and tho least radius is 2 in, [Lond. B.Sc.] 

13. A oiroular plate 3f in. diameter is used os a cam and rotates 
at 160 revs, por minuto. The cam shaft oontro is oooontrio from the 
centre of the cam by J- in. The end of tho follower carries a roller 
If in. in diameter and the lino of stroke is 1 in. from tho oontro of the 
oam shaft. 

Draw a diagram showing tho displacement of tho follower for 
a complete revolution of tho oam. [Lond. B.Sc.] 

14. A cam is to bo keyed to a horizontal shaft 2 in. in diameter and 
is required to give simple harmonic motion to a spindle which can 
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move in the plane of the cam in guides inclined at 30 degrees to the 
vertical. The spindle carries a roller, lj- in. in diameter, in contact 
with the cam, and when the spindle is in its lowest position the centre 
of the roller is vertically above the centre of the cam. Taking the 



Fig. 179. 


least thickness of motal to be } in, draw tho outline of the cam to give 
a movement of If in. to the spindle. [Lond. 5.Sc.] 

15. A valvo has reciprocating motion and is to be operated by a 
cam which rotates at oonstant speed; the cam is kept in contact with 
a ourved surface on tho foot of tho valve stem. The radius of curva¬ 
ture of this surface is 3 in. and the centre of curvature is on the centre 
line of the valve stem. Tho valve is to have simple harmonic motion 
with a lift of 1J in. and tho lino of motion passes through the centre of 
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rotation of tho cam. Talcing tho least melius of tho cam to bo 2 in 
construct tho cam profilo to satisfy tho following conditions: 


Angle turned through by cam 


Motion of valve 


70 dogroos 
20 
50 
220 


lifting 
full opon 
falling 
closed 


[Lond. A.,S'c.] 

16. Draw, full sizo, tho outline! of a cam of least radius 2 in. to give 
reciprocating motion to a follower fitted with n roller 1 in. in diamoter. 
The anglo of lift is 00° and tho anglo of fall is 60“ with no interval 
between. Tho followor has a lift of If in. and moves with simple 



harmonic motion in a vortical path, tho lino ofaotion being displaced 
by l in. to tho right of tho cam centre when viewed from front 
elevation. [Lond. B.Sc.) 

17. A cam is required to give motion to a followor fitted with a 
roller 2 in. in diameter which is in contact witli the cam. Tho lift of 
the followor is If in. and it lias uniform acceleration for 1 in, while 



CAMS 


351 


the cam turns through 60°, uniform velocity for \ in. while the cam 
turns through 30° and uniform retardation for the remainder of the 
lift while the cam turns through 30°. The follower falls i mme diately 
with simple harmonic motion while the cam turns through 90° and the 
period of rest is 100° of cam angle. 

Construct a lift and fall diagram on a cam angle base, and draw 
the outline of the cam whose least radius is 1 £ in. when the line of 
motion of the follower passes through the centre of the cam axis. 

[. Land.. B.So.] 

18. Fig. 180 shows a bell-crank lever which is required to move 
the spindle S horizontally. This spindle has a total movement of 1} 
in. and when the longer arm of the hell-crank lever is vertical the 
spindle is in its mid position. The shorter arm carries a roller 11 in. 
diameter which is actuated by a cam whose centre of rotation is at 0. 
Assuming that the cam rotates at constant speed, draw, full size, the 
outline of the cam to move the spindle with simple harmonic motion 
when tho cam rotates in a clockwise direction. [Land. B.Sc.} 
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ACCELERATION DIAGRAM EOR QUICK-RETURN 

MOTION 

As already explained in Art, 58, the drawing of an acceleration 
diagram for a quick-return motion, or for any mechanism in 
which sliding occurs on a rotating link, is more complex than for 
simple link mechanisms and before such a diagram can be drawn 
it is necessary to consider the accelerations arising from sliding 
accompanied by rotation. 



Fig. 181. 

The acceleration of a point P, Fig. 181, having plane motion 
can be expressed in terms of the roctangular components x 
parallel to the axis OX and ij parallel to the axis OY. If the point 
P is rotating around a centre such as O it is frequently more 
convenient to express component accelerations in terms of polar 
co-ordinates; these may bo represented by a along OP and fi 
perpendicular to OP; « is thus a radial acceleration and j] a 
tangential acceleration. Considering tho general ease when OP 
is variablo, 

let OP = r 

< f> = inclination of OP with OX 

then x = r cos </> 

and y = r sin <j> 

whore x and y are tho roctangular co-ordinates for the displace¬ 
ment of P at any instant. 
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Differentiating these with respect to time, 
x = — rcj> sin eos <j> 
y — r<f> cos sin <j> 

Differentiating again with respect to time, 

x = — r<jP cos 4>—r4> sin sin cos <sin <j> 

y ^z—rcf> 2 sin <f>-\-frf> cos 4>-\-r<f> cos ^f>-f-r sin cos $ 

now a = x cos sin <£ 
and /? =2/ eos ^ — a: sin $ 

Substituting values of x and y in these expressions for a and fi, 
we get, 

a=r—rcfi‘ l , 
and /?=?•</>-|-2r</> 



(a) Fig. 182 (!>) 


An alternative treatment of this problem is to consider the 
vectors representing the initial and final velocities of P when 
OP has turned through an angle bcf> in time bt. The change of 
velocity is the final velocity minus the initial velocity and the 
acceleration is this change of velocity divided by bt. 

In Fig. 182(a) 

let r/j = inclination of OP to axis OX, 
r — distance OP 

Then r = initial velocity of P along OP, i.e radially, 

and ref) = initial velocity of P tangential to OP. 

After a short interval of time the link OP has moved through 
the angle b<fi in bt seconds and P has moved to P 1 . 

The final velocity at P x is given by 
r+br radially along 0P 1 
and r^+d{r<f>) tangential to OI\. 
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The vectors representing the initial and final velocities and 
the change of velocity are shown in Fig. 182(6) in which the final 
velocity is represented by the vectors ab and 6c; the vectors cd 
and cle represent minus the initial tangential and radial velocities 
of P respectively and ae is the sum of ab, be, cd and de and thus 
represents the change of velocity as P has moved from P to P v 



Tangential change of velocity—component of ae in the direction 

of qb 

— r<t>-\-d(r<j>)—r</> cos fitf>-\~r sin b<j> 

As 8<f> approaches zero, cos d<f> approaches unity and sin dr/> 
approaches S<t>. 


Hence tangential acceleration 


r<f> -\-b(r<f>) — rtfiprdtj) 
bl ' 


Radial change of velocity 
and radial acceleration 


~ r^-\-2r<j> 

— r-p8r—r<j> L sin 8tj>—r cos <5<£ 
r-\-br—r<j> d<f>~r 


= r~r<f> a 


The complete acceleration of P is thus represented by four 
components of acceleration, ri/>-\-2f<j> tangentially and r—r^ 1 
radially. If r is constant these component accelerations reduce 
to r<f tangentially and— r<f> 2 radially—the accelerations which 
have previously been discussed (Art. 51) for a point rotating at 
constant radius. When r is variable two additional components 
of acceleration are thus induced, 2 r</> tangentially and r radially; 
2rfi is accounted for by the change in the tangential velocity of 



APPENDIX 


355 


P as it moves along OP and by the change in direction of the 
tangential velocity of P; r is the acceleration with which P slides 
along OP. The tangential component of acceleration 2 r<j> is 
known as the Coriolis component. 

It will be observed that the direction of the Coriolis component 
2 r<f> is in the direction in which P tends to move tangentially 
and the magnitude of 2r<f> depends only upon r and <f> and does 
not depend upon the position of P along OP. It has been assumed 
that r and <f> are positive quantities and that the increments dr 
and S<f) are positive; if Sr is negative, i.e. P is moving towards 0 
the direction of the Coriolis component is reversed and is in a 
direction opposite to that in which P would tend to move. In 
more general terms if r is replaced by v the velocity of sliding 
and <j> by a> the angular velocity of OP the Coriolis component 
then becomes 2vo>. Thus in Fig. 183 if a body is moving from 
P 2 to P with velocity v and P 2 OP is rotating in a counter-clock¬ 
wise direction with angular velocity to, the Coriolis component is 
constant in magnitude and direction for all positions of the body 
and its value is 2 d to. The convention for the sign of the Coriolis 
component thus becomes: if v is in a direction radially outwards 
as at P, the direction of the Coriolis component is in the direction 
which the body tends to move due to rotation; if v is in a direction 
radially inwards as at P 2 , the direction is opposite to that which 
the body would tend to move due to rotation. 

To assist in the identification of vectors representing the 
different components of acceleration it is convenient to adopt a 
system of notation similar to that explained in Art. 52, and to 
form vector equations representing relative accelerations. Thus 
if P is a moving point on a link OA which is rotating about a 
centre 0 we may consider a point Q on the link which is at a 
constant distance from 0 and which is coincident with P at the 
instant considered. In Fig. 184(a) let P be moving along OA 
and Q be a point on the link OA immediately beneath P. The 
vector equation connecting the accelerations of P, Q and 0 can 
now be formed. 

Acc. of P to 0=acc. of P to Q-\- acc. of Q to 0. The acceleration 
of P to O has the components r—r<f>' 1 radially and r <f -\-2r<f> 
tangentially. The acceleration of Q to O has the components 
—rtf) 11 radially and r<f> tangentially; thus the acceleration of P to Q 
is r radially and 2 r<f> tangentially. 

The vector equation can thus be expanded 

acc. of P to 0 =acc. of P to (J+acc. of Q to 0 
(f+2r<^) (rf—rtf)*) 
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In any given problem, assuming the accelerations on the right 
hand side of the equation are known, the vector diagram for 
accelerations can be drawn in accordance with the method of 
notation previously adopted. In Pig. 184(6) o^o is drawn 
parallel to OQ and of length proportional to r<j > 2 , the direction 
being from Q to 0\ q 0 q t is drawn perpendicular to OQ and of 
length proportional to r<f> and o i q 1 , if joined, represents the 
acceleration of Q relative to 0; q x q p is drawn parallel to the path 
P relative to Q to represent the acceleration of sliding r, and q p p y 
is drawn perpendicular to OP to represent the Coriolis component 
of acceleration 2rtj>) qpp x , if joined, represents the acceleration of 
P relative to Q. The sum of these vectors is o 1 p l which represents 
the acceleration of P to O. 



In many actual cases, however, tjie motion of P is controlled 
by somo other link and the angular acceleration of OQ, <fi and the 
acceleration of sliding f may bo unknown. If the motion of P is 
controlled by Home other link the acceleration of P relative to 0 
will bo known and consequently o 1 p 1 (Fig, 184(c)) can be drawn. 
The vectors Oj</ 0 (— r<f> 2 ) and q p p 1 (2rtj>) are also known and the 
intersection of q,q x and q^i locates the point q x to give the values 
of q/lvif) and q 0 qi(r<f>). Values of r and </> are obtained from the 
velocity diagram and honco the Coriolis eoinponont 2rj> and the 
radial acceleration can bo readily calculated, 

To illustrate the construction of an acceleration diagram 
involving the use of the Coriolis component of acceleration the 
Whitworth quick-return motion, shown diagrammatically in 
Fig. 185, will be solved. In this diagram A t and A„ are fixed 
centres and the crank A X P rotate at a constant speed. The lever 
CA^D rotates about A 2 with variable angular velocity and Q is 
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a point on the lever coincident with P for the configuration 
considered. The following dimensions have been used: 

A 1 A 2 —2 in.; A 1 P=i in.; j! 2 D=4 in.; DE =16 in.; angle 
BA 1 J D =60° and the crank A t P is rotating at a constant of 60 
revolutions per minute in a clockwise direction. 



From this data velocity and acceleration diagrams will be drawn 
to determine 

(a) the velocity and acceleration of P along CA 2 D I, 

(b) the angular velocity and angular acceleration of CAJD, 

(c) the angular velocity and angular acceleration of DE. 

(d) the linear velocity and acceleration of the tool box at E. 
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Velocity diagram. The angular velocity of CAJ) can be 
determined when the velocity of any point such as Q on CAJ) is 
known; hence the first, step is the determination of the velocity 
of Q. 

vel, of P relative to A=vcl. of P relative to Q+vel. of Q 
relative to A. 

vel. of P relative to A -= -=2-09 ft. per see. 

Ml 12 

In Fig. 186, ap is drawn perpendicular to A X P and proportional 
to 2-09; aq is drawn perpendicular to OA,D, since Q is a point on 
CA J) and has, therefore, a velocity in a direction perpendicular 
to CAJ); pq is drawn parallel to CAJ) to represent the. velocity 
of P relativo to Q. The intersection of aq and pq locates q. The 
velocity of P relative to Q, which is the velocity of P sliding along 
CAJ), scales 0-69 ft. per see., and aq represents the velocity of 
Q relative to A s . The length A ,,Q (Fig. 181>) scales fi-3 in. and aq 
(Fig. 186) scales T98 ft. per sec. 

1-98 

Hence the angular velocity of A 2 Q (or (JA J>)~ -4-49 rads. 

per sec. 12 

The velocity of Z>, hoing a point on CAJ), is found by produc¬ 
ing qa to d such that 

aq _ AJj 
ad AJ 

The vector equation connecting D, M and A is now formed 
(A being regarded as a fixed point with no velocity). 

Vel. of E relative to H=vcl. of E relative to Z)-|-vel. of D 

relative to A. 

The velocity of D relative to A is known and iH represented by 
ad; de is drawn perpendicular to DE and ar is drawn horizontally 
since E is constrained to move horizontally by guides. The 
intersection of ae and de locates the point a. From the diagram 
ae scales 1-32 ft. per see. and this is the velocity of sliding of E\ 
de scales T01 and henoe the angular velocity of 

DE = * = 0-758 rads, per see. 

10 

12 


Acceleration diagram. Vector equations, similar to those 
formed for the construction of tho velocity diagram, can now 
be formed to facilitate tho construction of the acceleration 
diagram. 
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The first vector equation thus becomes 

acc. of P relative to J d=acc. of P. relative to Q+acc. of Q 

relative to A, 

Each of these accelerations has two components: 

P relative to A— radial and tangential; 

P relative to Q —sliding and Coriolis; 

Q relative to A— radial and tangential. 

Of these six component accelerations four are known, i.e. 

(2-09) 2 

radial acc. of P to A= — = — 13d ft. per sec. per sec.; 

12 


tangential acc. of P to A = 0, since A X P i3 rotating at constant 

angular velocity; 

Coriolis acc. of P to §=2x0-69 x4-49=6-2 ft. per sec. per sec. 


radial acc. of § to A = 


(1-98) 2 
5-3 


8-87 ft. per sec. per see. 


12 


In Fig. 186, a 1 p 1 is drawn parallel to PA± and in a direction 
from P towards A x and proportional to 13-1; a t q a is drawn 
parallel to QA 2 and in a direction from § towards A 2 and pro¬ 
portional to 8-87. The Coriolis component of acceleration 
( 1pPi i s drawn perpendicular to A 2 Q and since P is sliding inwards 
towards A 2 , the direction is opposite to that in which § tends to 
move tangentially; q P Pi is thus made proportional to 6-2 and the 
intersection of q p q t drawn parallel to A 2 § and q a q 1 perpendicular 
to A 2 Q locates q v 

The acceleration of sliding of P relative to § is represented by 
qflp and this scales 3-5 ft. per sec. per sec. The tangential 
acceleration of § relative to A 2 is represented by q a q 1 and this 
scales I>83 ft. per sec. per sec., hence the angular acceleration of 


A 2 Q (i.e. CA 2 D)= 


1-83 

5-3 


= 4-14 rad. per sec. per- sec. and is in the 


12 

same direction as the angular velocity. 

The acceleration of D is found by joining q x and a x and pro¬ 
ducing q 1 a 1 to d 1 such that 

?i®i_ 

A 

The second vector equation can now be formed, viz., 

acc. of E relative to A = acc. of E relative to D+acc. of D 

relative to A. 



300 


APPENDIX 


Each of these accelerations has two components: 

E relative to A — radial and tangential (or sliding); 

E relative to D —radial and tangential; 

D relative to A —radial and tangential. 

Of these six component accelerations four are known, i.e. 
radial ace. of E to A. — O since E is moving a straight path; 

(1 - 01) 2 

radial acc. of E to D — — = — 0-765 ft. per see. per Hec. 


12 

The radial and tangential ace. of D to A is represented by a x d r 
and is now known. 

In Fig. 186, d x de is drawn parallel to DE, proportional to 
0-765 and in a direction from E to D; d e e l is drawn perpendicular 
to DE and parallel to the lino of stroke of E. The inter¬ 
section of d x de and a 1 e 1 locates r x and a 1 e l scales 2-07 ft. per sec. 
per sec. which is tho acceleration of the tool box at E. The 


angular acceleration of DE— 


tf,Ci 

DE 


5-95 

16 


=4-47 rads, per sec. per 


sec. 


12 



ANSWERS 


I (pp. 17-19) 

1. 0489 ft. per sec. per sec. 

2. 0-367 ft. per sec. per sec.; 0-113 rad. per sec. per sec. 

3. 39-6 ft. per sec.; 82-7° with radius. 

4. 32-5° E. of 2ST.; 2-39 hours. 5. 19-2 knots; 4-7 naut. miles. 

6. 2 ft. per sec. per sec.; 3 ft. per sec.; 990 ft. 

7. 0-489 ft. per see. per sec. 

8. 2-4 ft. per sec. per sec.; L-4 ft. per sec. 

9. 13-5° S. of W.; 88-5 miles per hour. 

10. 59-7 m.p.h.; 23° E. of N. 11. 1-494 knots ; 6° 4'S. of E. 
12. 49° N. of W. 13. 4,080 ft. 14. 0-326 ft. per sec. per sec. 
15. 182 ft. 16. 69*8° S. of E.; 1-193 hours ; 23-86 sea miles. 

17. 2J- m.p.h.; 14-4 secs. 

18. 313 ft. per sec.; 19-44 secs.; 1,502 ft. 

19. 14-95 m.p.h.; 3-38 miles; 37-8 min. 

20. 36 ft. per sec. 21. 8-75 revs. 

22. (a) 19-63 min.; (6) 4-41 naut. miles; (c) 3-68 naut. miles; 
(d) 34-7 min. 

23. 408 ft. per sec. per sec. 

24. 161-4 ft. per sec.; 0; 2,000 ft. per sec. per sec.; 2,000 ft. per sec. 
per sec. 

25. 28 ft. per sec. per sec. 


II (pp. 36-40) 

1. (o) 846 lb.; (6) 1,000 lb.; (c) 1,155 lb. 

2. 4-02 ft. per sec. per sec.; 1,125 lb. 

3. 18-12 secs.; 407 ft.; 97-1 ft.-lb.; 6,214 ft.-lb. 

4. 254 1b. 6. 11-2 tons-ft. 6. 11-2 ft. per sec.; 18-25 tons. 

7. 46-5 secs. 8. 50 secs. 9. f 1. Is. 3d. 

10. 102 ft.-tons ; 7-5 H.P. 11. 61 m.p.h. 

12. 7-33 tons; 6-21 min.; 197 H.P.-hours. 

13. 4,290 lb.; 458 H.P.; (a) 0-1069 ft. per sec. per sec.; (6) 0-187 ft. 
per sec. per sec.; (c) 9,206 ft. 

14. 201-5 H.P.; 106-4 H.P. 

15. 3-52 secs.; 20-39 secs.; 1-09 secs.; 35-2 ft. per sec. 

16. 3,445 ft.-tons; 191 ft.-tons per sec. 17. 1-455 lb. 

18. 3,740 1b. 19. (a) 212,000; (&) 7,350 lb.-ft. 

20. 77-6 ft. per sec. 21. 1,876 lb.-ft.; 6-8 H.P. 

22. 5,520 ft.-tons; 3-9 tons-ft.; 0-813 ton. 

23. 10-15 tons-ft. 24. 21-1 secs.; 105-6 secs. 

25. (a) 3-14 ft. per sec. per sec.; (6) 8-74 secs.; (c) 6,150 lb. 

26. 8 mins. 16 secs. 

27. (1) 307 sees.; 10-43 m.p.h.; (2) 235 secs.; 36-8 m.p.h. 



362 


ANSWERS 


III (pp. 61-68) 

1. 26-6 ft. per sec.; 26-1 ft. per see. 

2. 262; 325; 23-3. 4. 1-205 ft. per sec. 

6. 0-675 rad. per sec.; 1-73 ft. from C ; 2-0 ft. per sec. 

6. 4 in.; 17-0 ft. per sec. 7. 0-514 ; 37° with AE. 

8. 4-79 ft. per sec.; 2-12 ft. per sec. 9. 13-94 in.; 9-06 ft. per sec. 

10. 69° ; 6-5 rads, per see.; 0-74 rad. per sec. 

11. A 28-0; B 41-9 ; C 30-7 ; D 17-0 ft. per min. 12. 92 1b. 

13. 7-17 ft. per sec.; 4J° to line of centres. 14. 3-14; 1,130 lb. 

15. (a) 8-71 ft, per sec.; (5) 1-875 rads, per sec.; (c) 1-543 ft. per sec, 

16. 474; 43-5 ft. per min. 171 7-81 rads, per sec. 

18. 2-22 ft. per sec. 

19. (a) 2-64 in.; (6) 2-53 in.; (c) 16-6 and 22-6 ft. per min.; ( d) 20-4 
ft. per min. 

20. 25-8 rads, per sec.; 17-3 ft. per sec. 21. 76-4 ft. per Bee. 

22. 21-2 rads, per sec.; 73-3 in. per sec. 

23. 35-8 ft. per sec.; 35-5 ft. per see. 

24. 29-5 in. per sec.; 5-66 rads, per see. 

IV (pp. 84-88) 

1. 31 ft- per sec.; 149 ft. per sec. per sec. 

2. 19-9 ft. per sec. ; 290 ft. per sec. per sec. 

3. 0-636 rad. per sec.; 1-055 rads, per sec. per see. 

4. 92-5 ft. per sec. per sec.; 68-0 ft. per soo. per see. 

6. 84-5 ft. per sec. per soc.; 72-6 rads, per sec. per see. 

7. 18-2 in.; 10-74 ft. per sec.; 89 ft. per sec. per sec. 

8. 9-3 ft. per sec.; 176 ft. per sec. per sec. 

9. 6-44 ft. per sec.; 103 ft. per see. per sec. 

10. 46-5 ft. per sec. per sec. 

11. 11-5 and 15-5 rads, per sec. per sec. 

12. 1-28 ft. per sec.; 0-90 ft. per sec.; 13 ft. per seo. per sec. 

13. 2 to 1; 0-85 ft. per see.; 1-0 ft. per sec. per sec. 

14. 2-23 ft. per see.; 7-5 ft. per sec. per soc. 

16, 3-92 ft. per sec.; 16-26 ft. per sec. per sec. 

V (pp. 101-103) 

1. 128-7 ft. per sec. per sec.; 7-49 ft. peTsec.; 103 ft. per seo. per seo. 
4. 518 ft. per sec, per see.; 44-5 per cent, of stroke. 

9. 697 ft. per see. per sec. 10. 165 ft. per sec. per sec. 

11. —127-8 ft. per see. per see. 

12. 326; 318; 172; -95; -163; -148; - 148 ft, per sec. per sec.; 
43 per cent.; 72° 

13. 285 ft. per sec. per sec. 

14. 924 and 850 ft. per sec. per sec. 16. 311 and 6-65 ft.-lb. 

VI (pp. 134-136) 

7. 7 in.; 21 in.; 14 and 42 teeth. 

11. (?i = 0 a — 30°; dia. pitch = 2; 7 in. and 21 in.; 14 and 42 teeth. 
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12. 4} and 1£ ft. 13. (a) 13-925 in.; (6) 20 in.; ( c ) 21 in 

14. 38 and 133 ; 4 ft.-Of in.; 3-54. ' 

15. 30 and 99 teeth ; 25-8 in.; 50 and 165 teeth; « = 44 , 

17. 0-11 in. on pinion; 0-12 in. on wheel. 

18. (a) 21 and 42 teeth; (6) 50° and 40°; (c) 0-777 in. and 0-663 in. • 
(i d ) 5-200 in. and 8-728 in.; 6-964 in. 

19. 18 and 72 teeth; p = 1|, 

20. 0-13 in. on pinion; 0-175 in. on wheel. 

21. A, 26; C, 40, s = 4; B, 39; D, 93, a = 8. 

22. A, 20; C, 32 ; B, 14; D, 38; 64 in. 


VII (pp. 170-180) 

1. 400 r.p.m. counter-clockwise. 

3. 62 r.p.m.; 29ff r.p.m. 4. 46-5. 

5. 20 on lathe spindle; 35 and 30 compound; 60 on leadscrew. 

6. -|-f revs.; —3 revs, when B makes -)-l rev. 

A .C A C 

7. (a) 1 2T~Z)' B D * ^ an< ^ ^ ^ ^ ^ }rin. 

8. tV 9. (a) 30 r.p.m.; (5) 25^r.p.m.; (c) 15 r.p.m. 

10. 0-0001 in. 11 . 160 r.p.m. same direction. 12. 51 J ? . 

13. 29-6 same direction. 14. B 70; C 200. 

16. 12, 48, and 15, 46 teeth. 17. 4-95, say 5. 

18. B 15; C7 32$; 3,100 lb.-in. 

19. 104-1^- revs, in same direction as A. 

20. 98ff in opposite direction. 21. C 21; D 63 teeth. 

22. Hi revs, in same direction as A. 23. 31$. 

24. 60 r.p.m. in opposite direction. 

25. 231 r.p.m.; 408 r.p.m. 

27. C 13; D 52. 

28. 131-6; 36-85 r.p.m. 

29. 2-54 r.p.m. in opposite direction. 

30. 2J r.p.m., 95 r.p.m. 

31. 3 08. 

VIII (pp. 214-217) 

2. 1,211 lb.-in.; 136-4 lb.-in.; 44-1 per cent. 3. {a) 26-1; (6) 25-4. 

4.11-52. 5. 0-0952; 0-3808. 6. 31-5 per cent.; 20-7 lb.-ft. 

7. 2-13. 8. 1-35 tons. 9. (a) 0-508; (6) 0-381. 

10.'1-40. 11. (a) 20-6 in.; (6) 4. 12.90-9. 13.31-1. 

14. (a) 1-143 tons; (6) 0-538 ton. 16.1-28. 16.87-8. 

18. 2-3°; 15,240 lb.-ft. 19. 58-5 lb. 

20. 18-45 lb. 21. 60-2 lb.-ft. 


IX (pp. 238-243) 

1. (a) 12 in. (6) 11-917 in.; (c) 11-43 in. 2. 26 ft. 0-6 in. 

3. 6-59 H.P. 4. 61-3 lb, per sq. in.; 15-3 lb. per in. width. 

5. (a) l = 331-3 m.; d = 29-1 in.; (b) l = 334-6 in.; d = 28 in. 

6. 12-56; 9-36. 7. 81 lb.; 28-4 lb. 
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8. 9 and 18 in.; 1H3 and lfi-9 in.; 12-78 and 14-2 in. 

9. 4-5, 6-6, and 6-48 in. dia. on countershaft; 9-9, 8-8, and 7-92 
on lathe. 

10. 3-6, say 4. 11. 3-16 in. 

T 

12. 12 and 20 in.; 4| in. assuming ~ — 2. 

13. 10-56, 12-5, and 13-88 in. dia. on driving shaft; 11-32, 9-38, and 
8 in. on driven shaft; l — 323-2 in. assuming smallest pulley 8 in. dia., 

T 

and —1=2. 

Tn 

14. 107-5 lb.-ft.; 59-3 lb.-ft. 15.2 07. 16. 240-3 lb. 

18. 2-94 in. 19. 47 ft. 8-35 in. 20. 12 0, 

21. 5-12 in.; 168 lb.; 224 lb. 22. 2-57. 

23. 21-76 and 32-64 in. 24. 16-4 in. 

25. 12-2 in.; 37-9. 26. 282 lb.; 28-6. 

27. 10-84; 16-9 per cent. 28. 3-08 in. 

29. 676 lb., 41-8 por cent. 

X (pp. 268 262) 

1. 3,600 ft.-tons; 60-46 and 59-44 r.p.rn. 

2. 17,530 ft,-lb. 3. 820 lb.-ft. 4.070 1b, 

5. 201,000 ft.-lb.; 237 U.l\ 

6. Out, 16,210 and 21,470 lb.; Tn, 17,524 and 22,790 lb. 

7. 35-1; 24-8 tons. 8. 1,060lb.-ft. 9. 121-07 ; 118-93 r.p.m. 

10. (a) 20,145 lb.; (b) 12,120 lb.-ft.; <r) 9-67 rads, per boo. por seo. 

11. 363 ; 891 ft. per seo. per seo.; 969 lb.; 34-3 lb. per Hep in. 

12. (a) 80-5 lb.-ft. units ; (6) 39,700 ft.-lb. 

13. 0-854 rad, por hoc. por see. 14. 5,370 1b. 15. 108. 

10.6,0001b. 17. 308 lb.-ft. unils. 19. M2 tonu, 

20. 26-7 lb. por sq. in.; 16 IV). per stj. in. 

21. E - 77714'; 17-55 tens-ft. 

22. 12,200 lb.; 7,420 lb.-ft.; 353 JT.F. 

23. 30-7 sq. in. 24. 9,950 11). 25. 33-9 and 21-95 11). por sq. in. 

20. 7-9 r.p.m. 27. 969 lb. 28. 7,180 lb. 

XT (pp. 294- 298) 

1. 67-9 lb.; (n) 216 (b) 183-5 r.p.m. 2. 25 lb.; 123-3 r.p.m. 

3. 16-2 lb.; 130-8 r.p.m. (1. 92-4; 76-4 r.p.m. 

7. 310; 353 r.p.m, 8. 306-7; 290-9 r.p.m. 

9. (a) 289-5 and 283-5; (b) 300 and 300-5; (c) 306-5 and 310 r.p.m. 

10. 101 lb. per in.; 3-85 in, 

11. 79-8 lb. per in.; (a) 306 (b) 294 r.p.m. 12. 254-5 r.p.m, 

13. 264 and 227 r.p.m.; 249 and 237-5 r.p.m, 

14. 119-5; 129-3 r.p.m. 

15. (a) 34-5 and 31-5 r.p.m.; ( b ) 45-6 and 4.6 r.p.m. 

16. 47-7 lb,; 215 and 184 r.p.m. 17. 207-5 ; 192-1 r.p.m. 

18. 1-01 lb. 10. 1-087 in.; 189-8-170-8 r.p.m. 
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20. 6'36 ; 3-6 per cent. 21. 39'1 lb. per in.; 63-6 lb. per in. 

22. 179 r.p.m. ; 16-5 r.p.m.; 13-2 lb. 

23. 8-81 ; 5 26 r.p.m. 24. 0 0739 ; 204 r.p.m. 

25. 43-2 lb. per in.; 2-08 in. 8-6 r.p.m. 

XII (pp. 316-320) 

1. 1,720 lb. ; 108° 26' to 20 lb. mass; 50-6 lb. 

2. 10-5 lb.; 147°, 224-|°, and 18° with A. 

4. 90 1b. ; 843 lb. 5. 1-65 lb.; 118-5° with A. 

7. 310 lb. at 157£° with adjacent crank. 8. 151-5° ; 0 692 ton. 
9. 12-24 and 2-76 tons. 10. 3-21; 2-07 tons. 

11. (a) AS 188-5°; AS 317-3° ( b) 7-65 in.; (c) 19-25 lb. 

13. 39,000 lb.-ft.; A, 160 lb. at 43° with 3 ; B, 160 lb. at 43° with 1. 

14. 3,800 1b. 15. 7-6 lb.; 4-52 lb. 16. 37-0 in.; 4,020 lb.-m. 

17. 386 lb.; 184° 46 y with adjacent crank. 18. 1,000 1b. 

19. (a) 3,710 lb.; (6) 3,450 1b.; ( c) 3,315 lb.-ft. 20. 1-73 tons. 

21. A 14 ft. from B ; D 0-89 ft. from C ; A at an angle of 106° with 
C and 29° with D. 

22. AS, 124° ; B-C, 141£° ; C-A, 94£° ; 91-8 lb.-ft.; 5-74 lb. 

23- 2 31 ft. from O ; 24-7 lb.; 79° with C. 

XIII (pp. 346-351) 

3. 3-43 ft. jier sec. 9- 1'16 in.; 30-5°. 10. 86°. 
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ACCELERATING! force, 21, 247. 

Acceleration, anguine, (i, 71, 82, 

Appendix, 
centripetal, 14, 

Coriolis, Appendix, 
diagram of cam, 324. 
diagrams, (39. 
linear, 2. 
of link, 09, 7, r >. 
of piston, 70, 02, !). r >, 98.- 
radial, 14, Appendix, 
resultant, 1C, 09, 
tangential, 09, Appendix. 

Addendum, 108. 
circle, 100. 

Addition of vectors, 9. 

Auro-cngine, 57. 

All-geared headstork, 140, 

Amplitude, 17. 

Angular accuiorntion, 0, 71, 82. 
velocity, C, 44. 

Annular wheels, 111. 

Appendix, 352. 

Approach, tiro of, 1211. 

Attitude of bearing, 191. 

HACK gear of lathe, 139. 

Backlash, 109. 

Balance of locomotive, 31(1. 
reciprocating masses, 307. 

Balancing, 299. 

Base circle, 118, 12(1. 

Bearing, resistance of vinrnuH surfaces, 
193. 

Belts, 218. 

Bennett’s construction, 95. 

Bevel epieyclic gears, 157. 
gears, 105, 123. 

Blank diameter of wheel, 109, 

CAM profile, 320, 

Cams, 321. 

Centrifugal force, 22. 
tension in bolts, 232 

Centripetal force, 22. 
acceleration, 14. 

Ciroulur motion, 5. 
equations of, (1. 
pitch, 107, 

Cooflicient of friction, 182, 1811. 
effect of speed on, 191. 
effect of load and speed on, 
192. 

Collar bearings, 207, 

Common normal, 113. 

Compound gears, 138. 

Configuration diagram, 41. 


Conical bearings, 211. 

governor, 295. 

Contact, are of, 123, 

Controlling force, 287. 

diagrams, 288, 291. 

Couple, vector representation, 302, 
Crank and slotted lever, 51, Ho. 

effort, 251. 

Creep of belts, 222, 

Crossbead, velocity of, 17, 91, 97. 
Cutting velocity, 52. 

Cycloidal curves, 111!. 

Cyclometer, 151. 

DEAD angle, 207. 

Deceleration, 3. 

Dedondum, JOH. 

Diametral pitch, 108. 

Differential gear, bevel, 159, 
spur, 1(51. 

Displacement diagram of cum, 323. 

of piston, 89, 90, 9(1. 

Double helical gears, 128. 

ECCENTRICITY of bearing, 190. 
Effective steam pressure, 24(1. 
Efficiency of simple machines, 30. 

of screw, 199. 

Effort of governor, 280. 

Energy, 34. 

Epieyclic curve, 11(1. 
gears, 145. 
speed of wheel, 1111. 
wheel, 147. 

Equations of circular motion, 9. 
of linear motion, 3. 

RACE of tooth, 107, 

Flank of teeth, 107, 

Flat plate earn, 332. 

Fluctuation of energy, 253. 
Fly-wheels, 244, 25(1. 

Force, 20. 
centrifugal, 22. 
centripetal, 22. 
effects ol', 25, 

Feurdiar chain, 42. 

Friction, 181. 
axis, 205. 
circle, 20.3. 

oooflfieiont of, 181, 189. 
couple, 203, 
dry, 181, 183. 
greasy, 181, 185. 
horse-power, 194, 203, 213. 
journal, 189, 201. 
load, 31. 

of governors, 299. 
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Friction (coni.) 

of simple machines, 31. 
rolling, 181, 184. 
torque, 203. 
viscous, 181, 186. 

GEAR-box, epicyclie, 1.13, 163. 
Gears, 104. 

epicyclie, 145, 

Governors, 263. 

Gyration, radius of, 24. 

HAMMER blow, 314 
Harmonic motion, simple, 16, 325. 
Hartnell governor, 277. 

Helical gearing, 126. 128. 
Horse-power, 29. 
belts, 230. 

friction, 194, 203, 213. 
Humpaga's gear, 137. 

Himting, 283. 

Hypocyeloid, 110. 

IDEAL machine, 31. 

Idle wheel, 138. 

Impulse, 22. 

Inclined plane, 195. 

Indicator diagrams, 245. 

Inertia, moment of, 23. 
Instantaneous centre of rotation, 46. 
Interference of cams, 335. 

Internal involute gears, 120. 
Inversions of mechanisms, 58. 
Involute curve, 117. 
rack, 120. 

Isochronous governor, 283. 

JOURNAL friction, 189, 193, 201. 

KINETIC energy, 34. 

Klein’s construction, 93. 

LATHE headstook, all-geared, 140. 

back gear of, 139. 

Law of machine, 32. 

Load angle of worm, 132. 

Length of belt, crossed, 223. 

open, 224. 

Line of action, 120. 

Linear motion, equations of, 3. 
Link, angular acceleration of, 71 
angular velocity of, 44. 
with offset point, 75. 
Locomotives, balance of, 310. 

MACHINE, ideal, 31. 
law of, 32. 
reversal of, 31. 
simple, 29. 


Mass, 20. 

Maximum fluctuation of energy, 254. 
horse-power of belts, 234. 
velocity of piston, 101. 
Mechanical advantage, 31. 
Mechanisms, 41. 

Miehell thrust block, 213. 

Module pitch, 108. 

Moment of inertia, 23. 

Momentum, 20. 

Motion, circular, 5. 
laws of, 20. 
linear, 3. 
of link, 41. 
relative, 7, 

simple harmonic, 16, 323. 

NEWTON’S laws of motion, 20. 
Normal pitch, 127, 129. 

OBLIQUITY, angle of, 119. 
Odometer, 151. 

Oscillating engme, 59. 
lever, 334. 

Over compression of Hartnell gover¬ 
nor, 284. 

PATH of contact, 122. 

Periodic time, 17. 

Piston, acceleration of, 73, 92, 97, 
98. 

displacement of, 89. 90, 96. 
velocity of, 47, 91, 97. 

Pitch circle, 106. 
circular, 107. 
diametral, 107. 
module, 108. 
point, 113. 
profile of cam, 328. 

Pivot bearings, 207. 

Porter governor, 271. 

Power, 29. 

Pre-selectivo gear-box, 165. 

Pressure angle, 119. 

Primary balancing, 308. 

Principle of work, 60, 268. 

Proell governor, 274. 

Proportions of wheel teeth, 108. 

QUADRIC cycle chain, 42. 
acceleration diagram, 71. 
velocity diagram, 147. 
Quick-return motion, 51, 54, 80, 
Appendix, 
ratio of speeds, 56. 

RACK, involute, 120. 

Radial acceleration, 14. 

Recess, arc of, 123, 
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Reciprocating masses, balance of, 
307, 

Reference plane, 301. 

Relative motion, 7, 41. 

Resultant acceleration, 15, 00. 
Reversal of machine, 31. 

Reverted train of wheels, 151. 
Ritfcorhaus’s construction, 04. 

Roller, effect of, 328. 

Rolling circle, 110, 121. 

motion, 105. 

Root circle, 100. 

Rope drives, 230. 

Rotary aero-engine, 57. 

Rubbing velocity at pins, 45, 

HOliEW-cntting, 113. 

Heat of pressure, 202. 

Sensitiveness of governor, 282. 
Simple governor, 205. 

harmonic motion, 10, 325. 

machine, 20. 

train of wheels, 137. 

Slider cranlc chain, 47, 73, 80, 204. 
Slip of belts, 220. 

Speed reduction gear, 155. 

Spiral gears, 105, 120. 
Spring-controlled governor, 277. 

Spur goal's, 104, 111. 

differential, 101. 

Square-threaded screw, 107. 

Stopped pulleys, 220. 
wheels, 120. 

Subtraction of vectors, 0. 

Sun and planet gear, 102. 

Swaying couple, 314. 

TENSIONS in belts, 227, 

Thickness of belt, 220. 

Thrust bearings, 213. 


Time of cutting, 52, 55. 

Toolli proportions, 108. 

Toothed gearing, 101 . 

Torque, 23. 
effects of, 20. 
work (lone by, 28. 

Total acceleration, 15, 00. 

Trains of wheels, 137. 

Trunnion engine, 50. 
Turning-moment, 204, 240. 

diagrams, 251. 

Two-speed gear-box, 153. 

1'NU.VI ■ A NO El> forces, 313. 

VALVE gear, 78. 

Variable speed-reduction gear, 155. 
Vectors, H. 

Ver thread, 20(1. 

Velocity, angular, 44. 
diagrams, 41, 324. 
linear, 1. 
of cutting, 52. 
of riddling, 15, 
ratio, 30, 111, 123, 138, 218. 
Viscosity, 180. 

coefficient of, 18(1. 
measurement of, 188. 

WASTER effort, 31. 

Wait governor, 204. 

Wheel combinations, 137. 
trains, 137. 

Whitworth quick-return motion, 54. 

Appendix. 

Width of belt, 230. 

Work, 28. 

principle, of, 00, 208. 

Worm gearing, 132. 
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